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PREFACE. 



Xt is Che Author's offidai duty to give a course of lec- 
tures annually, during a session of six monihs, upon 
all the leading branches of science usually compre- 
hended under the title ^' Natural Philosophy/' In 
doing this, he has hitherto followed no particular text* 
book, but has given his students the opportunity of 
taking very full and correct notes, and has endeavour-* 
ed, as far as was in his power, to make the course in* 
troductory to some of the best treatises on the subjects 
discussed. As the lectures, though restricted to such 
subjects as are adapted to an elementary class, embrace 
rather a wide field, experience has shown the necessity 
of shortening the time hitherto devoted to Statics and 
Dynamics, that less injustice might be done to various 
other subjects, attention to which was demanded in the 
cultivation of a science so rapidly progressive. The 



isistance now given to his students in Iheye depart- 
ments of the course, induces the Author to hope that 
this may be accomplished without the sacrifice of any 
thing that seems due to the importance of departments 
80 fundamental, and of such general utility. In the 
view of even extending tlie student's acquaintance with 
them, a few propositions not previously given in the 
lectures have been intrpduced, to assist those who, in 
respect of taste and acquiremen'ts, come best prepared 
for such studies, in making an easy transition to richer 
sources of information. The selection of some propo- 
sitions from the late Dr. Robison's publications, in this 
and other parts of the course, will enable such to per- 
use with pleasure, and without much" interruption,' the 
treatises from which they are taken, by which their in- 
formation will be inuch extended beyond the limited 
field of mere elementary tuition. Poissou's method of 
treating the general doctrines of Statics has been kept 
in view, without servilely following his demonstra- 

F.tioQB ; and, after the conclusion of the course, a consiT ^H 
derable part of hi.s excellent TraiU de Mecanique, may ^H 
he perused without any difficulty. The student of me- 
chanics is not now, however, under the necessity of 
learning a foreign language, to become acquainted with 
the approved methods of phyeico-mathematical research. 
After finishing the course here prescribed, and that of as- 
tronomy containing some investigations that are supple- 
mentary to it, he will fiml ample employment, for some i 
L^jme lo come, and much immediate iniprovetncut, as ^^H 
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well as attractive inducements to prosecute his re- 
searcheSy in the perusal of several works that have been 
lately presented to him from the Cambridge press ; 
particularly of Mr. Whewell's Mechanics and Dyna- 
mics ; the translation of Venturoli's Mechanics^ by Mr. 
Cresswell ; the Mathematical Tracts^ by Mr. Airy, and 
Mr. Woodhouse's Astronomy. 
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THEORETICAL MECHANICS. 



STATICS. 

1. When any number of forces, that, acting separately, would 
produce motion in a body, are applied at the same time to 
that body, and so that no motion ensues in consequence of 
their application, they are said to balance one another^ and 
the body, as affected by them, is said to be in equilibrio* 

i 2. Forces' thus exerted are called pressures ;. and thei sci- 
ence which treats of the laws -of pressure in relation to this 
equilibrium of splid bodies is denominatiad Statics, from « 
Greek word signifying to weigh, ■ 

. S. Pressures are pf various kinds ; but^ viewed abstraidtly, 
as tiie objects of Statics, differ in only two respects, quantity 
zxxA^dtpectionm 

.41.. The quantity of a pressure is estimated by reference to 
isome. standard force of the same kind, for instance a certain 
iweight One pressure is said to be ^ual to another, whea^ 
being applied in an opposite direction, it would balance ii:; 
or, when each of the two, being separately applied in the same 
direction, would balance the same third force. Two such 

B 



2 ELEMENTS OF THEORETICAL MECHANICS. 

pressures, when their actions conspire, constitute a double 
pressure ; three a triple pressure ; and so on. 

5. When a pressure is balanced, not by a force tending to 
produce sensible motion in the opposite direction, but by. the 
resistance merely of what we regard as an immoveable obsta- 
cle, that resistance is called reaction, and is measured by the 
force which it destroys. 

6. The direction of a pressure is that in which it would 
produce motion, if unbalanced. 

7. In Statical investigations the directions of pressures are 
represented by straight lines, and their proportional quanti- 
ties by lines or numbers. 

S. The Equivalent or Resultant of two or more pressures is 
that single force which would require the same force or forces 
as they do to produce an equilibrium. 

9. The subordinate laws of Statics may be derived, by rea- 
soning strictly demonstrative, from a few very obvious and 
general ones, which, as referable to the principle of the suffi- 
cient reason, or to familiar and universal experience, we shall 
$tate as physical axioms^ 

10. Ax. 1. If two equal pressures be applied to the same 
point, in directions making an angle, their resultant will be 
ft force directed towards the same parts, and will bisect that 
angle. 

11. Ax. 2. The resultant of forces applied to a point will 
not be affected by the application or removal of forces, under 
the influence of which, considered separately, that point would 
be in equilibrio. 

12. Ax. S. If two equal forces, acting towards the s^ne 
parts, be applied perpendicularly to the extremities of an iiK 
flexible physical straight line, they will be balanced by a 
force equal to their sum applied to the middle point of the 
line, in an opposite direction : or their resultant is a parallel 
force equal to their sum, and bisecting the distance between 
them. 



CoroUaries to the Axioms. 
1 13. Cor. 1- If any two pressures be applied to the same 
loint in directions making an angle, tliat of their resiillant 
mmt be intermediate. 

If the resultant of P and Q, acting on the points, (Fig. 
Id the directions AP, AQ, be not between these direction! 
let it be without the angle, and on the side of P. Let V 
other forces P=P, and Q'—Q, be applied to the same pol 
At so that P* is opposite to P, .^PAQ= -^ PAQ, and 
aad AQ on the same side of PP". Let AR be the direction 
of M the resultant of P and Q ,- make .^PAJ^ = ^PA/t, 
and so that AJt and AR' are on the same side of PP" ,- then 
shall AR' be the direction of the resultant R' of P" and Q*,- 
also R^R ; hence the resultant of the four forces Pj Q» 
P, Q", being that of R and R', will be in the direction 
AX, bisecting ^^RAR' .- but as P and P arc equal and op- 
posite, the resultant of the same four forces will be that of 
Qand Q", {by Ax. 2.) and therefore will be in the direction 
of A}C, bisecting QA(^ ,- and these conclusions are inconsis- 
tent. A similar absurdity would follow the supposition, that 
the resultant R is without the angle PAQ on the side of Qf 
or coincides with AP or AQ. 

14. Cor. 2. If two forces be equimultiples of two others' 
that act in the same directions respectively ; whatever multi- 
ple each of the former two is of its part, the same multiple 
shall the resultant of the former two be of the resultant 
the latter, and their directions shall be the same, (11.) 
(8.) If a, 6 and r be in equilibrio, or their resultant be s1^ 
the resultant of ma, mb and mr in the same direction^* 
will be =0 (II.); and the equivalent of ma and nA will be 
equal and opposite to wr, while that of a and b is equd 
aod opposite to r. (8.) 

15. Cor. 3. If when two forces applied to the same poti^ 
■re increased or diminished together, the direction of the rfr 
siillant remain invariable, the resultant of the greater forcei 
shall be the greater. 
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4 ELEMENTS OF THEOILETICAL MECHANICS. 

For the resultant of the original forces, and that of their 
increments, must be in the same direction ; otherwise that of 
the final resultant would (by Cor. 1.) be different from that 
of the first, which is contrary to the supposition : and the two 
resultants being in the same direction, the final resultiuat 
must be equal to their sum. 

16. Cor. 4a. If the angles formed by the directions of two 
constituent forces and their resultant be constant, while- the 
constituent forces are increased or diminished in any the same 
];atio, the resultant shall be increased or diminished in that 
ratio. 

Let a and h be any two constituent forces, and their resiult^ 

ant r. By Cor. 2. — and — , acting in the directions of a and! 

bf \?ill have the resultant — in the direction of r. Now let 

A and B be any other forces in the ratio of a to ^ acting in 
the directions of a and b respectively, and R their resultant If 

A = , and consequently B = , it = ,(byCbr.2.) 

and consequently, according as ^^ , and B^ , R will 

be •^-^, (Cor. 3.) 

.*. A: a^ R : r. (Eucl. Book v. def. 5.) 

17. Prop. I. Theorem. Two pressures, represented by the 
adjoining sides of a parallelogram, are equivalent to one re- 
presented by the diagonal which passes through the point, at 
which the sides meet. \ ■, 

I^emma. If the equivalent of two pressures, which are in a 
constant ratio to each other, and are represented by the ad- 
jQining sides of a rectangle, - be always represented in direc- 
tion by the diagonal passing through the point at which they, 
meet, it shall be represented by the same in quantity also. 

Let ABCD (Fig. 2.) be a rectangle, and AC the diagonal 
passing through the point to which the forces are applied; 
draw EAF perpendicular to y/C, and let fall the perpendicu- 
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irs Bt\ BH, DG, DE , then shall ABCD, -4FBH, mi 
AEDG, be similar rectangles ; and if in each of these the rA 
sultant of the pressures representetl in direction and qoand* 
ty by the sides, be represented in direction by the diagonld^ 
it shall be represented by the same in quantity also. For if 
the resultant of AH and AF be represented by AIC^^AB, 
take AL, AM, AN, so that AB: AK= AD: AL = AC. AM= 
AM: AN. Then AE and AG are equivalent to AL, AB 
and AD to AM, and AK and AL to AN ; (16.) that is, AP, 
■AH, AE, and AG, »re together equivalent to AN. But 
AE and ^f are equal and opposite ; hence AH and AG 
e«[nivalent to AN, (11.) that is, to a force exceeding Lheii. 
the same direction, which is absurd. 
la the sanie way it may be proved, that the lesultont of 
irces AH snA AF cannot be proporlioiially represented 
l^Xme .i^AB. It is therefore represented by AB, and con- 
seqaently the resultant of AB and AD is represented by AC, 
(16.) 

We now proceed to the demonstration of the proposition, 
Case 1. Let ABDC (Fig. 3.) be any square; and let the 
sides AB and CD be produced indefinitely towards B and 
£»,- draw the diagonal AD , in CD produced take DF=AD . 
join AF J take FH-= AF ; join AH ; and so on : then com- 
plete the rectangles ACFE, ACHG, &c. It is obvious that 
AD, AF, AH, &c. bisect the angles BAC, BAD, BAF, &c. 
respe«ively. Hence the resultant ai AB and AC, which are 
equal, must always be represented in direction by AD, (10.) 
and therefore by the same in quantity also, {Lem.) The re- 
aoUant oi AE and AC, being the same with that o^ AC, AB, 
ftnd BE, or oi AD and BE, which are equal, will always be 
represented in direction, and therefore in (piantiiy also by 
AF. And thus may the proposition be proved with respect 
ttny rectangle, whose diagonal makes with one of tbfe 
tea an angle found by the continued bisection uf ii right 



iF, 



Case 2. Let ABCD, and ABEL, (Fig. 4.) be two rectatil- 
gies^ and let BAC ami CAE be any two angles of wbicb, con- 



I 'pf tUf: r'r-.iilVirit, of t.lif; oritrinal rurcc:>, *. •«/ ' u 
*:jri;Ukf'.tiK\. :uu'X IjC in the same directiun , i*«*n:i -. 
t;i<; fir.;i! r':>ijltarit would 'hv Cor. I. i>u t*i»i t'/;/«. 
'/f ^ri'; fir .t, whicli ii tdntriiry to tlic .-Lijip^ . i.u'.*.,. \ 
r' ..•i!V;ri^^ \)(:\ri(i in the same dinf' 
/f.ri-.t. f,f: ^/jijal to their smn. .,..- : ... - 

10. O//-. 1. If the angles formed i..^ i'. \, --///. .'^r /-^-^ 
''#fr%t.itijf.fit, forces and their rusMlta..i. . .f aru c ".:. . i:.: "^ " 
"#/i .fitueiit. frjrc(!S are increased t.u ».»^ia;j- .mi, to -/C ..:..". ^^'^r * 
r.jhfi, thf: residtant sliall be iucica * jj .• e([uival::.: :: a£>' 
f.iiio. I'AH=^CA3 ' 

f .ct a and A he any two tfJi! ni 'c.i.. ii the propor:::oi: h3^^^ 



,, ,, ^ ^« , /> .. .. , */( are e^juivoicQi 
;int. r. My (Jtyr.2. — and — , m , ,,, , . , i 

.111 AK: that is, bv hv-^ 



//, will h;ive the resuitaiil > t* % i- » 

/.' .lie scries oi those tound. 

A nrid // be any ot.lier furcu^ i ^ ific I ; MAC being taken 

»hf din (lions off/ and '• i*u.=i>i-c '.' of which the proposition 

yin , , .. ». kAIu tzz Of it appears, by 

// T , anil eonscfin. •'- ■ -T -^i^ \. 

in. . thul il iH true with respect 

;ind consociuentlyjaccordi:' ■ , , i . 

' '^ . ».^ bo lui angle meommen- 

ln '" '"^ ic *o '^ ^'^ being still a rectangle. 

^ /// ' ' «H •.) ill relation to BAE the 

.". // : - . » iv", auil of BAG the multi- 

I i, Pntfi. /. '•'*'. • % ^.s;uv bulwueu these, =0, may 

;idjc»iniMf^ sidi'^ </! . ,n''«'^l aii^le. In DA produced 

|ii(senti(l by 0- 1 . '., Ui •uul AF are equivalent to 

'.vhieh the viJ-^' • v %.. Jiy i'(«i«i )<.) Hence the equi- 

iAinmfi, If ' N ^;ui\aU)Ul of ul/; and ^D, and 

.e*ii.iri! ^ •*' du" e(|uivalent of w^J? and 

• Hid AKy or o( AG and ^A, 

I Mil ./C* is the only direc- 

• '' I hi) hyiMithesis interme- 

'** >» it»u' ihc diagonal ACj in 

'«Uiili ihe aiigh* BAC is the 

. t« |*u-.*aciiiN t lie direction of 



■»'n!i!' 
-.11 '• 



! resultant of A3 aud AD, Consequently it represents 
in quantity also, {Lem.) 

The proposition then is true of all rectangles whatever. 

Case 4. Let ABDC (Fig. 6 and 7.) be any oblique-angh 

parallelogram. t 

Perpendiculars AE, CG, DF being let fall, as in the figure^ 
AB and AC are equivalent to AB, AG and AE ; that is to 
AF and AE .■ that is to AD ,- by what has been previously 
demonstrated. The proposition is therefore true universally, 
as enunciated. 

IS. It is very common to speak of a force acting at A (Fig;. 
6.) as represented by a. line BD in which the point A is not 
situated. The meaning then is, that the farce is represent- 
ed in quantity by that line, and in direction by a line drawn 
from A parallel to it. In conformity to this language, Prop, 
I. may be enunciated thus : — 

" The resultant of any two forces acting at one point, 
and represented by two sides of a triangle, is itself repre- 
sented by the remaining side." 

19. Cor. 1. If three forces, applied to one point, be r»> 
presented by two sides of a parallelogram, and a line equal 
to tlie diagonal drawn through their point of intersection, 
but in the opposite direction ; or by the three sides of a tri- 
angle taken in consecutive order ; these three forces shall be 
in equilibrio. 

20. Cor. 2. Two forces applied to the same point in direc- 
tions making an angle, and their resultant, or any three 
such forces which are in equilibrio, are proportional to the 
sides of any triangle whose three sides are parallel, or per- 
pendicular, or similarly inclined to their respective directions. 

Let ABDC (Fig. 8.) be a parallelogram whose two sides 
AB, AC and diagonal AD represent the two constituent forces 
and their resultant R. These same forces may consequently 
be represented by the sides of the triangle ABD, viz. AB, 
BD and AD, respectively : and as any triangle whose sides 
are parallel to AB, BD and AD is similar to ABD, and the 
parallel sides are homologous, the same forces may be re- 
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8 ELEMENTS OF THEORETICAL MECHANICS. 

presented by the sides x>f this other triangle which are paral- 
lel to their respective directions. - ' 

Again, let ABC (Fig. 9.) be a triangle whose sides repre- 
sent three forces, related as above described, and letabthe 
another triangle whose sides ab^h c^ ca meet AB^ BCj CA 
perpendicularly in c^ 6 and^ Adaf is a foar^sided figure, 
and d and/* being right angles, d Af and d af are togethei^ 
equal to two right angles, that is todaf-^' dae. Hence 
^s^ihac^ .^BAC In the same. manner it may be proved 
that .gii ah c :=z ^m^ ABCj or .^acbzz ACB. Ccmsequently^ 
the triangles are similar, and the perpendicular sides are 
homologous; or the forces are represented in quantity by 
the sides of aft c, which are perpendicular to their respeo 
tive directions. 

.V Let (fa, fc and eh now revolve equally, so as to make 
equal angles with dA^fC and £B respectively; the one of 
the angles AdOj Afa becoming as much greater thair a 
right angle as the other is less, their sum will still be = two^ 
right angles as before: and so of the rest: •'• abc is still 
similar to ABC, and the latter part of the corollary is nAani- 
fest. - 

•'21. Cor. 3. Each of three forces related as constituents 
and resultant, and not in the same straight line, or each of 
three such forces which are applied to one point and are ixt 
equilibrio, may be represented in quantity by the sine of the 
angle contained by the directions of the other two : and any 
two of them are reciprocally as the perpendiculars drawn ta 
l^eir directions from the same point in the direction of the 
third force. 

For \( AB or P (Fig. 8.) 'be represented by the sine of 
^^ BDA or of .-^ DAQj or its supplement DA-Gi ; then, since 
die sides of a plane triahgle are as the sines of its opposite 
aidgles, AC or BI>, thtft is Q, will be proportionally repre^: 
sehted by the sine o( DAP or of its supplement D'AP, and 
AD ox AD, that is iJ, by the sine of DBA or of its sup^ 
plenient 3i^C. Moreover, since P : Q r= Sine Q^£ : Sine 
PjlR,\PiQ,—.DFiDEy these lines DF exiA DE, drawn 
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from any point D in the direction AR perpendicular to A€i 
and ifP, being the sines of QAR and PAR to the radius 
AD: and in the same manner may the other analogies above 
mdicated be deduced. 

23.Cbr. 4. Let the forces which are represented by the 
lines AB and ACy or AB and BD^ (Fig. 6 and 7.) be denot- 
ed by the numerical symbols Ojbg and let the angle BAC, or 
its equal FBD^ be denoted by tf ; Then since Alf =: AB^ 
+ BLF ^±z2AB.BF = -4fi'v+ BL^ +2AB.BD cos. tf, the 
analytical expression of the resultant r will be 

^a* + b* + 2ab cos. d, 
and if a and j? be the angles which the direction of r makes 
with those of a and b respectively, 

Sin. a = — Sin. 0, Sin. ^ = ~ Sin. 0. (21.) 
r r 

23. (hr. 5. Any number of forces acting at one point 
may be reduced to one resultant. 

Let three forces acting at A (Fig. 10.) be represented by 
tbe lines ABy AC and AD ; from B and C draw lines parallel 
to JC and^^lS, meeting in E ; then AE represents a force 
equivalent to AB and AC. From E and Z) draw lines paral- 
lel to AD and AE meeting in F; then shall AF be the re- 
Mtant of AE and, ADy or of .42?, AC, and .4Z) / and by the 
same mode of proceeding may any number of forces be com- 
ponnded. The graphical process will be simplified by omit- 
ting some parts of it which are unnecessary in practice. Thus 
sll that is essential to the composition here proposed is to 
draw BE equal and parallel to ACy which determines the 
point E; and £i^ equal and parallel to ADy which deter- 
mines F, A and F being joined, AF will represent the re- 
sultant sought. This has suggested the following elegant 
Statical theorem :-— ^^ If forces acting at a point A be repre- 
sented by all the sides of a polygon but one, taken in conse- 
cotive order, as ABy BEy EFy FDy the resultant of the whole 
irill be represented by the remaining side AD.^* Or it may 
have occurred as an obvious extension of the observation, (18.) 
The resultant of AB and BE is AE ; that of AE and EF 
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{a AF; and that of Ai' and FD is AD. Hence ioo^ • 

the forces be represented by all tlie sides of Ibe poly| 
taken in order, the point A will be in equilibrio," 

24. Cor. 6. The forces considered in the last coroUaty 
may be either all in one plane or not in one plane. la die 
Utter case the lines AB, AC, and AD, which represent tbea^ 
are three adjacent linear sides of a parallelopiped ; and the 
line AF, which represents their resultant, is manifestly the 
diagonal of the solid which passes through the point at 
which the forces are applied. The order in which theibrces 
are compounded is immaterial: we may regard AB and AC 
as equivalent to JJE, and A£ and AD to AF; or AD and AB 
as equivalent to AG, and JG and AC to AF , &c. 

23. Cor. 7. When it is necessary that a pressure R, repre- 
sented by the given line AD, (Fig. 8.) should be applied at 
Af but, by reason of some obstacle, we cannot employ 
that purpose a single force = B., the end may be 
plished by two forces, P and Q, applied in such direct 
AP and ^Q, as may be convenient. To find these for 
and their directions is an indeterminate problem : but if^ of 
the quantities of the forces to be employed and their dire^ 
tions, any two be assigned, the other two may be found. 
Thus if, when the directions AP, AQ&re given, that la, the 
angles which they make with AB given in position, we draw 
DB and DC parallel to AQ and AP respectively, AB will 
represent the force P, and AC the force Q. If AC be given, 
lepresentuig Q both in direction and quantity, join CD ; and 
AB, drawn equal and parallel to CD, will represent P in the 
same respects. If the direction of Q be given and the quan- 
tity of P,\etR: P=:AD: M,- take D for centre and M for 
radius, and describe an arch intersecting AQ, when possible, 
in a point C, or in two points C, O : then AC or AC will re- 
present the magnitude of Q, and a parallel to DC or Z>£> 
drawn through A, the direction of P. So if the quant 
are given, and the directions to be determined, the prot 
is manifestly reducible to the construction of a triangle ' 
three sides are given, and subject to a similar limitation. 
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iilntioD, lAiflk sbanld be emKfiayod wlien 
AC have gpve& in tke lA Ome, cne side 

L :n)n;1es; in ibe 2d, two mdcB .AD, AC, 

■,:.^\r: ill the 3d, two sides jfA IX; wkfa 

rlc oppudiiL lo the latter; and in die 4li^ Aeduioe 
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1 - 1 (operation here described is termed tbe reaakiimm of 
: •rc'fs; and is of the greatest utility in the investigation of 
Siatical principles, as well as in their practical lypl i c atiu n, 

26. Cor. 8. When we resolve the Corce jID (Fig, &) mto 
^Cand ABy or JC and CD, and dbe latter is not at ri|^ 
angles to JQ, it may be iurther rescdved into CF and FVi, c£ 
which tbe former is in the directian of that line, and the lat- 
ter perpendicular to it. Tlie only reaoliition that gives the 
just effect of AD reduced to the direction AQ is that which 
is obtained by drawing the perpendicular 2>£ Them, as the 
force FD neidier ooBapires with AFnoir opposes it, the ana- 
Ifris is ooBDplefee^ and- XF represents the whole effiact idJLD 
in the directian A^ Hffline, if a £aroe M acting in any 
dnectionf be rednoed to^ or estimated in, another directioDy 
BHkiDg an an|^ i with the fanner, the analytical espreasiaD 
of tbe fiiroe ao redooed is J2 cos. 1 

87. Cbr.9. If any immber of cxmstitneDt forces be reduced 
to the same dirBctiam, die smn cf the £oroes ao rednoed is 
equal to the resultant estimatBd in that directiao. 

Let AB, BC, CA (1^ 11-) represent the fon», and AD 
ddr resultant: let .Uf be the direction to which die forces 
an to be reduced ; draw BE, CFand OG perpendicular to 
^M, BH perpendicular to CF, and CK perpendicular to 
UG. Then AE, BH, CX, or AE, EF, 2^ are the rapr^- 
sentatiTes of the cxmstitnent f<»res rednoed to the direction 
AM, and AG is that of the resultant AD (2S.) reduced to 
tbe same. If the constituent forces are not all in one plane, 
tC, GD, &C. to which BH, CK, &c are drawn perpendi- 
colir, aoay be siyposed to rcfMiesent planes to whidh AM 
ispeqiendicnlar. 
m Cbr. 10. If any number of forces applied to one point 
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be in equilibrio, the equilibrium will exist, in whatever com* 
mon direction the balanced forces are estimated. 

29. Cor, 11. If any number of forces applied to one point 
be reduced by projection to the same plane, the projection of 
the resultant shall be the resultant of the projections of the 
constituent forces: and if any number of forces be applied to 
one point, and in equilibrio, their projections on the same plane 
will also represent a system in equilibrio. 

For the forces to be projected being represented by the 
tddes of a polygon, whether in the same plane or not, their 
projections will form a polygon. 

3(K Cor. 12. ki the composition of forces, when the num* 
ber of them is considerable, the most convenient way is that 
which proceeds by a previous resolution of each into its con- 
stituents, in the direction of rectangular axes of co-ordinates, 
given in position. 

- Cage 1. Let AP, AF^ AF', &c. (Fig. 12.) represent any 
humber of forces applied to the point A and all acting in the 
s^une plane. Draw through A^ and in that plane, any two 
straight lines, AX and ^^ Y at right angles to each othei^ and 
rsesolve the forces AP^ AP, AP\ &c. into AB^ AB^ ABf'^ &c. 
whose sum lei be AH^ in the direction of the line AX ; and 
AC^ AC\ AC, &c. whose sum let be AK, in the direction of 
the line AY ; complete the parallelogram ASLRKj and joiil 
All ; then shall AR represent, in direction and quantity, the 
resultant of all the forces. Let the forces expressed numeri- 
cally be denoted by the symbols P, P, P", &c. and the angles 
which their directions make with AX by a, a', a", &c. re- 
spectively : and let AH be denoted by X, AK by Y, and AE 
by iZ ; also let a denote the angle RAX. Then 

X=: P cos. a + JP COS. a' + P" COS. a", &c. '=-fP cos. a, 
^ Y= P sin. a + P sin. a' + P' sin. a", &c. ^fP sin. a, 

; B = JW+^ and COS. a = j^ = ^^ ^ y. 

The process is a little simplified, by taking one of the axes 
of the co-ordinates, ^Xor AY^ in the direction of one of the 
forces. ^ - 



Case 3. Let the furces, one of wbich is represented by APf i 
(Fig. 13.) have their directions in ciifFerent planes. Draw J 
through A three straight lines JX, JY, AZ which may be I 
conBidered as three adjacent linear sides of a rectaiiguhut J 
parallclopiped ; or such that each of them may be at righlf I 
angles to tlie plane of the other two. From P let fall PB \ 
j>erpendicular to one of these planes, suppose XA T, and joinr I 
AB. PB will of course be at right angles to AB, and AP n I 
resolved into AB in the plane XA Y, and AE ~ BP perpen-r I 
dicular to it, or in the direction AZ. Now draw BC perpea> I 
dicular to AX, and BD perpendicular to AY ; and AB may ( 
be considered as resolved into AC and AD in the directions ' 
AX and AY. Thus, AP is resolved into AC, AD and AE^ 
\a the directions of the three axes AX, JY and AZ respec-. 
lively. Let each of the forces be thus resolved, and let AFi 
AH and AK denote their sums in these respective directions! 
then, by the Ist Case, find AG the resultant of AF and 
AH, in the plane XAY : and AH the resultant of ^G and 
AK in the plane GAZs AM will be the resultant of the 
whole. ( I 

Witha view to calculation, let Pji*,/*', &c. and fl denote^' 
as before, the forces and their resultant ; a, a, a", &c. and Of 
the angles which their respective directions make with AX j 
(3, i?, 8", &c. and b, those which they make with A Yj and y, 
C^Ay, &c. and c, those which they make with AZ-: Also let . 
^Hl^ y> % denote the sums of the forces estimated in the direpf 
^^■pns AX, A Y, AZ respectively. Then as Jl 

^V AR' = AG^ + AIC^ AF' + 'A'n'''f'^llPi' '''* 

^^F we shall have . ,. , 

B =JX^ + y- + k ''',.' ' -1 

Moreover, i{ R H and R F be joined, it will be obvious, th^ 
AF=: AR cos. RAF, and AH = AR cos. RAH.- for the planes 
BGF, RGHare at right angles to the plane XAY,- and AF, 
AH in that plane are perpendicular to the common scctioi^ 
GF, GHy and therefore at right anglew to the plftn^s ^f^^ 
RGHt nnd to Jii^ and iiK respectively. i,,,. .dj r-i.-m-jne 
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Hence cos. a = 



R 



, COS. c = . 



I 



tiov X=fP COS. a, r=fP COS. 8, Z=fPcos.-y,aad^i 
all given; therefore B, and the angles a, h, and c, which d^ 
tennine its position, are given. 

In taking the products P cos, a, &c. the cosines are to bt 
coDiiideFed as positive in the first and last quadrants, and ne* 
gative in the second and third ; and by the sums of the forces 
estimated in a particular direction, we always understand 
such as are found by addition in the algebraic sense. 

That the position of the resultant is determined by the 
angles a, b, and c, may be illustrated thus : Let x, y, z, and ^ 
(Fig. 14.) denote the points in which the axes AXy A Y^ and 
AZ, and the line AG meet the surface of a sphere, whose ce» 
tre is A. The arches xy, xz, yz, and zg, are quadrsnt^ 
and the angles at g right angles ; and if a; fl, or a: R', the mea- 
sure of a, and y R, or yR the measure of b, be given, they 
limit the point where the direction of the resultant meets the 
spherical surface to one of two positions R, Bf, both in the arch 
zg^, and the one as much above g as the other is below it 
The angle c, or its measure z R, or z R, therefore, being also 
given, determines which of the two points ^ ff is to be cho- 
sen, and this, with the g^ven point A, determines the position 
of the line sought. 

SI. Prop. 11. Theorem. If three parallel forces be in equil^ 
brio by the intervention of an inflexible physical straight line, 
to which their directions are perpendicular, any two of them 
will be inversely proportional to their distances from the 
point at which the third is applied. 

This is generally called the principle of the lever, and was 
first demonstrated, so far as we know, by the celebrated Ar- 
chimedes. Of the two principles expressly assumed by him, 
(o^fiuxnx,) the first is, that equal weights suspended at equal 
distances from the fulcrum of a lever will balance each other ; 
and taken along with another, which is tacitly assumed in the 
course of his demonstration, that the fulcrum in that case 
supports the sum of the weights, is the same with our 8d 
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px. (I2>) The secoiul is, diat it' equal weights be su»- 
nentled at unequal distnuces from the fulcrum, the more dis- 
Uuil will prepooderate. This, however, may be deduced from 
the former- Let C {Fig. 15.) be the fulcrum, M any weight 
or force perpendicularly applied, and D aiid £ two points La 
the lever on the same side of the fulcrum, of which E is the 
more distant ; ilf at £ shall balance more than M at D. Bi- 
MCt CD in B; iu DC produced towards C take CJ-CB , 
ai let BIT = BE. Then 2 M at B will balance 2 Mat J, 
(]%.) But ZM at Bis equivalent to Af at C and M at D, 
(12.) and the force, whotse direction passes through the ful- 
crum, con have uo effect upon the rotation ; therefore M at 
D balances 2 M at A. Again, 2 ilf at -fi is equivalent to M 
Uil and Af at £* ,- therefore MatE balances 3 Mat ^, to- 
(ether with Mat£'. 

The demonstration of the proposition for weights or pres- 
Eures of any kind that are commensurable, proceeds thus : 
Let£J'(Fig. 16.) be a lever, whose fulcrum is C, and let the 
Vei^tfi P and Q be applied at E and F, so that P : Q = 
CFiCE, there shall be an equilibrium. Produce EFto- 
nrds both E and F, making EJ = CF, and FB = CE, and 
the whole CB consequently = CA . take ED = EA ; then AD 
ii bisected in E .■ as is also DB in F ; for CF being = ED^ 
because each of them is =:: £^, to each add CD, and Fi>= 
CE = FB. 

Now suppose the weight P+ Q to be uniformly distributed 
Orer the whole line AB^ so that equal parts of the weight may 
rest on any equal parts of the line, which is supposed to be 
horizontal, there will be an equilibrium, (12.) ; for every par- 
ticle resting on CA is balanced by an equal one at the same 
distance on the other side, (IS, 11.) Abo, by the same ax- 
ioms, all the matter on AD may be coUected at E, and all 
diat which is upon DB at F, without destroying the equili- 
brium ; for tlie resultant of every two equal weights equidisr- 
Umt from E passes through that point ; and so it may be af- 
finned of the other point F. Now 

AD : DB^^AD . ^DB= CF . CE = P \ % 



V 
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and comp. JB : AD:=zP + Q: P, 
or JB I DB = P+ QiQ; 
and as P+ Q was uniformly applied to the whole line JB^ 
the parts on AD and DB must have been P and Q respec- 
tively^ It appears then, that when P : Q= CF : CJS, there 
will be an equilibrium ; and by the second principle aboYe 
mentioned and demonstrated, if Q be applied to any point in 
the line CB nearer to C, or more remote, the equilibiiom will 
be destroyed, so that P cannot balance Q, unless P : Qss 
CF: CE. 

- Let EF* (Fig. 17.) represent the lever EF reversed upon 
the same fulcrum C, and let a weight P be applied both at 
E and at Ey and Q at both F and F. There will be an 
equilibrium, (11.) and there can be no reason why the pres- 
sure at C, arising from the one pair Py Q, should differ from: 
that arising from the other, so that one-half of the whole 
must arise from each. But the whole pressure at C is mani- 
festly 2P + 2Qf (12.) therefore that arising from Pand Q, 
applied to E and P, must be = P -|- Q. Let this be called 
S. Instead of the fulcrum at C then we may substitute >tf 
force jS = P + Q9 acting in- a direction opposite to that of P 
and Q; ; . . '-. . 

and since PiQzzCFiCE, i 

comp. S:P=FE:FCy 
and S:Q = EF:EC. 

Note, We may consider P as equaland opposite to the re- 
sultant of jS and Q, so that when two unequal forces Sand 
Q act perpendicularly on the arms of a straight lever, and in 
opposite directions, the resultant is equal to their difference 
and acts towards the same parts as the greater. Also the ve^ 
sultant and the less of the two forces are on opposite sides of 
the greater. \ . 

A very simple demonstration of the property of the lever 
in the. oase of commensurable weights, is given by the cele- 
brated Maclaurin, (see his account of Newton^s Disc, 
p. 150.) Another, that seems very plain, may be as fol^ 
lows : 
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t C, (Fig. IS.) be the fulcrum of the lever AF, mi 
AC = CB = BD - DE &c. S P at S balnnces 2 P at A^ 
and the pressure on the fulcrum = i P. But 3 P at B U 
equivalent to P at C and P st D. Let the forces be so applied* 
and we must still have a pressure = 4 P acting upwards at 
C But this admits of simplification, for P acting down- 
wards at C and an equal part of the force acting upwards 
may be removed without subverting the equiUbrium, (11<} 
Hence, P at D balances 2 P a.t A, and the pressure at C i^ 
3 P. Again, S P at J? balancing 2 P at .^ as before, and 
the fulcrum being pressed with the force IP; let 2 P at 
B be resolved into P at ^ and P at E ; then P at £ ba.. 
lances 3 P at ^i, and the pressure at C is their sum. Now, 
if the proposition be true of mAC, and of nAC, it shall be 
true of their sum. Let BC = mACt and DC = nAC, 
(Fig. 19.) Also take DE = BC, so that EC= (jb + n)AC, 
and bisect CE or BD in O. P at -B and P at Z* balance 
(m + n)P at A, and the pressure on C is (m + n + 2)P, 
liy Hypoth. and (U.) But P at ^ and P at D are equiva- 
lent to P at C and P at E, (12.) Taking away P acting 
downwards at C, and as much of the force there acting up- 
wards, we have P at E in equiUbrio with (m + n)P at A 
and (to + Ji + 1)P acting in the opposite direction at C. 
Lastly, if CF (Fig. 18.) = ,nAC and CG = nAC or nBC, 

P at J will be balanced by — P at F, and P at S by— P 

at G, and P at A balancing the equal force at B, let these 

be removed, and we shall have — P and — P in equUibrlo 
m n 

(IL), the former at the distance mAC, and the other at n times 
tbat distaoee. Whence, universally,when the arms of the lever 
are commensurable^ the perpendicular forces in equilibrio are 
reciprocally as their distances. 

Let CA and CB (Fig. 20.) be now supposed incommen- 
surable, and let P applied perpendicularly at A, and QaX B 
tquilibrio, 
P:Q~CB-.CA. 
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For, if peiuiUe, let PzQzsCD: CJ, CD being .^ CB. 
Let Cd, be -p^ CD, bat ^<^ CB and commensiirable with AC^ 
e&cl let iV at li balance P At A. 

Tbca P : <l = C2> : C^ by Hyp. 
PtNzs CiI :C^ by part L 
mACd.CAzp^CD.CA 
:. P.NzP-PtQ 
and Q"^^ N^ which it absurd; for by Ar« 
ehimedes^s second principle Nat B would overbalance P at 
Ay mnch more woald Q do so if greater than JV. 

In the same way it may be proved that P cannot be to Q 
fts C/y^ any line greater than CB^ to Citf. 

Otherwise thus: UCBs: —CA, P ss— Q by part 1 ; if 

n ft It ' 

CB he 7^ — CAf Ph ^^ — ft for it is — times the force 
191 HI m ' 



which balances itself at a less distance ; and if CB be ^^^ — CA^ 

M 

mm mm 

P is ^i^ — Q, for it is — times the force which bojaiices 
itself at a greater distance: that is, 

P= — Q, according as CB = — CA^ 



Whence PzQi=CB: CA, (Eucl. B. v. def. 5.) 
82. Cor. 1. The rectangles under any two of the lines 
fe{)resenting the forces and their respective distances from 
the point at which the third is'applied are equal to one ano- 
ther : or, if the ratio of the forces and that of the distances 
be expressed by numbers, the corresponding products are 
equal. 

P. CE = Q. CF (Fig. 16.) 
S. FC = P. FE 
S.EC:=:Q.EF. 
89. Cm*. 2. If the arms of a lever make an angle with each 
other at the fulcrum, and two forces, applied perpendicularly 
to the arms, be reciprocally as their distances from the ful- 
crum, these forces shall be in equilibrio. 
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t jiCB (Fig. 21.) be a crooked lever Imving two arm 
jIC, BC, which make nii angli; at C, where tlie fulcrum i 
supposed to be placed : nud let P and Q be two forces K- 
presented by JP and BQ, acting perpendicularly upon the 
nrms AC, BC, aqd so related to each other that P:Q:s BC 
: AC, or P. AC =r Q. BC; these forces shall be in eqiiilibrio. 
Produce BC to A', making CA' = CA, and let CA' repre- 
sent a physical line rigidly connected with the lever ACS, 
Suppose a force Q, represented by BQ", equal and opposite 
to Q, to be applied at B, and a force JP" ~ P, to be applied 
at A' perpendicularly to the arm CA, and tending to turn (| I 
in the direction A'P" i the lever will manifestly be in cquili- 

tbrio, for Q will balance Q, and P' will balance P; there be^ 
||e>g nothing to determine that either should prevail. Bttt 
iince P- = P, md Q - Q, and P:Q=BC:AC by Hyp, 
'P':Q' = BC: AC^BC: A'C, and P" may be considered a 
in equilibrio with Q'. Hence P and Q must be in equilibrich) 

("■) 

34. Cor, 3. If two forces acting ui the same plane be ap- 
plied to the arms of a lever in any directions whatever, and 
be in equilibrio, they shall be reciprocally as the perpendi-; 
culsrs drawn from the fulcrum to their respective direction^;^ 
^d conversely. 

If in the straight or angular lever ACB, (Fig. 28 and 23,^ 
P and Q, represeutetl by AJU and BN respectively, bi 
equilibrio, and CF be drawn perpendicular to AM, and CG- 
to BN; PiQ=CG: CF. Draw the perpendiculars AfD, 
^E as in the figures. Then AM may be resolved into AO^ 
and DM, and BN into BE and EN, of which AD and fl^ 
have no effect in producing rotation. The equilibrium in 
that respect is maintained by DM and EN, acting at A and- 
B perpendicularly to the arms of the lever, so that we must 
have DM : EN = BC : AC, (31.) Hence, and by similat 
triangles, the following serieses of quantities will be propor- 
tionals in an inverse order : 



k 



AM : DM : EN : BN, 
CG : BC : AC : CF, 




nnil AM : BX =• ctf : CF, - Ex. cq.) 

Ulherui:ac tit US 

MD.AL :=: Sy.BC. 3i^ 

MDiAMi ay.Ey. i- 

.Vi> : AW r= kI3 : ^C (£jc aeq.> 

iiui) liiL'iv i:i an (H|uilibriuuu v^l-^ 

Nait. The r^*tai)i;ies under the lines ii [im willing tin 
loni's aiul (lie )K*r|Hrmiiciuar diacances dt die 
wiiiiii (lu'v lu'i ri\>m .*% tuicrHin or J3i& or dte 
|iriuliu*tsi uhiui (lio tiuxvs ami uie JLiances 
liy iminhei's, iua\ tk' aiU>f'»UMi ds xnesksures of 
iative energVt tuul ai^e th«riu:s«ii\6s ceneraAlj iianaiiiiatwl wMk» 
iiunttu 

35. Cor. -i. NVhcii two tierces jx cbe same pIoQe arc applied 
to the iinus of a lever as t)e(ure nain^seniBii^ ami 
oquilibrio, the pressure ou die tulcrmi i^ die same in 
and direction as if bocli tbrce$ vers immjedimsiy 
that point, in directions parallel no die lines in wiiick diej 
are actually exerted. 

This has been taken tor granted as a pore or oax tUrd 
;i\i(>ni, nr has been already proved, waea die Lever isacra^jkt 
and the forces perpendicular to ic : in remaina to be panted 
wriihli(Iiic forces applied to the scrai^zac iever, ami of anj 
,"iLi s apiilicd to the angular lever. 

'i*iic \uxK.\:^ Al>y BE ,Fig. 22, t^ 2i.; are propa^»aced to 

t'ulcniLLi, vvliicli, when the lev«;r li^ scrai^ac, as in ;Fi^. 22^ 

' t. s su:)t:iins aUo the '>uiii of the pcrpcciicniar pressures X^JT, 

N', as ha^ beuu u^rsuuiej, or prov^<i: and AD^ DM thus 
. ..iiriiiiitcvl i'ijc(>ii4)u^e a pressure e<{uai and parallel to .^O^ 
.(!.[.: />A* aiul £.V produce one eijual and parallel to ^A*. 

.NiM., Ivi J( /> \lig* ^5.) be an angular kver, ^ and ^ 
1 lici|*cuv[icului' to the arms, and in equilibrio. In BC 
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i AC produced make Cff = CB and CA' = CA; let tb«| 
levers BB and AA' be inflexibly connected at C, and let i 
= A and If = B, all acting as r<;presented by tbe perpendi- J 
cular lines in the figure. A' and B' will also be in equUibrio, I 
and their resultant will be in the same line with that of A 
and B; for the one will make the same angles with CA' and 
CB' that the other does with CA and CB respectively. Tliis , 
is very obvious when J' and B" act in the opposite to tlieijr 4 
present directions. But these two forces, and those equal and I 
opposite to tlieu), would destroy one another, and so t 
quently would their resultants do, which must of course be 
also equal and opposite. As the resultants of the two pairs 
then are manifestly equal, and in the present case conspire ift 
direction, the pressure arising from A and B alone is tt^ j 
half of the resultant of all the four. But the equivalent of if ' 
and its equal B is CD = 2 B parallel to B ; and that of A 
and A' is CE ~2 A, parallel to A, (12.) and CF the resultr 
aiit of CD and CE represents the whole pressure on the 
fulcrum. A' and B being removed, the resultant, retaintngi 
as has been proved, the same direction must be reduced tQ 
J CF, which ia equivalent to ^ CE, equal and parallel to A, and I 
^ CD, equal and parallel to B, whence, as in the cases forraeft I 
ly discussed, the truth of the corollary is manifest- 

36. Cor. 6. When three forces in the same plane, and nqj 
parallel, are In equilibrio by the intervention of any lever, 
their directions meet in one point, and the forces are such aa 
would be in equilibrio if applied to one point, their direction^ > 
preserving the same relative position. 

Lgt the forces P and y be represented by AF and BQ^ \ 
(Fig. S6.) which meet when produced in F, Draw from 
the fulcrum C'A" equal and parallel to Ap^ and CM equni 
and parallel to BQ, complete tlie parallelogram CKLM^ 
aijd CX (35.) shall represent the pressure on the^fulT 
crum, a force R equal and opposite tq which will hold 
P and Q in equilibrio. The direction of this force meets CS 
and CM by construction, and therefore PA and Q.B which 
are parallel to them. Now, it must meet thepi both iu F 
tjieir point of intersection ; for, if not, let it meet the one ift 
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Gf and the other in JET. Draw the pefpendiculAra CE^ CDj 

Hien P:QzzCD:CE, (84.) 
PiQtiLNiLO^ (21.) 
;. LNi LOzi CD.CE, 
A\uLN:CDsiLO:CE, 

And, therefore, by similar triangles, 

LC: CG^ LC.CH, 
or CO ^ jHTC, which is absurd. 
This demonstration applies equally when the lever is anguUup 
atC, 

P^Qj and R then are directed to one point F g and, being 
tepresented by three sides of k triangle CJT, KLj- and LC^ 
are such as would be in equilibrio, if actually applied to one 
point* 

Let ACBD (Fig. 27.) be a lerer with two inflexions^ cm 
at the fulcrum C, and the other at jB« Take FO to represent 
the pressure on the fulcrum, or the opposite force 12, which 
may replace the resistance of the fulcrum, when it is remo-» 
ved, and be in equilibrio with P and Q represented by FH 
and PE sides of ^e parallelogram FUQE. Draw HK and 
BL parallel to FC and FD. S and T, represented by FK 
and FL, are, by what was proved in the former case, equiv»* 
lent to P) so that the forces 5, T, Q, and B^ are in equilibrio, 
P being removed. But R and T are directly opposed to eacb 
other ; therefore T and its equal, that part of R which is re-* 
presented by LF^ being removed, S, Q and iB' = ^ — • Tare 
in equilibrio. The directions of these three balanced forces 
still meet in F, and being represented by LH, ItQ^ GL the 
sides of a triangle, are such as would be in equilibrio if actu- 
ally applied, as stated in the corollary, to one point. We 
may then apply to three forces in equilibrio by the interven- 
tion of a lever the 2d and 3d corollairies to Prop. L (20, 21.)- 
The student will moreover remark, that aily one of the 
forces iS, Q, B! may be considered as supplying the place of 
a fulcrum to the other two, so situated that its resistance may 
be in the direction of that force. Thus may the demonstra- 




seqoeDtl V to hniitff of jmj stisib. 
cnnD iDBT be cansiueiaci a^ amtmeetBL wntL xml fom: 
plicitkm of euciA uxtbl svy wn. ■Tg"^*^ jsec a: anmif nazxuie: 
of sides. 

97. Cor. €. Tw& iaxoBk tiaa mbl cqna. ami apmosuL kIL: 
bj the imerv^eiiiiiiL a: l. suiiL. iMao} a^^'ir^ juuqjib. oesDxr eBcn 
otber, i^n^ :ak& im. lun asjuiio. xl tus: sam:. iioxiii. 

For if iLt iiDcrr ut: iiogaiiibic. a=- i. tsvez iiariij^ x iixec voio- 
or fiiicnm. uisrL «dL ut lu. jnoauor^ "^^i^^ £ 

Ift. Cor. !L Aium: n. jnoiqiesi of uoU. 
ifimrr ae JTimrinB. mc liit prptHire-flnrntf ■ a: tjcfc imgnin^ 
iBST bfc concsivifc. 2i£ airoiit^ a: iin'^ uuin. n. tin iiut. a: ite> 
iiiiil'iiMi. fiTDciuijCi liiK pmni ue mftsxiun rMUfnrf. mHi 
mm |MHnt of ^is; JewBi. 

TMs MiftB-BKiusMn, iuliomi imt tiit: ftc. joil 4tL Cor. fb», 

3iL Cur. ii. Wmnevs iurctf^ an anpii^t. u 1. ttswtsL^ auL m. 
ilmever direciiiiDi in tut aanit pjautu ii ttitr Mum, 01 tut nur- 
aeata vS-iitt iurca vmicti tmn. u* urn. i: m out dtaecuuL ut 
eijiBil ID iIk bdzd hi tht nuHnemfa ni liiuMt iriind. leuL u< lurL 
km AE4KppuBat dmcummf Utext wiLut an ftfiiiiiiartiin. « turn 



Lbi Jty a. £. /". aac G ac pezpeauicuiaror ol tut; it:vfi£ 
AC wjMfieiuiiaiim jfc C. iF^. Mb., aud m ^t diftBUum* xk- 
fw aaaii i fl iii ite Agure: if 

lk«r fihaL faeai: «quiiiuriuiii. I«ei ^< ^ ^C^aucl ^ A^.A 
be «ucii. ttia: ./L^C ^ eacii m luefet bunifr of maniJBUxii. A 
nr be diviiied inu» twu pafifc i/ aub L. ttucii laa: ii^ V = 
JLAC, jnid iLtf C= IjJjL ^ ^ wIL utumct: ^ aad a wiL 
Uaane ^« vr ^ wiix tuuuMCSt i» uuc 2>. li. iifie jnanncr. J 
most be divisiuk iiiiu iiiree paru mnictt wt ahall <Bili x^ 
and p^ Ruch ttiui 
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e^f^ and y will baboce £, >; and G .- that is, A win balaoct 
E9 F^ and G. Now let A and ^, which noat be in eqailj« 
brio^ be removed, and die remaining forces will be in eqoili-- 
brio, f 1 1.) The denKmstiation of the co n ve ra e is obvious. 

We may suppose anj nomber of lerers in the same plane 
nnited at the fulcmm C, or an angniar lever of anj number 
of arms, and anj Ibroes in that plane applied to each in any 
directions. The demonstration wonld be ezactlj similar tt>- 
that jost ^ven. 

40. Car* 9. If any forces whatever in the same plane ^h 
plied to a lerer be in equilibrio, forces represented by thdr 
orthogonal projecUons on any plane shall be in equilibricv 
when applied, as represented in the projection, to a tever, re* 
presented by the orthogonal psojection of the former wpam 
the same planed 

Let there be' two forces P and Q, represented by -BP and 
AQ^ (Fig* ^0 on the one side of the fulcrum, and one upon 
the other represented by 2)& Let fall the perpendiculars 
CEy CFy CO, as in the figure, and join P and C, Q and C, 
SandC. 

Pli.CF + QJ.CE =r SD.CGj (S9.) 
and the halves of these are equal ; that is, - 

aPCB + aQCA = aSCD. 
There will, consequently, be an equation between the corre- 
sponding areas in the projection, and between the doubles of 
the same, or the measures of the projected momenta. 

4L Car. 10. If any number of given parallel forces be ap» 
plied to given points of a solid inflexible body, a point may 
be found through which their resultant, when possible, will 
always pass, whatever be the position of a straight line to 
which their directions are parallel. 

Ccue 1. Let there be two forces P and Q applied at the 
points A and B, (Fig. 30.) and acting towards the same parts 
in any parallel directions, and let the point C be taken in the 
line AB, so that Q: P=z AC i BC, or 

Q + P: Q^ABiAC; 
through C draw DCE perpendicular to AP or BQ; the tri« 
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V^s ACD, BCE wiU Ije similar; and since Q:P~JC: SO, a 
Q: P= CD : CE, and P and Q will be in equilibrio if tha J 
point C be fixed, (34.) and tlie point C is subjected to a pres- 4 
sui-e equal to their sum, (35.) which is tbeir resultant, ^ 

Case 2. Let the forces Pand Q (Fig. 3J.) act towards pppo- 
site parts in parallel directions. If they be equal, and tbeir dt^ i( 
rections be not in the same line, tbey cannot have any L'esul- i 
taut; for supposing them to have one passing through any '4 
point of the line joining the points of appUcation, a fulcrum 1 
being placed tliere capable of sustaining it P and Q would 
be in equilibrio, which is manifestly impossible ; for they will 1 
either conspire in turning the line in the same direction, or 1 
tbey will tend to turn it in opposite directions with unequal n 
momeiita- Lei ihem then be unequal, and ^ the greater. In | 
jiB, produced towards B the point at which the greater is l 
applied, take a point C so tiiat 

Q: P= AC: BC, or 
a'~P:Q=AB:JCi 
througb Cdraw CED perpendicular to AP, or BQ. Then ■■ 
Q:P=CD.CE, and if a force li=Q — Phti applied at , 
C ill the direction CR, parallel to AP or Q.B, the three forces 
P, Q, and R will be in equilibrio ; for Q. and P are recipror 
cally as their distances from C, and Q — /"= i?, or Q = /* + & 
The resultant of Q and P is therefore R'^Q—P acting at 
C towards the same parts o^ Q. 

Suppose i* very nearly equal to ftj then Q — Pis very 
small; the ratio Q ; Q — P, or its equal AC ; AB is very 
great; and as /* approaches indefinitely near to 6i in vulu^ 
AC becomes indefinitely great in comparison with the finite 
line AB ; that is, there is no lever AC of any assignable 
length, to which a third force being applied could maintain 
sn equilibrium with P and Q. In this way we gee, as before 
that tlie problem is in that case impossible. If a, third force, 
such as that now described, could be found, one equal and 
opposite to it would be the resultant sought. 

Case 3. Let A, B, C, &c. be points of a solid body, that is, 
poults any way inflexibly connected with each other, and let 
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forces denoted by the same letters be applied lo them respec« 
lively, all parallel to a line Ox given in position, (Fig. 3fi.} 

First, Suppase all the forces to act towards the same parts. 
Ill JB find D, so that A : B = BD : AD. The resultant of 
A and B~ J + B, which call Z>, shall pass through D, aid 
be parallel to Ox: join the points C, Z>, and in CD Bad £, 
BO that C: D= ED: EC ; the resultant of C and 2> =3 
C + C=-< + jB + C=the resultant of the whole, shall pasa 
through £ parallel to Ox. Now let the Esme forces, applied to 
the same points, act all in lines parallel to another straight Van 
given in position, as O^,- it may be shown, in the same 
words, that the resultant, which is as before the sum of the 
forces, passes through E pnrallel to Oif. The investigation 
is similar for any number of forces ; and the point E thus 
found is called the Centre of parallel forces- 

Secondly, Suppose that there are also parallel forces act- 
ing towards the opposite parts, a point E\ which may be the 
same with E, or different, will be found by a similar process, 
each that their resultant shall always pass through it. Call 
this resultant It', and that of the first mentioned forcfts It. 
If the paints E and E' are the same, R and B' are directly 
opposed to one another, and the final resultant is their diffetw 
ence. If, ns will generally be the case, E and E' are differ* 
ent, a point S may be found in EE\ produced towards E or 
£' according as R or R is the greater, through which tlie 
resultant of the whole, that is of R and R^ shall always pass, 
or which will be the centre of the whole, when these partial 
resultants are unequal. If they are e<pial, no hinglo resaltant 
can be found, nor is there in this case any centre of parallel 
forces. 

4,2. The centre of parallel forces obviously remains the 
eame, though the forces should be increased or diminished, 
provided they be all increased or all diminished in the same 
ratio. 

43. It is clearly implied in what has been said of ihts cen^ 
trc, that ifa force be always applied to it eqnal to the alge- 
braic sum of the foixes lakea with a contrary sign and parl^^ 
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lei to their direciioiis, or if it is preserved fixed by nn im- 
moveable obstacle, ihe body will be in eqiiilibrio, whatever 
be the relative position of a line to whith the forces are pa- 
rallel. 

44. Cor. 11. Forces which, in respect of a tendency to ro- 
tation, would be in equilibrio when applied in the same plane 
to the same point, will be in equilibrio when applied in paral- 
lei planes to the same axis. 

It will be sujTJcicnt to state the proof in the simplest casey 
wb«n the parallel planes are perpendicular to the axis, 

LiCt CA and CB (Fig. 33.) represent two inflexible lines, 
connected perpendicularly with the same axis represented in 
ppojection by the point C- and let P acting by the lever CA, 
and Q acting by CB, in the directions AP and BQ, which are 
in planes perpendicular to the axis, be in equilibrio, the ratio 
of i* to Q shall be the same whether these planes be differ- 
ent or not. In the line CA take CD = CB, and let two forces 
S and S", each equal to Q, be applied at D, as in the figure, 
in opposite directions, parallel to BQ or AP. This will not 
alter the statical condition of the system. But S will b;tlance 
Q, for they are in circumstances precisely similar, whether 
CB and CD be in the same plane, or in parallel planes. P 
will therefore balance Q, if it will balance S' = ii'm its owa 
plane of momentum. 

45. Prop. III. Theorem. The momentum of the resultant 
of any number of forces acting in one plane, referred to a fix- 
ed point in that plane, is equal to the sum of the momenta of 
its constituent forces referred to the same; and that whether 
the directions of the forces be parallel, or inclined to each 
other. 

Case I. Let there be any number of parallel forces A, B; 
D, (Fig. 34.) acting in one plane, and from the point 0, with 
reference to which the momenta are to be estimated, let there 
be drawn the straight line OE perpendicular to their direc- 
tions, and meeting them in A, B, and D. This line being 
considered as a lever, let C be that point at which a fulcrnm 
being placed, the forces A', Si and D would balance each 
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Oilier. The pressure on C will lie the resultant, or the ntf 
(U'tbe forces, estimated with their proper signs; and 
J.AC + S.BC = i).D C I that is, 

J(OC — JO) + B{OC — BO) = D{DO — OC) / . . 
jjj , or by traiispositioi), 

<,^ , (,< + B + D)OC = A,AO + S.BO + D.DO, 
- If the point O were situated betweeu A aod B, w« eliouU 
have AC — OC -}* -^0, and the term A.AO iu the second 
member of the equation would become negative. This maybe 
technically represented, by considering the distance ^0 in 
(hat case ks negative. In like manner, whatever be the position 
of in tlie tine OE, the distances on opposite sides of it ar^ 
in taHing the sum of the momenta with reference to it, to be 
estimated with opposite signs. Also in staling the equation 
of equilibrium as above, forces ihqt act in opposite directions 
are to be taken with contrary signs. 

Case 2. Let ABDB^ {Fig. 35 and 36.) be « parallelogram, 
AB and AE representing two constituent forces, and AG iheir 
re&ultant; and from any point C in the plane of the figure 
draw CG, CF, Cfl" perpendicular to the directions AD, AB^ 
AE ; join A, C, and on AC as a diameter, and in the same 
plane, describe a circle, which will pass through the points 
f , G, Hj because the angles subtended by AC at these points 
are all right angles; join FHand GH. Then since 
^ CCH=^ GAH=i ^ ABB, and ^ CMG = ^ CAC, 
the triangle CGH is similar to the triangle ADK. In like 
manner it may be shown that thp triangle HCF is sltilili 
the triangle ABK; whence 

AD:DK=CH: CG, or AD.CG = DK-CH, 
and AB : BK- CH: CF, or AB.CF = BKCH ,- 
and by adding equals to equals when C is within the 
PAE or its vertical angle, and taking equals frop) equals 
>vheQ it is without, we shall have 

AD.CG =1= AB.CF =BD.CIi= AE.CH> 
or AD.CG = JE.CB=f= AB.CF, 
a conclusion which may be expressed as in the enuncj 
(jf the proposition, if the momenta of the fprceii teni 
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produce rotation in opposite directions be marked with op- 
posite signs. 

It is obvious that the Forces JE and ^B being each resolv- 
ed into two constituent forces, and so on indefinitely, the pro- 
position will still be true. 

46. Cor. 1. This proposition, in so far as it relates to pa- 
rallel forces, suggests a ready method of finding their centre* 
or the point through which their resultant always passes. We 
h&ve only to suppose the forces, while applied at the sahie 
points, to act perpendicularly on the line, and divide the sum 
of the momenta, referred to any given point in the same, by 
the sum of tlie forces, the distances and forces being both es> 
timated as formerly witli characteristic signs ; the quotient 
will be the distance of the centre of parallel forces from the 
point in reference to which the momenta are calculated, and 
its sign will indicate the direction in which it Js to be taken. 

If the sum of the momenta with respect to any point be s 0, 
that point itself is the centre, and conversely. 

Note. It is usual among writers on Statics, in treating of 
that part of the subject on which we are now entering, to de- 
signate by the term iitoTHenta, the products of parallel forces 
into their distances from a point, liue or plane, without any 
immediate reference to them as measures of rotative energy ; 
or, in other words, without supposing, as above, that the 
given parallel directions, when oblique, are changed into 
others perpendicular to the lines which measure the above- 
mentioned distances. 

47. Cor. 2. If any number of parallel forces be applied to 
points which are all situated in the same plane, the sum of 
the momenta, with reference to any straight line in that plane, 
shall be equal to the momentum of their resultant with refe- 
rence to the same. 

Let the parallel forces J, B, (Fig. 37.) be applied to the 
points of the same name, in any plane passing through J, B 
let MNhe a straight liue to which are drawn the perpendi- 
culars ^o, Bb, and Trom C the centre of parallel forces Cc. 
MAS be parallel to JtfA^, Aa = Bb = Cc, and it is obvious 
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thst J.Ja+ B.Bb^{A + a)Cc. li AB ntteoto UN in 
O, then J.JO + B.BO = (^ + B) COj by Gam l«.«id 
^^a+ BJBbsi(J + B) Ccf all the tenns bttng raditeed 
in the same ratto, tIz. rad : sin. BON. 

If points of application lie on opposite aidea of O aa JT onct 

. andAfift — ^M4«?5(^ + *)Cc• 
'I1lis demonstration applies to any numbqrof poiqts oCiq^ 
plication which are in the same straight ]ine» If ^ JBmA 
D (Fig. 38.) be not in the same straight line, find C the te^ 
tre of jf and B, and JS the centre of A^ B and JD, and dnor 
Aa^ Bhj Coy Ddt JSe^ all perpendicular to MN. Tlneii by 
the first step in this case^ 

A.Aa+B.Bb=:C.Ccf 
and C.Ce + D.D d = E.E e ; 
• ihBtis,A.Aa+B.Bb + D.Dd=:{A + B+D)Be. 

48. This suggests a conyenient method of finding the cen« 
tre of any number of given parallel forces applied to given 
points in one plane. Draw in that plane two rectangular 
axes of co-ordinates Oar, Oy, (Fig. 39.) Let P, i% i^, &c. 
be the forces, and R their resultant ; that is, their algebraic 
sum. Let the perpendicular distances of P, -P, P", &c. and 
R from O y, or the ordinates parallel to O a? be denoted by 
ity Of, af\ &c. and x^^ and the co-ordinates of the same parallel 
to Oy, by y, y', y", &c. and y^, ••. then 

fPx 



iJa?,= Px+ Pa?'+ P"a?", &c. or ip,=; 



i2 • 



and iJy,=:Py + Py+ P'y", &c. or y, = ^ . 

In the lines Ox arid Oy take OA and OJ?, such that their 
numerical measures are equal to x, and y^ respectively, and 
draw through A and JB, -4P parallel to Oy and BD parallel 
to Ox; the point G, where these lines intersect, is obviously 
the centre of parallel forces sought. 

If the sura of the momenta with respect to any line be == 0, 
Hie centre is in that line ; and conversely. 



. 40. Cbr« S. If any nmnber of parallel forces be applied to 
fonrti in any positions whatev^ , the momenta of these forces, 
wA refmnce to any plaae» shall be equal to the momentum 
of their resultant with reference to the same. 
'. Let A, B and D (Fig. 40.) represent the forces, and the 
points to which they are applied ; and, without respect to 
Aeir being, when of this number, necessarily in one plane, 
let MNPO represent a difierent plane, to which are drawn 
iron j(, B and Z>the perpendiculars A a, Bbj Dd; and from 
C the centre of the parallel forces A and J?, and E the centre 
«f the wh<^ perpendiculars Ce and Ee. The points a, c, h^ 
ane manifestly in one straight line, as are also the poiuts 
e,%d. (Playf* EodL Prop. 17. and def. 2. B. 2. Suppl.) Hence 

A^A a -{• B^Bb = C»Cc% 
and CCc + D.D d = EJleg 
that is, A.Aa-^^BMb + D.Dd=z{A + B + D)Ees 

and in the same way may the proof be extended to any num- 
ber of forces. 

• 60. This suggests a conyenient method of finding the cen- 
tre of any given parallel forces applied to any given points. 

• Assume three rectangular axes of co-ordinates AX^ AY, 
is; (Fig. IS.) Let P, JP, P", &c. be the forces, and jK their 
resultant Let the perpendicular distances of P, P', P", &c. 
and Bj from the plane ZAY^he denoted by x, af^ x% &c. and 
Xfl the perpendicular distances of the same from the plane 
ZAXf by y, y, y*, &x% and p^ and their perpendicular dis- 
tances from the plane XA Y by z, 2^, 1;'% &c. and z^. 

Then JB *, = P» + Pa/ + /*'«* &c or «, = *^-5- 



Ry,^Py+Pi/+ P"f &c- or y, 



R 



vxABx,-PzJ^P3! -k- P'^' &c.or z, =: 



Jl. 



R 

* 

The nnmbers w,, y, and z^ attention being pud to their signs. 
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will give the position of three pitines parallel to ZAY^ '^M^H 
aod A'^y respectively, in each of which the centre of pa]d^^| 
forces must lie. It will, therefore, be the poiiit of theld^^H 
tersectioii which is given in position. tli. I 

If the sum of the momenta with respect to any plane 
be = 0, the centre is in that plane, and conversely. 

51. Cor. i. It is obvious, from the preceding investigar 
tions, tliat when the forces are given, and the points of their 
application, tliere is only one point which can be Uie centre 
of parallel forces. 

52. Cor. 5. As in the demonstration of the 2d Case of this 
proposition the resultant may be considered as applied at 
any point in the line of its direction, let x and y be the co* 
ordinate; of any point in that direction, parallel to axes of 
co-ordinates A x and Ay respectively, and a^ and y' the cor- 
responding co-ordinates of any other point in the same ; and 
let Xand Y denote the constituent forces of the resultant fl, 
the former parallel to Ax, and the latter to Jy; then shall 

Xy-'-Y^f^Xy—Yx, 
each of these sums of momenta being equal to the momentum 
of the resultant. 

33. Cor. 6. When the sum of the momenta of the consti- 
tuent forces with relation to any point is = 0, the resultant 
passes through that point; and conversely. 

54. Prop. IV. Theorem. A momentum of rotation in any 
plane, with reference to a fixed point in the same, may be re- 
solved into equivalent momenta with refeience to that pointy 
and in the planes of three rectangular axes passing through 
it, the momentum in each being represented by the cosine of 
the angle which it makes with the first mentioned plane, and 
that in the first mentioned plane itself by the radius. 

From 0, the fixed point, (l-'ig. 41.) draw a perpendicular 
(not here represented) to the direction of the force, and con- 
ceive O as the centre of a sphere, of which that perpendicu- 
lar is the radius, and the intersections of whose superficies 
with the plane of the momentum to be resolved, and those of 
tlie three rectangular axes, are the circles to which belong tbft 
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^Wiiui £F, and Uie quadrantfll arches AB, BC, AC. The forca J 
J", whose momentum is to be resolved, may be considered a& J 
applied tangeniially at any point in the circumference EF / i 
for of two forces P", P" each — P, and applied at that point J 
tangentially, and in opposite directions, in the plane of mo-; I 
mentuni, one /*" may be considered as balancing either P* ot J 
P. Conceive then tlie force = i* to be applied at G, and re- 1 
solved into the tangential forces A in the plane BC, and Q in I 
the plane AGD. Then j 

^^^ ^ = P COS. EGB =: P COS. «, ■ I 

^V^ Q = P COS. EGD = P sill. a. 

^^Ht Q may he considered as applied tangejUlaUy at A, and 

^Tfiere resolved into B and C in the planes AC, AB, making j 
with AGD angles measured by GC and GB, 

Hence B = Q cos. GC - P sin. a cos. GC = P cos. (3, 
C= Q, COS. GS= P sin. a. cos. GB=P cos. y; 
and all the forces here considered acting by levers of equal ' 
length, and being therefore as their momenta, i{ R, X, Y, Z, \ 

Iote the momenta of P, A, B, C respectively. I 

X= RcOS.a, \ 

Y=R sin. a cos. GC = E cos. /3, i 

2 — fi sin. a COS. GB = R cos. y. 
i5. Cor. \.X'-+ T" + 2' = iP (cos. ' a + sin. ' a {cos.» GC 
COS. ' GB)) = m (cos.' !» + sin. '- «) = RT-. 

56. Cor. 3. A momentum of rotation about the diagonal 
of any parallelopiped, and represented by that diagonal, is 
equivalent to momenta of rotation about the three linear sides ' 
which meet in one of its extremities, and proportionally re? i 
presented by these sides respectively. ; 

For the three linear sides may represent the three rectan- . 
gidar axes OA, OB, OC, (Fig. 41.) which will make with the 
axis ofEF angles equal to «, /3 and y respectively; and any 
part of the latter axis being taken as the diagonal of the pa- ! 
rallelopiped, and denoted by R, the three linear sides will be 
denoted by B cos. a, R cos, (3, R cos. y. I 

57. Cor, 3. When the momenta of all the forces applied 
to a solid body, are resolved into their equivalent momenta ' 
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6f rotation about three rectangular axes, the sum of the 
squares of these equiTident momenta is the same, whaterver 
be the positions of the said axes, provided thetr point of com- 
mon intersection be always the same : also if the sums be 
taken of the momenta reduced to each of the rectangular 
fixes, the sum of the squares of these sums is constant in the 
l&e circumstances* 
' The first part is obvious from Car. 1. fytfX*+fY^ + 

J^ :=JIPf which is constant, the momenta to be resolved 
being given : the second, fVom this consfideration, that the re- 
sultant of the same momenta must be always the same, by 
whatever legitimate resolution and recomposition, t. e. sub- 
stitution of exact equivalents, it may be found. If a more 
detailed proof of the latter patt be sought, it may be found 
by the following well known proposition in Spherics. 

Let ABC (Fig. 42.) be a spherical triangle, whose sides 
AB^ BCy ACf are quadrantal arches, and let K and K be any 
two points on the surface of the sphere, connected with each 
other by the arch ^, and with -4, B and C by the arches a, a' ; 
j3, ^j &c. as in the figure. 

Cos. a cos. a' + cos. jS cos. /S' + COS. y cos. y ^ COS. 6 ; For 

Cos. & z= cos. a cos. a' + sin. a sin. a cos. KAK^ (by Sp. Trig.) 
and the arches AK, AIC hemg produced to D and 2^, sin. a = 
cos. KD, sin. a = cos. K'I>, cos. KAK' = cos. {BD' — BD) = 
COS. BD cos. Biy + sin. BD sin, BD = cos. BD cos. BD^ + 
cos. CD cos. CD\ also cos. BD cos. KD =z cos. iS, &c. whence, 
bj substitution, the truth of the lemma will easily appear. 
Now 

(fX)^ = X^+ X'\ &c. + 2XX\ &c. 

{/YY = Y* + Y\ &c + 2 YY\ &c. 

(/Z)' = Z^ + Z'\ Sic- + 2^\ &c. 
and a.s XX' + YY + 22' ;= RR' cos. a cos. a + 
RR' COS. /S cos. p + RR' cos. y cos. y-=i,RR' cos. ^, 

it is evident that {fX)^^(jYY + (/2)« is =/«' + twice 
the sum of the products, found by multiplying together the 
numerical measures of each two of the momenta RR* &o. 



lad tiie coiiine ot'tlje angle between liielr axes; ami, tli 

!nta to be resolved and the positioDs of tbeir axes beingt 
bven, the second member nf the last equation is constant. ., .^| 
\ 6S. Cor. 4. Moments may be resolved or compounded 
bmethod perfectly analogous to that, by whicli forces ap| 
i directly to one point are resolved or compounded. 
• If the momenta be given and the directions of their axt^ 
i rectangular axes being assumed given in positioii,y Jij^ 
Cy wadJZ will be known, 

(/AT+(/5T + (/z)' = «". 

I being now the finally resulting momentum ; and if a, ^ ai^ 
whe the angles which its axis makes with tliose of ,V, Yanj 
B respectively. 

Z 



~R' 



~ ir 



iv 



! given in magnitude, and Uk ] 






r the resulting momentum 
ecis in position. 

[ &9. Cor. 5. A momentum It in any plane, reduced to ano- 
r plane passing through the same centre of momenta, and 
making the angle with tba former, is, with respect to that 
centre, =: It cos. 6, 

60. Cor.6. If three momenta referred to thesamepoiatW J 
eqnilibrio, their planes intersect in the same line, and eM^ 
imentum is represented by the sine of die angle contaiBM 

(tween the plune.s of the other two. 

61. Prop. V. Problem. To find the conditions of equilJbii- 
nm in the case of paruJlel forces, applied to a solid body 
-connected with any fixed point or fulcrum. t 

Tliat such forces nay be in equilibrio, it is plain that the 
iultants of those which have contrary signs must be equal 
id direcdy opposed to each other. Tliese resultants being 
|iial, if their momenta, with reference to any two intersecting 
lanes, parallel to their directions, be equal, considered as if 
!y had the same sign, their perpendicular distances from 
planes will be the same ; (50.) or each of them will be 
each of the same two planes parallel to these, and there- 
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-^ -rr -.L . :'v.i section. But the 
^ =^2K-t. :£ ,.^rL i>i ae momeiita of BdBeoi 
- -^£t J. .ukt- :ou;ft oi equiiibrima wtSIl be, 
^--i^i Q! lorees'jezz^ 0. 2. TfiBcflsi 
^luu.. «*'iui .tHerenoe to two imasBBcfb! 
t -j^j^ t'"'>ru'»«s* ue =s 0. 

c -\^d point or tTiicRii&. "flo 
r: «iOa» ii» resisiaiice «pitl s! 
^ ..^« «:v>uuiu.oii, or "viiL 
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Hrliidi it passes, viz. that whose co-ordinates are s:, and y^ and 
Jje angle which its direction makes with a line given In posi- 
It is, therefore, in every respect determined, due at- 
■ tention being paid lo the signs of the quantities, except in the 
ise of the forces being reducible to two which are equal in 
^magnitude, with contrary signs, and not directly opposed to 
l^ach other; and in this case, as formerly observed, (41.) 
Viiagle resultant can be found. 

6*. Prop. VII- Prob. To find the conditions of equilibn- 

B when forces, not all parallel to the same straight line, but 

1 acting in directions coinciding with the same plane, are ap- 

pVied to a body unconnected with any fixed point or fulcrum. 

There will evidently be an equilibrium, if one of the forces 

PP be equal and directly opposed to the resultant It' of all the 

5t; otherwise not. Assume two rectangular axes of co-ordi- 

;i;iateG XJX', YA Y', and let « be the angle which the direc- 

n of P makes with AX; d, d; &c. those which P, P; 

.. make with AX'. 

I ^Tben P COS. a = B' cos. a = 7* cos. &-\- P' cos. «', &c. V^ 

P sin. a,=R' sm.a. = P sin. ct + P" sin. a\ he. *1 

r if, as is usual, we refer the directions of P, P', &c. as 

ell as P to the same positive axis AX, the opposite of AX', 

e must add to each of the angles a, a', &c. 180% or, which 

s equivalent, prefix to each of the terms involving them the 

ative sign. 

iafP cos, a^P cos. a+P cos. «', &c. = {A) 
/P sin. » = P sin. a + P sin. a', &c. = (B) 
I ^These equations [A) and {B), however, though necessarily re- 
t suiting from the equality and direct opposition of the forces 
rJ* and S', would also result from their equality and parallel- 
L ism, and therefore are not sufficient conversely to determine 
j the coincidence of their directions. Since they are in the 
l«Bme piaffe, and opposite to each other, their directions will 
m coincide if they be on the same side of A, and at the same 
^perpendicular distance from it; that is, if their momenta with 
I lespect to that point be equal and opposite, or the sura of the 
1 momenta of all the forces with reference to the same = 0; 
Fnhence (45.) 
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(8.) Z « — Jf 2? = Z iTj XZj^ zz/^^ COS. y -^/Fz cos^(ftn iM 

(8.) Yar— 2 y = r;r2 — Z 2^ s/iP zcos.^ -^-JPy cos.y^olf 

Here ^e may assign any giten value to one of the co-ordt 
nates x^ yy z^ suppose to a?, and the two equations in whicH 
it is involved will determine the other two y and z^ But «i 
all the three equations hold when a resultant is possible, the 
values found must be such as wiH, by substitution, satisfy the 
third, or giye Xr 2 + MY + NX= 0. If this be not the case, 
we shall conclude that the forcers cannot be reduced to onfe 
resultant. - -' > 

When by the substitutipn mentioned the third equation is 
satisfied, we have 

cos. a =? ^» COS. Q = ^» co§. c ;= -p-- 

Thus the magnitude of i?, the ccMordinates w, y^ ;(, and the 
angles a, bi g, are ^U determined. 

67. Prop. JXm Prob. To determine the conditions of equi^ 
librium when any forces whatever are applied to any points of 
.H scJid body. 

There will evidently be an equilibrium^ if one of the forces 
P be equal and directly opposed to the resultant It of all the 
rest; otherwise not. Adopting the preyLoius notation we 
find, as in Prop. VIL 

{\.)fP COS. a =;; 0, {2.)fP cos. iS=5 0, {^.)fP cos. y = 0. 
But these would result from the equality and paralleli9ixi of 
P and R* That their directions may coincide, those of their 
projections upon the three rectangular planes of the axes must 
coincide. Therefore, as in Prop. VIL we must have 

{^.\fPy COS. a ..^fPx COS. i3 = 0, 

{b.)fPx COS. y -^fPz COS. a :;= 0, 

(6.)/P z COS. jS — //" y COS. y = 0. 

68. Cor. If there be a fixed point or fulcrum, then what- 
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€^r be the forces applied their resultant will be balanced fay 
the resistance of that point, provided it pass through it ; and 
this is the only condition of equilibrium in that case. Now 
the resultant will pass through it provided its projections 
upon the planes of the sp^es pass through it when it is taken 
for the origin of the co-ordinates ; that is, provided (53.) . 

(l.)Xyi— raji = 0, 

(2.) Zar3—Jr 2:1 = 0, 

(30 F;?8— Zy3 = 0; 
<Wnditions which are identical with equations (4.) (5.} and 
(6.) above* *, 

69. Prqp^ X. Prob. To determine the conditions of equili- 
brium when forces are applied to the angular points of a flex- 
ible polygon* 

Let A^CDj (Fig. 43.) be the polygon fixed at A and JD, and 
stretched by the forces P and Q applied at the angular 
points ; the angles which the direction of P makes with the 
sides ^£ and BC being ce, ec; and those which the direc- 
tion of Q makes with BC and CD being fi and jS' respec- 
tively. Let P and Q be resolved into their constituent 
forces E and jP, G and H in the directions of the sides pro- 
duced. An equilibrium being established, the opposite 
forces applied to any side must be equal to each other. 
Therefore, since (21.) 

P: E zz sin. (a + «0 • sin. a 
and Q : G = sin. (^ + ^') : sin. /3' 

Psin.a Q sin. iS' 

^^ JL zz (jr :z: 



sin. (a + a') sin. (jS + /3') 

W. Cor. 1. If all the forces applied to the polygon, in- 
cluding the resistances of the supports at A and ^, were 
applied, in parallel directions, to any one point, they would 
be in equiiibrio. 

For, after resolution as before, each would be destroyed 
by one equal and opposite. 

71. Cor. 2. If all the forces, from one of the extremities A 
to any angular point C, including the resistance of -4, were 
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tpplied nt C, their resnltent would be CH^ the tension of the 
teit following side CD. 
^% Cor. 8. If the forces are parallel, they and all the 

«ide9 fA the polygon are in one plane, and a is the supple* 

moit of j9^ whence sin. a = sin* fi 

Psin.asin.c£ Q sin. jS sin. jS' 



and 



or 



sin. (a + e^) sin. (jS ^ j3^ 

P Q 



cot. a «{. cot. a' cot. P + cot. jS' 

as will appear by expressing the sines of the angles a -f «' 
and j3 -I- jS' in terms of the sines and cosines of their seg- 
ments. 

73. Car. 4. E sin. a' or G sin. j3 expresses the tension es- 
timated in a direction perpendicular to the applied forces 
when parallel, which is thus proved (72.) to be constant. 

74. Cor. 5. If the forces be parallel, a straight line drawn 
through their centre parallel to their directions, and the ex- 
treme sides of the polygon produced, shall meet in the same 
point 

Let the sides AB and DC produced meet in JT, and draw 
KL parallel to BP or CQ meeting BC in L .* then the forces 
in equilibrio at B and those at C may be represented by the 
sides of the triangles BLK and CLK respectively (20.) and 

P : -E or G : Q 1 . 
LC: LK .£s|in prop, pert 

;. P:Q=:LC: LB (Eucl. v. 23.) 
or Zr is the centre of the parallel forces P and Q. If there 
be more sides of the polygon than are represented in this 
figure, we may conceive the sum of P and Q as applied at JT, 
in the same directions as before ; then BC being removed 
and the contiguous sides extended to JT, these will have the 
same tensions as before, the equilibrium will remain undis- 
turbed, and the distance of the centre of parallel forces from 
auy given axis of co-ordinates parallel to BP^ CQ, &c. will 
also remain without alteration (48.) Thus the proof may be 
easily extended to any number of sides. 



4t ELEMENTS OF TUft^ili&TfCAL MECHANICS. 

^ T5w^ Cor^A: Wsny of Aq forces m Pht^ ^plied by mMBii 

of a ring or in any way admitting of. iU. l^liding freejy alQi^ 
the i«xible line, it is^ further^ n coiKlitioD of equiUbriunx t^at 
the direction of the force shall bi»ect the ^mgle of the polygoo 
through which it passes. 

Let MBM' biis^t th^ angle JBC.(J^^g'A^')i there being no 
reason from p\^ dfita why the <?omi^on of the physical 
point B of the polygon with the sides A^ and BC should be 
different, the resultant of the tensions will bisect die angle, 
,or coincide with jffjlf'. If the direction of the force P then 
be not G^posite to thi$, there cannot be an equilibrium : for 
if BP represent P, draw PN and PM parallel to BM' «n4 
BC respectively; and, while BM is. destroyed by tlie re^ 
sultapt of the equ^l t^nsigns, ^iVTwill cause the ring to sli(}e 
towards C 

76. Cor> 1. The tension of the contiguous sides is in this 

Psin.a Psin. a P . \ ^ 

-case n= 1 'A. ' ■ ■ (09.) 3= • — »-i r-r, r- ZB "JT " " ZZ^ ^ Jf 

.. sii). 2 a ^ 2 sin. a cos. a Scos.a. 

sec. a. 

77. Cor^ 8. If the sides of the flexible or funicular polygon 
be conceived as multiplied indefinitely while forces are ap- 
plied to each physical point, the limit of the polygon is what 
is called a funicular curve ; and if the forces applied to the 
elements of the curve Fds^ Fds, &c. be resolved into Pdsj 
P' ds^ &c. parallel to the axis AX^ and QdSy QdSy &c. pa- 
rallel to AYj these latter forces being conceived as substi- 
tuted for the former, which will make no change in the stati- 
cal condition of the curve, we may then consider those ap- 
plied between the origin and anypointCjOr J*Pds and fQ^dSj as 
transferred, in their respective directions, to that point, the 
tangential force at which will be that of which they are the 
co-ordinate constituents, (71.) If we consider as positive the 
force T with which the following element of the curve is 
drawn tangentially towards the origin of the co-ordinates, the 
elementary forces PdSy Qds^ &c. which act in the direction 
of the positive co-ordinates are to be taken with the negative 
sign, because such increments produce decrements of 71 We 



may refer all the forqteto the directions of the positive co- 
ordinates, that is, mark all those with the negative sign which 
act in' the opposite directions, and then prefix the negative 
sign to the integrals yPrf^yQrf^, when considered as con^ 
stituents of T. We shall then have by similar triangles 

dx : dy ^fPd% ijQds 

dxi ds = —fPds: T 

dyidszz —/Qds: T 
dx^ + dy^{^ds'):ds^7=<JPdsf + {/(ids^: 7* 
or T' = {fPdsY + {/Qdsy 
JRutp if we have no forces acting in the direction of tjie pQ$^ 
tive corordinates> pur simplest way is to consider the actual 
directions of the forces as positive, and to tak^ both the intej- 
grals with the positive sign. 

To exemplify the application of these analogies, conceive 
the line MN (Fig. 53.) to be horizontal, and a fine chain or 
perfectly flexible physical line MAN^ of uniform density, to 
be attached to the points M^N, and to form itself into a curve 
by its own weight. Suppose A^ the lowest point, to be taken 
as the origin of the co-ordinates ; let the weight of the unit 
of length of the chain be taken as the unit of weight ; and, in 
reference to the same unit, let k express the constant hori- 
zontal tension, or the tension at A, Then taking the actual 
directions of the forces as positive 

fPds^8,f(ids=k 

dx : dszi, s i V 5* + A* 
sds 

dx =: — ; — — 

V7+A' 

and the fluent corrected so as to give a? = vhen ^ = is 

X = s/s*+^^ — j 
dy : dszzk: s/^+k^ 
kds 

which being integrated so that ^ = when « ;= gives • 

4 



\ 
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or by substitution of the value of s from the preceding equa- 
tious so that y may be expressed as a function of :i; 

y = * log. . j^ 

This curve is called the CaUaMory. 

Suppose equal weights suspended firom the points of the 
chain at equal and very small horizontal distances, as is 
yearly die case in forming the roadway of a suspension 
tiridge : die sum of die weights applied iroin die origin to the 
termination of any ordinate y may dien be denoted by y, and 
die applicaticm being treated as uninterrupted, and die weight 
of the chains and suspending rods being neglected, we have 

dx : dy=zy : k 
kdx^^ydy 
and 2 kx::zy* 

so that as die case occurs in practice the figure of die chains 
will be a polygon approximating to the common Parabola.' 

k in die former example is that length of the chain, and in 
die present that length of the roadway whose weight is equal 
to die horizontal tension. 

If the depth of the inverted arch be h and half its span b, 

2 A A = 6* or A = -—=- 26 so that die horizontal tension is 
times the weight of the whole roadway, k being found, 



4A 



we have "j" — for the tension at any point whose ordi- 



nate is y, and — — — for the same at eidier abutment or 

2 o 

point of support, expressed, in both cases, as a multiple of 
the weight of the roadway. The latter may also be dius ex- 

v^~+ 4 A* 

pressed by — , and the angle of what we may call 

4 A 
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B dip, wbich gives the directiou of this struD, is tbftt whos^ 



»ig.=- 



84 



!it the pier. 



i^ . Ifi 



If the weight for the unit of horizontal len^h at the low- 
est point of the curve he represented by a line a, and if it il 
crease towards either side, as the breadth of a trapezoid the 
less of whose parallel sides is a and the inclination of the 
other two is the angle whose tangent ^n ; the fluxion of the 
weight will be (a + ny)dy, &ud J Pds for the arch whose 
ordinate is y will be «y + iny. Hence dx : dy = ay ^ 
iny' : A*. Here we take A' to represent the horizontal ten- 

Ia, because in our present notation the unit of weight is that | 
ich corresponds to a unit of surface. 
k' x = ^ ay* + i ny^ = ^ {Za+ny)y* 
the 



A*=- 



t the horizontal stress is - 



t + nb 



times the weight of & 

prism of the given materials the area of whose end is b' and 1 

whose length is that of a transverse section of the roadway. I 

The tangent of the depression of the curve at the pier I 

= —5 — for tliat point = —^ X - 



in d the horizonr- 



b 3a-i-n 

tal stress multiplied by the secant of this angle gives the ten- 
sion of the curve, or the tangential force, at the pier. 



^V Of Ike Centre of Gravity. 

78. In all our ordinary applications of the principles of 
Statics gravity may be regarded as constant, and as acting in 
parallel directions. Hence there must be in every body pos- 
sessing weight a point through which the resultant of the 
gravitations of its individual particles will pass, whatever be 
the positions of any given points in it with relation to the 
constant vertical direction of this force. That point, the | 



- *...>v .•-jiijiiiiiii.eci lb* can ?l* 
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te ■ 



* LMii'^n :t::: h:*?* of ozsm^ 

' ..^ :«j s:i:= :1c conditioiB&flf 

•»iu.- ii.asses of matter wiih die 

. «■ I an express those codd< 

a^ inuiiy single particles. 



. V (•/' ihc Centre of Gravity. 

'luiiuil ;ii its centre of gravity byi 
. A «ii i^iiL It will remain in eqoilibiio 

.•; »!ii!oas oi\'i{iiiribrium, whena weight 

^ivviiuJ, \%o niLiv always consider the 

. , s .. :^' ii; .. .>c sTifurrt: of gravitj*. 

^•. Kt »tc *.. ?a*ut' wlcli the acW» 



». . ^... .» I x».i'. > -airported at one 
s 'V . .t::v K , •• icu^.v jbove or ver- 

: K ..V.-.. ^ : •^■:, :t: iiiciiztrent to 

*t . w.i V V ' »v.-*-:r .i .M'iri: '.'f" support, 

u.. V .■•.: _ •*.>;. :cu ^" ju:oge- 

. V-.-. •■- /.'UH'aIzj J-f i2p- 
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S3. A body, whose centre of rrarirr » ti'ifik k ukr flusDj 
overset than one having :J:e hUBt ruwe bii£ wboae -centre is 
lower ; that is, it will be oTers^i h} l fim&Iier iDciiiiBiia&, 
and, therefore- from c.cclz-zz.z. Hiivt irf.zmftiiiiT. 

Let G and G be ihe cettre* ar:2ie recmiiiriuBT per&IJfiJnpipeoF 
iC, AC J (Fig. 45.) and iej i fc^rrt- i:pj»ij-c! w:ui ui* same mt- 
chanical advantage, terid id or-ftriie: eaciL cxf iLem. Irr tizni- 
k$r it round a horlzoziil £xlf Titssiiir tiirn'^ri ^ ■ To m&kt 
tKem just ready to fall by -jtsir owx vti^rii: liifc fcTzna- r*- 
quires to be turned tfaitKiz^ liie aiir'it &«f ^ . ii«t iaiLer oniy 
through G'CB, Thcs. a CLrriairt joaciec wiiL -v^ooi. iisy. 
straw, or the like- wilZ nt orer^e: upon b iranFrersf ajopc, 
across which <»e loaded wrdi ti.'t !k£jiie weiiriii of sLone:. ir:>r^ 
or lead might be drawn wjiL stferr. O:: liiis priDcipi* it ex- 
plained the danger of inar ng £ CLrri&iTi: much uiic've;, or 
making it top-beaTT as i: is caLf:d : end cti iiie passengers 
starting up. as they are apt to d j. from sudden aiarmi when 
it is readv to oversei. 

84. The statical properties of the centre of cr«^ity acooun: 
for many panjcolar^ zn tLr moik'Zis^ and aIriIu•iie^ of nni?-nn-^ 
to which thev are habit aaied yv eL^v :Tfc.liii:r. sai wtich 
are therefore formed or assumed v:-^ iuii. rt: li-tv a? c::;:- 
to seem instiDciiTe. 



Gtomelnoal Properties <jf tht Ca^irt rf Grcrnty. 

85. The sum of the products of the particles of a body into 
the squares c^ their distaLoes- from a plane parallel ic uioti.^r 
given in position is a minixuin when the first mentioned: 
plane passes through the centre of gravity- 
Let JfAT, ItS' (Fig. 46.) represent two parallel planes of 
which MX passes through the centre of gravity of any body, 
^ jT and let A denote a particle of the body. Draw ABC 
aad GD perpendicular to the parallel planes. Then 
Aa=i{ABz±zDGf 
or AO=iAB^ + DG^=i^2ABJX: 
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A.A(^=J.JB*+A.DG*^2DG.A.JS 

fj . AC ^/A .AB' + m.DO' + 2 DG/^ A . j. 
where w.=J'A^ or the whole mass, the number of eq 
terial particles. 

Now/:d=^.-4fl = 0(50.) 
Therefore /J . AC^ = fA . AB^ + m. DG* and /A . AC 
will be least when Z>G = 0, that is, when JlfA'^ coincides 
with MN. 

86. The sum of the prodncts of the particles of a body 
into the squares of their distances from an axis parallel to it 
straight line given in position, is a minimnm when that ask 
passes through the centre of gravity. 

Let the plane of the fig. (Fig. 4T.) represent that which 

passes through any particle A perpendicular to the axes, 

which meet it in C and G ; the latter being a point in that 

which passes through the centre of gravity : and let MN, 

JU'JST' represent parallel planes, perpendicular to that of the 

figure and to the plane XV, which, as passing through tkc 

axes, must also be perpendicular to the same. Join AC,,^ 

and draw the perpendiculars AB, ADE. Then 

/A . AO =/A . A& +/A . AF? 

and/4 . AC =fA . AB' +fA . Al>, consequend^J 

/A . AC* :=fA . AG' + /A . AE' —/A . AIl^ ^ 

^/A.AC+m.GC' (85.) 

87, The sum of the products of the particles of a body in- 
to the squares of their distances from a given pohit is a mini- 
raura when that point is the centre of gravity. 

Let G {Fig. 47.) now represent the centre of gravity, and 
C any other point. Let A represent the orthogonal projec- 
tion of the position P of any particle upon a given plane pass- 
ing through CG to which MN, M'N' are perpendiculars as 
before. The point /*, which is not represented, but suppo- 
sed to be above or below ^ in a line perpendicular to the 
plane of the figure, being joined to C and G, we shall have 
/A . PC z=/A . AC* + /A . PA\ 
/A.PG*='/A. AG' +J'A . PA\ 



t OI \iK 

Ugh tkc 

m 



^ 

J 



s oi/A . Pd ahove/A . PG* i 



I a] to tli« 



e tfae excels o 
excess of J'A .AC' above J'A.JGK But the latter excesA J 
was found to be m. GC*, {86.) and the truth of the proposi- 
tion is maiiirest. ■ 
The centre of gravity of a body is its centre of posi- 



jia, 

m 



it the body consist of m equal particles A, B, C, &c. (Fifif. 

4.9.) whose perpendicular distances from any plane M.V are 

Aa, Bh, Cc, 6ic. and let Gff be the perpendicular distance 

the centre of gravity G from the same. By (50.) 

J.Aa-\- B.Bb+C.Cc,&c. _ A(Aa + Bb + Cc, fee.) 
A+ B + C, &c. ~ mA 

=z - — — ' — ■" ■ So that the distance of G from any 

plane whatever is the mean or average distance of all the 

particles of the body from the same; and the position of 

the body is properly denoted by that of its centre of gravity, 

^^shich is the meaning of the proposition, 

i" 

Hq^In this investigation, when we speak of a line or of a sur- 
fiice, we mean a physical line, or physical surface, of uniform 
density unless it be otherwise expressed, and having as little 
of the dimensions which are excluded from the geometrical 
conception of a line and surface as the limits to the actual 
subdivision of matter may admit of. 

89. The centre of gravity of a right line, or single row «J j 
particles connected by the force of cohesion, is evidently the 
point of bisection ; for that is a point through which the re- 
sultant of the weights of every two equidistant particles must 
pasM in all positions of the line. 

90. If there be any number of lines connected as forming ,<i 



tuiigathn of the Position of the Centre of Gravity t; 
of various Figures, 



Bodies 



tbe perimeter of a polygoi 

1 each to be coliecied i 



^^BMIer in each 



otherwise; suppose all thq j 
ts middle point or centre o? I 
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gi^avity; then the centre of the whole may be found by the 
method of momenta, (48, 49.) 

. The quantity of matter in each side is in this process to be 
expressed by its length, which will be proportional to the Bum, 
the density being lyiiform. In otiier wordsi w^ takef for the 
unit of mass the ma^s of the umt of length. We may also pro* 
oeed thus : Let the \ figure be ABCD^ (^ig* ^0 biseet the 
sides in JB, F^ H^ K; join two of these points of btsectieH as 
JE, F, and divide EF in A %o ihsX AB i »C:s FLx HL; 
join Zr, H^ and divide LH in M^ so that AB -^ BC : CD ;s 
HM I LM ; join JbT, JT, and find in the line which joins them 
the point G, so that AB + BC + CD: AD^KGi MG. 
Then, if there be no more sides, G is the centre of gravity 
of the give^ perimeter. If there are more sides, proceed as 
before. 

91. Let ABC (Fig. 50;) be a triangular' snrface; and from 
A, one of the angular points, draw AD bisecting in D the 
opposite side BC, It shall also biseet all straight lines as 
FK9 parallel to the base, and terminated by the other sides of 
the triangle ; For 

BD : FH^ AD : AHtzDC : HK, or BD: DC =^ FH.HK. 
Now the whole triangular physical plane may be conceived 
as made up of physical lines, as FK^ i. e. trapezoids of very 
small breadth, of each of which the centre is in the point of 
bisection ; that is, in AD : the centre of the whole is there- 
fore in AD, Also, if CE be drawn bisecting in E the side 
AB, the centre of the whole must for a similar reason be in 
CE, It is therefore in G, the point of intersection. Now 
let E,D be joined ; ED will be parallel to AC (Eucl. vi. 2.) 
and BDEf BCA are similar triangles, as also EDO, GAC 
.\ DG : GA = ED : AC =.BD : BC rr \ : 2 

or, by composition, 
DG: DA^liS, 

92. Cor, If any parallel forces, applied to a straight line, 
with equal and indefinitely small intervals, be directly as the 
distances of their points of application from the one extre- 
mity, their centre is one-third of the length of the line dis- 
tant from the other. 



. The centre of gravity of » parallel ogr am is the )>oint 
e diagonals intersect one another. For in that 
point they also bisect one another, and by (i^^) it is manifest 
Jtbat the centre is in each of them. 

^ftl. To find the centre of any polygon we may draw dia- 
^B^s from one of the angular points, dividing the surface 
^^g triangles, find the centres of the triangles, (91.) and the 
oentre of the whole by the method of uionienta, (48.) or by 
the other method above described, (90.) representing the 
utity of matter in each of the triangles by its area, or 

; the mass of the unit of surface for the unit of mass. 

r regular polygons o shorter method will readily occur. 
ite number of sides be even, draw two diagonals joining 
opposite angles ; if odd, draw from two of the angular points 
perpendiculars to the opposite sides ; in either case the point 

fitersection of the lines so drawn will be the centre. 
i. In prisms and cylinders the centre of gravity bisects 
iCraigfat line joining the centres of gravity of their oppo- 
ende. Far a line so situated will pass through the cen- 
tres of the laminae parallel to the ends into which the solids 
may be conceived as divided ; and, the matter of each equal 
lamina being conceived as concentrated in the physical point 
of intersection, the line referred to will be of uniform den- 
sity, and its centre of gravity will be its middle point, (89.) 
, In pyramids and cones, join the vertex and the centre 
Favity of the base, and divide the intercepted line so that 
(segment towards the base may be one-fourth part of 
whole ; the point in which it is so divided is the centre, 
■et VABC be a triangular pyramid, of which V is the ver- 
Let VBH, VCE be two planes whose intersections with 
e base BD and CE bisect the sides AC, AB in D and E. 
It may be easily demonstrated that their intersections with 
the plane of a section parallel to the base abc bisect ac, ab in 
Hid c, (Playf, Sup. ii. 14. and Eucl. vi. 4.) and, coiise- 
idy, their common section VG passes through the cen- 
f giRvity of the base and all the physical planes parallel 
, of which the solid may be considered as composed. 
ft centre of gravity, Ihen, of the whole solid is in ihis i 
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Take EF=kEF&Bd join C,F. The centre of tlie wholM 
wilt also be in C/", aud therefore in the point H whei 
tersects KG, and if G,F he joined 

GH-.HV= GF: VC = EG : £0=1:3 
or by comp. GH : GF= I : *. 
Again, let there be a (juftdratiguiur pyramid, whose vertex t^ 
F, (Fig. 52.) and whose base is divided into two triangles jt 
and Bi the centres of gravity oi' which are represented by C 
and F respectively. Joia G, F, and let GIJ be to HF as ^ to 
A ; H will he the centre of gravity of the base. Let y hf be 
the intersection of the plane VGF with a plane parallel to the 
base, and whose altitude above it is one-fourth port oi the 
altitude of the pyramid. The centres of gravity of the two 
triangular pyramids whose bases are A and B will be g and 
/by what has been just demonstrated and (Playf. Sup. ii, 
16.), and hf: gh = HF: GH = A -. B ; that is, since the py- 
ramids have the same altitude, as the pyramid whose base is 
A to the pyramid whose base is B, (Playf. Sup. iii. 15. Cor. 2,) 
and A will be the centre of gravity of the whole quadmngular 
pyramid, (46.) Now II h = { HV (Playf. Sup. ii. 16.) 

In the same way may the demonstration, obviously, be 
extended to all other pyramidB, and to cones considered as 
pyramids the number of whose sides is indelinitelj great- 

97. Cor. If any parallel forces, applied to a straight line 
with equal and indefinitely small intervals, be directly as the 
squares of the distances of their points of application from 
the one extremity, their centre is one-fourth of the length of 
the line distant from the other. 

98. Every physical solid, bounded by plane surfaces, may 
be divided into pyramids, and its centre of gravity may be 
ibund by the process now described (93.) and llie method of 
momenta, these being taken with reference to the planes of 
three rectangular axes, (SO.) 

The investigation of a general rule to find the centre of 

gravity of curve lines or curve surfaces, and of planes or 

solids hounded by them respectively, in whole or in part, « 

s an 3p))lication of the higher geometry. 
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^^ 99. Let^ be the sum of the momenta estimated with ref<»- 

reoce to any point, straight line, or plane« up to a certain 
distance x ; fl the sum up to any greater distance X ; also 
let m and m' denote the quantities of matter between the 
p'ren point, line, or plane and another point or parallel line 
or plane at the distances a; and A' respectively. The incre- 
m^t of the sum of the momenta, being the sum of the pro- 
ducts of every particle in the mass m' — m into its distance, 
will always be greater than if all the distances were equal to 
tbe least, but less than if they were all equal to the greatest; 
that is, 

»'— * 7^ {m! — m)x but .^ (m' — m)X 

or —- z^xhxxt^e^ X. 

m — m 

But, if the cotemporary increments be continually diminish- 
ed, X approaches to a; as a limit ; therefore x is also the limit 

of — ; which is always, as we have just seen, intermediate 

m — m '' 

ds 
between X and or, that is, -; — = a? or ds =: x dm and 

dm 

s:=zrxdm; whence, the distance to the centre of gravity, 
fxdm 
m 

If its distance be found in this way from the planes of 
three rectangular axes, its place will be determined, (50.) If 
the particles of matter are all in one physical plane, we need 
only two axes of momenta : and if they be symmetrically ar- 
ranged with respect to any straight line, so that the parts on 
each side are perfectly equal and similar, we need only one. 

100. The general formula now investigated may be conve- 
niently accommodated to cases of the latter description, as 
follows. Let MAN (Fig. 53.) represent a curve line whose 
axis of abscissae is AX, and whose ordinates DE are all bi- 
sected by that axis ; the particles of the curve at the extre- 
mity of each ordinate will have their centre of gravity in the 
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UMte ftam C to the centre of grsTity of the wlude' will: be 

109. The centre of gravity of a segmentof an ellipse ifttlM 
same as that of the corresponding segment of the circle -d^ 
scribed upon either axis, the base of the segment being pa^ 
rallel to the other axis ; for, the corresponding ordinatea of 
the two curves being in a constant ratio, the namerator and 
denominator in the value of D will be changed in the same 
ratio by the substitution of the one for the othec. 

110. Let EAD represent a segment of a spherical sheU, 

dzidivzzriy or ydz=:rdjc 

Jrdx 

111. Convex surface of a right cone. Here ^ : j^ is a con- 
stant ratio, as is also c^z: cfo; 

or y = m a? 
dzzr^ndx 

Hence (103.) 2> =<^^ = I ;r = fa 

J xdx 

for the whole cone whose axis =: a. 

112. For the centre of gravity of the cone's solidity inv«&- 

/ 0^ d X 
tigated in this way, let y = w ^ ; then (104.) I> =*^ = 

fx^doc 
f a? = f a for the whole cone, agreeing with the deduction by 
a former method, (96.) 

113. Let DAE be a paraboloid, the equation of whose ge- 
nerating curve \^if^ -zzax ; D=z ^x, 

1 14. Let DAE represent a spherical segment whose ra- 
dius =: r, 

%r — Zx 

when the segment is a hemisphere. 
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115. .-The nme is the vdlue of D for a segment of aa ellip«i 
8oid if r be the semiaxis of revolution. 

116. Let CEAD represent a spherical sector, the sagitta 
of ^.whose termiuating segniient is oc. By conceiving the aolid 
to beidiviided into an indefinite nunxber of very slender cooes, 
ox^pyraioids^ anid proceeding in a way analogous to the se^ 
<3ond method, (lOS.) we shall find the distance from the cm^. 
tret of the:q>here ss | r — i . I ^ ( UO. ) = i (6 r — 3 a?) pr 2> =? 



Geometrical Properties of the Centre of Gravity demoTi^ated b^ 

the £luaional Calculus. 

117. Let MAN (Fig. 54.) be any line, straight or curved^ 
of^ y the co-ordinates, and Y the distance of the centre of gra- 
vity from the lineflC, Y-il^ ..2,cYzz=,2^fydz=i 

J*2^ydz. 'Sow 2 Try dz is well known to be the fluxion 
of the surface of revolution described by the line M^^ about 
BC as an axis. Therefore, 

Any surface of revolution is equal to a rectangle under the 
generating curve and the path described by its centre of gra- 
vity- 

118. Suppose now Y to denote the distance from J9C to 
the centre of gravity of the surface MBFN = S, 

Y = .i^--~ or 25r YaS znfipy^dx = the solid of revolution 

described by the area 5, and 2vYv& the path of its centre of 
gravity in making a complete revolution. Hence, 

The solid generated by the revolution of a plane surface is 
equal to that whose measure is the product of the surface it- 
self into the path described by its centre of gravity. 

It is' obvious that, if the revolution of the line ( 1 IT.) or sur- 
face (118.) be incomplete, the surface or solid described will 
be as the angle of revolution; for when, in addition to the 
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ether data, the angles are equal, every determiniDg. citfcum- 
stance is the same* 

' 119. There are many cases in which, from the irragulaEi^ 
of the figures of bodies, and their irregular or unknown dea« 
sity, we cannot find the position of the centre of gravil^ by 
either of the methods that have been described. - We nuy, 
however, consider an irregular body as divided into snail 
parts which may be accounted r^nlar, and, from a near ap^ 
proximation to the centres of the separate parts, find also 
nearly the position of the common centre of the whole. The 
same thing may also be ofiten done more conveniently by ex- 
periment, thus : 

120. Suspend a body by a thread, or wire, which its 
weight is sufiicient to stretch, attached to two different points 
(yf it successively, and mark the direction of the line oT sus- 
pension in both cases : the intersection of the two diraotioiis 
will determine the centre of gravity. 

It is often sufficient for the purpose in view to kndw itii 
distance from either extremity of a body. This may- he found 
by balancing it on the edge of a prLsm. The centre of gra;- 
vity is then vertically above the edge. Or, if its weight t» be 
known, we may allow one end to rest upon a prism or axis, 
and balance the body by a weight p made to act upwards at 
a given distance a from the fulcrum by means of a balance or 
a pulley : then, if x be the distance from the fulcrum to the 

P 
centre of gravity, w x =/? a and ar = — a. 



Of Mojchinery. 

121. Having now treated, at as much length as we can al- 
lot to that department, of the general principles of statics, we 
are next to proceed to some of the most useful and interest- 
ing applications of them ; and first, to the investigation of 
the concRtions of equilibrium in machines composed entirely 
of solid matter. All machinery of this description, however 
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■^ eoBfaoHdiBS r TapTT. J .cme ui.T3xic2icetftt& Tuuiu^n^ 
faicf Cot aanoBBa. roroes. xv iiefms x .*ax!t:r? ;ui*mi«u ^« 
fc aackBe BBClL ir .ranpr s fouii iiizn3or::s. Jc u« ni.* 
fpond fcrwrfc. lie MTifffr a ^finft^r jc Tnica aa.v j« jmy^ 
cmd ML izi J5 TTo«:-tPfi :iac& lur-lrL. •: irv*,-. •.'•^vmuv.'u 
In the odtec oie me j anailr suleti ae ai#K*rr. uuu .i!u 
adier At miiiiiMi, -n 'Lj? tCieic-jj :'j'::^iat:f:!.L:uix 'i xrk'*u^ 
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Kbriora in the merhAnic powers con^idenfvf :^^Ninu«4v« jluU 
aftenrifds shew how co cilcolate cbe 5C:iUcal c&ntc ^*<' «;i^vu 
comlniiations of them. In the cour» of ihts lu%v\^(l^ll^«^^4l 
we dull find that the analTsis might be carrkxl Ui'ilici\ auJ 
tint all the six aboTe menlioDed are re\iuciUle t\« (xiw*- ^ 
faer and the mekmed ptame. 

I. The Ijetrr. 

ISS. The lever is, in theory, consid«rtHl a.H mi iutloxililr 
^ or bar moveable about a fiilcruui or {Hiiiit iil' iiu|)|HJMrli ko 
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that a power applied to the one extremity may balance a re- 
sistance applied to the other. 

124. The conditions of equilibrium in this power have 
been already explained in the general doctrine of paralld 
forces. The most convenient statement or formula for tbe 
student's recollection seems to be that, in every variety of the 
machine, there will be an equilibrium when the products of 
the power and the resistance into the perpendiculars drawn 
from the fulcrum to their respective directions are equal; or 
when Pa^Qb 

a being the perpendicular distance from the fulcrum to the 
direction of P, and b that which is drawn to the direction of 

125. If we t&ke into view the weight of the lever itself^ we 
may consider it as collected in its certtre of gravity. Let the 
distance of this point from the fulcrum be c, and fV the 
weight of the instrument; then Pa:=^ Qb + Wc, when the 
centre is on the same side of the fulcrum with Qy and Pa^ 
Q 6 •— JVcy when it is on the other side. 

126. Levers are usually divided into three kinds. The 
^rst is when the fulcrum is between the power and the re- 
sistance ; the second, when the resistance is between the power 
and the fulcrum ; the third, when the power is between the 
resistance and the fulcrum. An obvious example of the 
first kind is the iron bar commonly used for raising stones. 
To the second kind may be referred the oars of a boat, the 
resistance of the water serving as a momentary fulcrum, in 
each position of the impelling oar, and the resistance which 
the boat meets with in passing through the water being the 
obstacle to be overcome. We find the same kind of lever 
combined with the wedge in a kind of knife having a long 
handle and a joint at the farther end, immediately beyond 
the edge. So far as this instrument operates, in cutting, by 
multiplication of pressure, it is a lever ; so far as its energy 
depends on its edge merely it belongs to the wedge. To the 
third kind of lever may be referred spring shears and tongs. 
When a man rears a ladder, by placing one end of it against 
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a wall, it is first a lever of the second kind, and then of the 
third. A drawbridge consists of two levers, one of the Arst 
and one of the second kind united. 

127. A machine is said to give a mechanical advantage when 
it enables a power to balance a resistance greater than itself. 
We shall use the phrase in that sense, although the real pur- 
pose of a machine, or, in other words, the real advantage 
which it presents, may be a diminution of power, or the 
knowledge of the equality of two powers, or of the ratio they 
bear to each other. The first kind of lever then may give, 
to what we call the power, either a mechanical advantage or 
the contrary. In the second, when the directions of the 
forces are parallel, it has always a mechanical advantage, and 
in the third a mechanical disadvantage. 

128. If we regard the lever as without weight, the farther 
the power is from the fulcrum, ccBteris paribus^ the greater is 
the energy with which it acts, and that in the exact ratio of 
its perpendicular distance ; but, if we consider the case of an 
actual lever, which must be a heavy body, its weight will 
alter that ratio. In the first kind the weight will generally 
conspire with the power, and will aid it the more the greater 
the length of the arm by which it acts ; for the weight of 
that arm will be increased, cceteris paribus, by lengthening it, 
and the centre of its gravity will be farther removed from 
the fulcrum, so that, on both accounts, the momentum of the 
weight fVc will be increased. In the second kind, which we 
shall here suppose of uniform thickness and density, the ex- 
tension of the arm by which the power acts will, as before, 
augment its energy ; but the increase of the weight of the in- 
strument ynll always more and more counteract this effect ; 
and there is a limit to the advantageous increase of the length, 
or a particular length which in each case gives the greatest 
practical advantage to the power. 

129. Let P and Q be as before the power and the resist- 
ance, a and b the arms by which they act, c the distance 
from the fulcrum to the centre of gravity of the unloaded 
lever, W its whole weight, and g its specific gravity, which 
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we may here take as tlie weight of the unit of length* the 
other dimensions being supposed to be constant. "Then W 
z=:ga and cznia. Hence Pa-^iga^siQb or Psz^ga 

J. . For a given value of Q and b then, P admits of a 

a 

minimum, which may be found by the usual fluxionary me- 
thod, or by this consideration, that, in every case when the 
product of the numbers representing two quantities is oen- 
stant, their sum is a minimum when they are equal. Thus 

in the present case iga^ and a = ^ $ or y/2Qbj 

is the minimum value of P. For the principle here employ- 
ed the student may be referred to Eucl. B. ii. prop. 5. from 
which it appears that a given rectangle is formed by the two 
segments of the least line, or two lines whose sum is a mini- 
mum, when these segments or lines are taken equal. Or it 
may be more directly proved thus. Let ni=z i the sum and 
n=: i the difference of two numbers, and let {m + n).(m — si) 
= a* or w* = a* + n* j m and 2 m will be least when w = 0. 

130. By a lever the proportional strength of two persons 
may be ascertained with tolerable accuracy ; and a burden 
carried by them conjointly may be equalised, or proportioned 
to their respective capacities of bearing a load. Thus let P 
and Q (Fig- 55.) draw the bar AB upwards against a fulcrum 
C, and slide the bar along till they find that position of it by 
which, when exerting their utmost force, neither can prevail, 
the strength of P is to that of Q as BC to AC. Suppose 
again AB to represent a pole or a hand-barrow, carried by P 
and Q, and a weight W to be laid upon it, it ought to be so 
laid at C that BC: AC^ P\ strength : Q's strength. So, if 
C represent a ring connected with the beam of a plough, and 
which may be slid into different grooves or notches in the 
bar, the draught may be equitably divided between two 
horses of unequal strength. 

131. To the lever are referred two instruments in very 
common use, the balance and the steel-yard. Of the first of 



t shall treat in some di^tdil, a.s it is aa instruinent of 
greatest use in various departments of expert men till phi- 
losophy, and in the business of ordinary life. The balance is 
a lever of tlte first kind. It consists of a beam turning upon 
edges of tempered steel, n little rounded and resting npoo 
planer or cylindrical grooves of the same or some other hajd 
and polislied substance. The two arms measured from th«se 
edges to the points at which the scales are appended are 
equal, and the whole is so adjusted that the equality betweeu 
a weight and its counterpoise sliall be indicated by the posi- 
tion of the beam being horizontal, or, in other words, by 
making tlie figure such that the straight line joining the 
points of suspension shall be perpendicular to the plane of 
the centre of gravity of the beam and its axis of revolution. 
In the direction of a straight line drawn from the centre of 
gravity at right angles to the line joining the points of sus- 
pension is a slender projecting pointed rod of metal called the 
index or Conffue of the balance. When that line is horizontal 
the tongue will be vertical, and conversely ; and the vertical 
position of the tongue is easily ascertained by its cohicidence 
with the pendulous fork called the cheeks, wluch supports 
die beam, or other means furnished by the artist in the ori- 
ginal construction and adjustment of the instrument. It is of 
no consequence to the accuracy of the instrument, unless it be 
as causing an unnecessary addition to the friction of the axis, 
though tlie two arras should be unequally heavy, provided 
they are of equal length ; only should the one be heavier 
tlian the other, it must be counterpoised before we proceed 
to weigh. 

13S. The two principal requisites in the construction of a. 
good balance are, that it possess delicacy or sensibililt/ and 
^abilUy. The former implies that a small excess of weight 
on either side shdi be indicated by a sensible preponderance, 
or deviation of the index from the vertical line, and the latter 
that there is a. force sufficient to render the state of equiU- 
briem stable when it is once attained, or which shall restore 
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I one ; for greater ones it will be sluggish ; and for 
greater still it will be indifferent to any position, or will 
overset by the slightest inclination according as W. OC it 
equal to M . OG or exceeds it, 

137. If G falls above tlie axis and C below it, the measure 
of the stability is (JF. OJ^— M. OG) <f. Hence it may be a 
good balance for great weights, but will be sluggish for those 
that are less, and when IV. OC ..^M, OG it is useless. 

138. A balance in which both C and G coincide with O, or 
both fall above it, is useless. If either of them fall above i^ 
it cannot be generally useful. The best forms are when one of 
these two points coincides with the axis and the other falls 
below it ; and, of these, the one or the other will be preferred 
according to the object in view. 

139. Let G coincide with 0, and C fall below it. The sta- 
bility is now expressed by fV. OC . $, or for any given incli- 
nation by IV. OC, which increases as the imposed weights in- 
crease, and, therefore, as the friction of the axis, the force 
which it has to overcome, increases. The instrument in this 
form is consequently fit only for the coarser processes of 
weighing, or the estimation of great weights. It does not, 
however, so sensibly indicate a given excess of weight when 
the load is great as when it is small. The tangent of incli- 
nation being = " ' ^ it will indicate with equal 
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) the load which it car- i 



itV+q)OC 
sensibility differences proportional i 
nee. 

140. Now, let C coincide with O, and G fall below it. In 
this form the stability is constant with a given inclination, 
and is expressed by M. GO. But the friction of the axis in- 
creases with an increase of weight, and the restoring force 
may be at last counterbalanced. It is accordingly most used 
in delicate experiments, or in weighing small commodities. 
The less GO is, the less will be the stability and the greater 
the sensibility; but it will take the longer time to weigh any 
^^&nlg accurately, Ihat is to say, with all the precision that the J 
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' Euler, Com. Petrop. toin. x. See also Biol's Trait. < 
Ffi}/s- and Nicholson's Chem. 

143. False Balance. — A false balance is one whose arms a 
of unequal length, used as if they were equal, for the purpose I 
of giving an undue advantage to him who employe it. Tbo 
ene arm may be longer than the other, and compensation may 
be made by the thickness, or by the djf&rence of iJie scales, SO 
that it shall appear perfectly in cquilibrio when not loaded. 
If Ute weights are tlien put into the scale appended to the 
shorter arm, less than an equal weight of goods in the other 
scale will balance them, ami the purchaser wilt be defrauded. 
If the arms are as 21 : 20 the seller will gain five per cent 
upon all the goods sold, from this cause alone. In a balance 
which is just if properly used, the cords may be entangled 
about ODC end of the beam so as virtually to shorten it and 
pivduce the same cifect. This, however, is too obvious to 
escape the notice of any but the most ignorant. 

14.4. The equality of the arms, or the justness of a balance J 
is easily ascertained by first counterpoising a weight exactly 1 
and then making the weight and counterpoise exchange I 
places, care being taken to have the beam and scales in equ^ I 
librio before the process of weighing is begun, or to make t^ I 
scales exchange places, if moveable, along with the weights I 
which they respectively contain. After this transference tbel 
greater weight must necessarily be appended to the longer I 
arm, and consecjuently will, if sewsiWy greater, preponderate. 

145. The true weight of a body may be easily discovered! 
by a balance with unequal arms. Let x be the true weight, 1 
at present unknown. Weigh the body in each scale, and letl 
? be its counterpoise when in the scale F, and Q when in thej 
e £, {Fig. 16.) 

P:X7=FC:EC 
X :Q=FC-.EC 
.: P-. x=za:: Q, 
d the true weight is the geometrical mean of the two coui^ I 
bpoises. If this experiment be carefully made, the ratio o 
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lit tljc iiulcx. the r.j'tinn of which up or down rai 
■:'i!enressf> tin.- cer.tre « f jravity. 

I if*. In all ca>e<. thr ::i5:ri;:::cnt is aided in overcominu 
fho tVictiuii, or rL-r-vicr^i: !.!•.» re >en>ible, bv communicatin^r to 
it a blijjht treimiloiis .';io::oii. a* by gently striking the table, 
or still belter by iiolilir.ii a piece of hard wood or the like, in 
contact with some p:irc uf its stand, and drawing over it the 
teeth of a fine >aw. or notched edge of any kind. The fol- 
lowing cau<es probably contribute to this effect. If there be 
a preponderance on one side while the beam, in consequence 
of friction, refuses to quit the horizontal position, the centre 
of ^rraviiv of ilie whole must be on that side of a vertical 
plane passing through the axis on which is the greater weight ; 
ami the small succussions communicated to the axis will tend 
to make the whole^ while momentarily detached, revolve 
about that centre. Besides, the beam and its weights descend 
ynth an impulxj by which the excess of weight may overcome 
a resistance that would balance its pressure. We can much 
more easily strike an axe or chisel into a resisting cleft than 
we can press it into it. The simple process of driving and 
pulling out a nail affords another familiar example. 

150. We may just observe, in conclusion of what relates 
to the common balance, that in philosophical experiments we 
seldom require to know the absolute so much as the relative 
or proportional weights of bodies ; and consequently it is of 
litde importance whether the arms be exactly equal or not, 
provided we always put the things to be weighed into the 
same scale. This will still give us truly the ratios of their 
weights. 

151. Tke Sieeiyard. — This is a lever of the firn kind, whos#i 
arms are unequal, and in using which the body to be weigh- 
ed is suspended from the shorter arm at a fixed distance from 
the fulcrum, and counterpoised by a moveable weight, which 
slides upon the longer arm, and consequently in weighin;;/ 
difierent quantities of matter, is placed at different distanco^s 
from the fulcrum. Let a constant weight be suspended frorn 
the shorter arm to balance the l<Higer. If we then dtr'uUi 
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the longer arm into parts of equal length with that by whidi 
the weight P acts, and number them 1, 2, 3» 4, &c. beginning 
from the axis, Q at the distance 1, 2, 3, &G. will balance Q, 
2 Q, 3 Q, &C. respectively ; or P will be the same multiple of 
Q, that the arm by which Q acts is of that by which P acts. 

152. The steelyard has this advantage over the common 
balance in estimating great weights, that the load upon the 
folcmm is less, which diminishes the friction. It has, how- 
ever, this disadvantage, that the longer arm is apt to bend 
while the shorter does not, at least sensibly; whereas the 
arms of die balance being made as equal and similar as pos- 
sible, are likely to suffer flexure in the same d^ree. 
' 153. A kind of steelyard is said to be employed in some 
of the northern kingdoms, as Denmark and Sweden, in which 
both weights are applied at fixed points, and the fulcrum ia 
moveable. 

AB, (Fig* 57.) is a smooth cylindrical beam, with a eoxt^ 
stant weight A at die one end, and a hook or scale B at die 
odier, to which the goods to be weighed are appended. Let 
Q be the weight of the goods, and P that of the whole beam 
with its hook or scale, whose common centre of gravity sup- 
pose to be £. The position of equilibrium is found by slid- 
ing the beam through a ring C by which it is suspended ; 
dien BC : EC = P : Q, and P being known, we get Q in 
terms of it. The graduation of EB may be performed ex- 
perimentally with known weights, or by geometrical con- 
struction thus. 

Let EBj (Fig. 58.) be the line to be divided, draw from E 
and B any two parallel lines EH^ BD on opposite sides of 
EB: let BD:=:EF:=,FG=:GH,iic. and draw DF, DG, 
DHj &c* intersecting EB in the points 1, 2, 3, &c. When 
the beam is balanced and the ring is at 1, Q = P; when it 
is at 2, Q= 2 P, and so on ; for E I : B Izz FE z BD or in 
a ratio of equality ; JS2: B2 = EG: BDziz2: 1; EB : US 
^EH : 5jD=- 3 : 1, &c. The lines BE, Bl,B2jBBy &c. 
are in harmonic progression or proportional to the recipro*- 
caU of a serios of numbers in acithmetical progression. The 



ne-'divisioas bmg transferred to the other liairuf tlie li 
wjil indicate what part (-1 is of I'. This is a very imperfect 
instrunieiit, and u us uitable where accuracy itt required ; but 
it gives with despatch such an approximntiun to the true 
weight as amy he sufficient in the sale or batter of cheap, 
com modi lies. 

154. BaU-kver Balance, (Fig. 59.) This is also a species 
of steelyard. .^G represents a quadrantal arch attached to 
the stand BH. BF is a rod moveable round an axis S, to 
which may be attached a small wheel or pulley. The I'od 
BF is loaded with a weight, and their joint centre of gravity 
we suppose to be E, Of this weight the momentum wiU 
vary with its position being always — W. BL -, where W is 
the weight that may be regarded as concentrated at K. Thup 
s weight Q suspended at D may be balanced provided its 
momentum Q_.BC do not exceed W.BA!. The graduation 
is most conveniently performed by suspending known weights 
at H, as I, 3, 3, Stc ounces or pounds, and marking with the 
numbers 1, % 3, &c. respectively, the points ai which the 
index stands upon the arch. Whatever body we afterwards 
suspend at iJ, if the index stand at 3, we are sure that il is 
3 oz. or 3 lbs. or in general 3 of such units of weight w 
were originally employed in the graduation. , 

155. Employing this method of graduation we may est{^ 
mate weights also by their effect in dilating a spring. We 
have thus what is called a spring steelyard. It does nol^ 
however, class with the mechanic powers, and has nothing 
in common with the ordinary steelyard but the purpose to 
which it is applied. The common steelyard may be employ- 
ed, as formerly explained, in comparing the force of certaip 
mechanical agents. The spring steelyard too may be em- 
ployed as a dynamometer, either in the way of dilatation ov 
of compression, and that in cases where the common steel- 
yard is inapplicable. Thus by interposing one or more of 
Ui«m between a horse and his draught we may ascertjun 

f two carriages of different construction is drawn at 
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a given rate with the most ftcility. In like manner, if two 
boats are attached to a vessel under sail by ropes into which 
two well graduated instruments of this kind are introduced, 
we shall learn wlilch of Uic two meets with tlie less resistance 
from the water, and the absolute measure of the resistance 
in both cases. 
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156. The pulley is a thin cylinder with a channel or groove 
cut around its edge about which a rope passes, so that a 
power applied to the one extremity may balance or over- 
come a resistance applied to the other. 

157. The pulley is always moveable round its axis, when 
not in a state of equilibrium ; but it is said to be fixed or 
moveable according as its axis is fixed or moveable. 

158. In the fixed pulley, ( Fig. 60.) there is an equilibrium 
when the power and the resistance are equal. It is manifest" 
ly a lever of equal arms, and as AC=BC, P must be = Q, 
so that no mechanical advantage is gained ia the sense i 
which we employ that phrase. It enables us, however»«i 
change a direct resistance into a more advantageous < 
Thus by a rope laid over a fixed pulley, (Fig. 61.) j 
walking horizontally may be made to draw vertically as in 
raising water or the like; and a man williout leaving his 
place may elevate a weight, not equal to his own, to any pro- 
posed height. 

159. In the single moveable pulley whose strings or cordi 
are parallel, (Fig. 63.) the condition of equilibrium is that 
the power be to the resistance as 1 to 2. The horizontal 
diameter AB is manifestly a lever kept in a stale oi equiii'> 
brium by three parallel forces G, U, or the tensions of 1 
strings GA, DB, and the weight Q applied at the niiddl 
between them. The source of the advantage here is, 
the fixed point G supports the half of the weight, or s 
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^^pfBiaHs'df'die rope GJ, as a fulcrum, to prevent A from 
descending, and ACB is a lever of the second kind. In the 
weight Q must be understood as included that of the pul- 
ley to which it is appended. For conveniency, the rope 
BD 16 made to pass over a fixed pulley £ ; and as we dis- i 
regard the effect of friction, in our elementary theory, and 
suppose no force to be spent in the flexure of the rope, though 
it is otherwise in practice, we conceive B to be drawn up- 
wards with the same force as P is drawn downwards, and 
all the parts of the rope PFDBAG as in a state of equal 
tension. 

160. A combination of pulleys in this form, (Fig. 63.) or 
anj equivalent and more commodious one, having a block 
containing two or more moveable pulleys, and a fixed block 
containing a corresponding number of others, round which 
the same rope passes, is called a tackle. Here, the whole of 
the rope being supposed as before to have equal tension, the 
five parts a,b,c,d, e may be conceived as supporting equal 
weights. Now e supports P, therefore fl, b, c, d support 4 P 
and P'Q= I -.ii Q being understood to include the weight 
of the lower block. The number of pulleys in each block 
might be augmented. The addition of another to each would 
give an advantage as6 : 1, and in general PtQ= 1 ; the num- 
ber of strings by which the lower block is supported. 

161. Other forms, on the same principle and giving the 
same energy to the power, are when the pulleys in each block 
turn on axes which are vertical to each other; or, which ie 
still more convenient, when those of each block turn on tbe 
same axis. The rope, in passing over one of each set alter- 
nately, must then have & slight obliquity, which is a disadvan- 
tage, as the power will not act with its whole energy ; but the 
loss of power from this cause is trifling unless the pulleys be 
numerous or the blocks very near to each other. If the pul- 
leys in this form be numerous, the axis must be of consider- 
able length, and the one end will be drawn coiisiderably be- 
low the level of the other, which occasions a great waste of 
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power. To nvoid this, Mr. Smeuton, tlie celebrnted engi- 
aeer, made aii ingenious and powerful combinatioa by tiie 
following disposition, which is represented and descriUil 
in the Loiid. Phil. Tram. vol. 4T. An idea of it iniiy be 
communicated by tlie following very rude and simple sketch, 
(Fig. 64.) 

There are Iwo blocics as usual, a iixed and a moveable oq^ 
In each block are two parallel axes, the one beneaiUi ttv 
other, AB and CD in the upper ; EF and GH in the low«. 
On each axis are five pulleys : those on the two extremt 
ax:es all equal, and of a larger diameter than those on tlieaxet 
CD and EF which are also equal to each other. A' being a 
fixed point in the upper block, the cord is attached to it ; andt 
descending, we may suppose, on the side next to ua, paue» 
over the pulley in the middle of the lower axis marked 1, 
then, going up behind, comes over that marked 2, and so W 
alternately in the consecutive order of the figures or ouiit' 
hers 3, 4, &:c. The advantage gained is as 1 : 30. 

169. What is called White's pulley contains, propeTlf 
speaking, only one fixed and one moveable |)ulley, wliich by n 
particular contrivance are made equivalent to blocks with se- 
veral. Each is cut into circular grooves of different diamt;- 
ters, and having their centres in a common axis. A coni 
attached to the fixed point A', (Fig. 65.) connected with the up- 
per block, passes, as in tJie figure, over the groove marked J, 
then over that marked 2, and so on. Such a one as the 6gufe 
represents would increase the energy of the power in th^ fa> 
tio of 1 : 6. One more groove added to each would make it 
1 : 8, and universally it will he \:n, n being the number of 
ropes by which the lower pulley is suspended. If the weight 
be raised one inch, 1 inch of the rope will pass over the pul- 
ley 1 ; 2 inches over the pulley 2, for, by the ascent of tha 
weight, each of the ropes, as a, b is shortened 1 inch ; 3 over 
the pulley 3 : and so on. It will be of great advantage, tbeDi 
to make the radii of the grooves 1, S, 8, &c. in the propor» 
tion of these numbers, and those of the other block in the 
ratio of 2, 4<, 6, &c. ; for then the circumference of eacb 
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169. In the cotnmon constmctioii of the wheel and axle^ if 
we attempt to increase the power of the machine to a greft 
degree, we must either make the diameter of the wheel very 
large, which would be inconvenient and ciomsy) or diminish 
that of the axle, and so render it weak and unable to sup* 
port a great burden. There is, however, a very simple and 
ingeniously contrived windlass which becomes stronger the 
more it multiplies the power. Its two' ends are, as in the 
common wheel and axle, cylinders of unequal diameter, 
and the difference between them consists merely m this^ that 
the same rope passes round both cylinders in the one we 
are now to explain, tfnd is coiled round them in oppooUt 
directions, passing under a single moveable pulley beneath^ 
so that while it is taken up by the one, it is given off by the 
other. 

Let JC:=:R, BCts: r, (Fig. 72.) and first let an equilibrinm 
be maintained by a power P acting in the direction of tbs 
tangent at A ; then as the two parts of the string AF, B6 
will be equally stretched, we may consider ^ Q as acting it 
A^ while the other half acts at B. This latter aids the power, 
as it tends to turn the machine in the same direction. Hence 

P/? = iQ« — iQr = ^Q(i2— r), 

or jPx 4ie = Q(2i? — 2r), 

that is, P : Q = D — d: 2 !>,• 
the power is to the weight, including of course that of the 
pulley, as the difference of the diameters of the two cylinders 
to twice that of the greater. Thus, suppose the diameters 
are 19 and 20 inches respectively, P : Q= 1 : 40, a great in- 
crease of energy. We are here supposing P to act at the 
circumference of the greater cylinder. If we employ a lever 
to turn it, as in the common windlass, and if the power be 
thus applied at ten times the former distance, a tenth part of 
its former value will suffice, and P : Q = iV • 40 =r 1 : 400. 
But, without using a lever, the energy may be augmented to 
this extent, and in fact indefinitely, by making the less cylin- 
der more nearly equal to the greater, and thus at the same 
time adding to the strength of the machine instead of dimi- 
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mduDg ity as in the eonmoo oonstniction. Let Z>=90 
inches 88 before, and d^ 19.9, or in tenths <if an inch 200 

# 

and 199 respectively. 

P: Qstill^ 1:400. 
The thickness of the rope is here disregarded. By using 
another rope attached to a larger wheel, and giving it the 
advantage of a compoand or doable axle like the whole ma- 
chioe now described, it is erident that we may have an in* 
crease of power corresponding to that obtained by the inser- 
tion of a lever. The principle of this contrivance is the 
makiog the resistance partly conspire with the power that is 
to balance it. It is a very ingenious thought, and has been 
adopted also, as we shall see, in the construction of the screw. 

170. In the employment of the wheel and axle, <xr any of 
its modifications, as a mechanic power, it is possible that the 
ferce applied may be constant, while the resistance is vari- 
able, or that, conversely, the force may be variable while the 
resistance is constant. In either case the energy of the agent 
may be so modified as to produce an equable action, or one 
nearly such. 

171. If a man works at a common windlass to draw water 
from a deep pit, by two buckets with ropes coiled in dif- 
ferent directions, the weight of the empty bucket and its 
rope will, as formerly mentioned, assist him in drawing up 
the full bucket ; but the weight of the rope being often in 
such cases very considerable, the exertion to which he is ex- 
posed at different stages of the operation will be very un- 
equaL He will be most assisted when he least needs it, and 
ieast when he requires it most. The advantages of equable 
action will be better considered afterwards; at present we 
shall ciMifine our attention to a simple method of producing 
it 

Suppose then, that instead of the common windlass, we 
nse one of a barrel shape, or resembling two truncated cones 
placed base to base as in the figure, and that the ropes are 
jGzed to the smaller ends, so that each bucket as its rope 
is coiled up approaches the middle and acts by a longer 
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radius, the full bucket as it is drawn' up acts with a greater 
mechanical advantage in proportion as the weight of loose 
rope on that side is diminished ; and on the other hand, the 
radius by which the empty bucket assists our action becomes 
smaller in proportion as die weight of its uncoiling rope in- 
creases* 

Let R =r the rad. at the middle, 

r = the rad. at each end, 

b = the weight of each bucket, 

to = that of the water each contains, ' 

e = that of each rope^ 

yr: the force applied at the distance a firomihe 
axis. 
To equalise the momenta of the opposed forces at the be- 
ginning and end of the ascent of the bucket, which will ren- 
der them with sufficient accuracy in this case equal throngb- 
out, we have 

1. When Q is beginning to ascend, 

/a + 6 J8 = (ft + to +c) r, 

2. When Q is at the top, 

/a + (ft + c) r = (6 + w) J8, 
By transposition of /"a, and addition, 
{2b+ w) R=z\2 b + w + 2c) r, 
^ f 2b+w+2c 

w 2ft+ w+ c 
f 2b+w 
tv 2b + tv+c 

Let d = the diameter of the rope, n = the number of 
coils from Z> to G, / = its length : the spires of the rope be- 
ing regarded approxiraatively as circles, will increase in arith- 
inetical progression, and the extremes will be 2 «• -B, 2 sr r, the 
half sum of which multiplied by n = n w (22 4- y*) = i 

Hence « = ^-—^,DG = n<i=.^ j^-^y 

^a HE = j^^^^f:r^^z~)* 

Boss. Mec. § 212. 



, In th« mechaniijin of the fusee of a watch 



sgaiii, 



adjustment, the ohject of which is to equalise the 
t of a power of variable hitensity. alb (Fig. 74.) repra- 
; the barrel which is moveable atitl connectetl by the 
main-spring with the fixed arbor a. The main-spring joins 
the barrel at d. A chain is coiled round the barrel and also 
round the fusee efg. When the fusee is turned round in 
winding up the watch by applying the key at o, the chain is i 
evolved from the barrel, by whose revolution, thus produced, 
the spring is bent. When the key is removed, the recoil of 
the spring. carries round the wheels by its action on the fusee, 
which takes hold of one of them by a catch on its return, and 
at the same time serves as a maintaining power to the ba- 
Uiice spring which regulates the motion. Now a spring has 
always most force when most bent, if not injured by strain- 
ing its elasticity too much, which is here avoided. It acts 
with the greatest absolute force then when the watch is new- 
ly wound up, relaxes its energy by the angular motion of 
recoil, and when it is well constructed has a force propor- 
tional to its remaining angular distance from the position of 
quiescence. 

To equalise this variable action the fusee is made of a 
tapering shape like a truncated cone, (Fig. 75.) When the 
timepiece is just wound up the chain is near the top of the 
fusee, and the power acts in the line tm a tangent to the 
circle ffg; after some time the spring, now weaker, acta in 
the line qn a, tangent to a circular section of longer radius, 
and these radii may be so adjusted to the force of the spring 
that its momentum shall be constant. It is of importance, 
though we cannot perhaps practically reach this limit, to ap- 
proach it as nearly as possible in the construction of a ma- 
chine for the accurate measurement of time, to which an 
equable motion is essenlial. Let us try then to find the na- 
ture of that line, whether straight or curved, by the revolu- 
tion of which round an axis the surface of a fusee should be 
Ued. 
W3. Let F and / be the forces of the spring at two dif- 
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ferent angular distances, in the ratio a i x^ from the positiou 
of quiescence, r and y the radii of the fuj»ee by which Uie 
chain acts in these two cases respectively :. tiien Fr^fy, 
But F :/*= a : a. Hence arzzay^ which is the equation of 
the equilateral hyperbola referred to the asaymptotes as the 
axes of co-ordinates. 



4. Inclined Plane. 

174. If a body of any form whatever touch a plane only 
in one point and be solicited by only one foroe» it is necessary 
to an equilibrium, i. That the direction of the force be pe> 
pendicular to the plane ; 2. That it pass through the point 
in which the body touches the plane. If it be not perpen- 
dicular to the plane, it may be resolved into two, one of 
which shall be perpendicular and the other parallel to it. 
And as we suppose .the plane to be perfectly smooth, theri^ 
is nothing to resist the parallel force. 

175. If a body touch a plane in several points and be still- 
solicited by only one force, then in order that it may remaiiK^ 
in equilibrio the force must be perpendicular to the plane^ 
and must either pass through one of the points which toucli — 
the plane, or be resolvable into two or more forces parallel — 
to itself, each passing througli one of these points. The^ 
same thing is to be understood of the resu Itant of several 
forces acting in any directions. 

176. Car. 1. If the single force by which the body is so- 
licited be that of gravity, the plane must be horizontal. As 
we cannot change the direction of gravity and make the force 
perpendicular to the plane, we must make the plane perpen- 
dicular to the direction of the force. 

177. Cor, 2. If a body be solicited by only two forces, 
they must be in the same plane, their resultant must be per- 
pendicular to the plane on which the body rests, and conse- 
quently the plane of the forces will be perpendicular to the 
same. Let a plane pass through, or contain in it, the direc- 
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«fKa, If .k ■'^'^^s aad the point nf flmikaCMn of thic 
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or referring to the homologous sides of the triangle ABCf 

PiQiRzzAB.AC.BC, 
and the power is to the weight as the height to the length. 

183. The power is to the weight then, as the hei^t to 
the base, or as the height to the length, accordiBg as it acts 
parallel to the base or to the length respectivelj. 

184. We shall now find what direction gives to the powet 
the greatest advantage in balancing Q. Returning to the ge- 
neral representatives of the forces, the sides of die triangle 
ACDf we have 

PiQzzADiCDzz sin.C : sm.CAD^ 

or Pzz- — rjn* ^^^ ^^^ ^^ inclined plane of given ele- 
vation, and a given weight Q, the numerator is constant^ ani 
P will be least when sin. CAD is greatest; that is, when CA 
is a right angle, or AD coincides with AE^ which is the cai 
when the direction of the power's action is parall^ to thi 
length of the plane. This then is the most advantageoui 
line of action ; it requires the least power to balance a 
weight. 

185. It may be useful to the student as a simple 
in the application of his analytical formulae to investigate tli 
above results as follows : 

Let i = angle ACB = angle HGKj 
and ^ = angle LGP, GL being parallel to AC. 
Then Q cos.* = pressure on the plane, 

Q sin.i = pressure down the plane, 
Psin.^ = pressure on or from the plane, 
P cos.^ = pressure up the plane. 

1. Pcos.O=: Qsm.t, or Fzz — -. 

^ cos.^ 

2. Q cos.t =^P sin.tf z= 22, 

Qsin.fsin.^ 

I. c. Q cos. t =t= 7 — = IL 

cos.^ 

or z= It. 

cos. 
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\:\i\\c\ to the plane, ^ = 0; cch.# ^ 1 : 
J* = Q sin. / ; R= Q cos. i. 
ir GP be parallel to the base, I =^ i . 

^ = y tang.t ; R = ^ -. = .= Q 

^ COS. t CCrt, ( 

IS6, Cor. The equilibrium of bodiei opon curve 
Diaj be determined by the same principien, if »e 
fie surface as represented at any point hy tfc^ pta«^ i^\M$ 
touches it there. 
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187. The wedge is a tnaDg^>ists mii^Kk ■2a0:ft tfje *Ji^, f^v,*^ 
pose of cleaTiDg bodies, aad icoeuneft fer r/wtu^r^stiMM; «a/: 
for the raising of weig^its. 

188. We here regMrd die fici» ^ai^ ft^xi^xij vet^^A^ «<r *iutd^ 
the only efiectiTe resi§tazjcft wC. v^ !.-• 'il.'*j'^^^'i ^^erjp^tfuft^ 
ciihir to the sides, and the cmadir^jafi ^Z ^jiuih^V^m isr^ «^// 
cauily deleiiniiied. 

Let the power P be appijed y!xysui^:A:ji^^r\ v.. >tf /T '^:wt 
back of the wedge J!A/>, T% 77. »s«c >r, ti^^^i. /*:«)u«/;ia(u^^ 
as in cleaving a paece of wc#>d >^ a 1^ ^.s^^.^j^ Qf*^^ U/^ 
TbeK three fiircei beiBdr vaa^jittit ^"0 v^ ^tt it;viiLUvr>'.«. M^»ir 
directions nmst aaeet is coe psou: «t O. ic^uc t:su^ ^mpat^^^ 
will be as the three sdes of a trjuk^t^ }0sryc!uC.i'j'\\^ipf W Oi^^^ 
lespectire direcaoKib. Sv» ttti^ iii>a V *JU^ v>Mii^.vifiRr «^/>x 
tioo of the w cd ^g e wsuoi an; z^srysa^^iixage v> ^^ <if *>*^>.a«^ 

This denKHBcmiatft appSiei yAa^jni^ vi: tl^ t^^;.^x ^ *ju> 
rriiagnlsr secsml. If x >t^ «t jMf^itMa^ •xjm^^^ al^ik jf. 

SBB of dbe j» w i iT sKri aa bajf :te vitck ^ nu*; v^i^e^ u* 4s:idut/ 
fldcL Let 5 dDpnsa :aK: mn. -y ra^t /^^lutr^tut^^t. a«#^ I ka;tf *i^ 
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^ ». ilgc. This gives its energy in r^ ^ 
.uvs.^iiig them, when by some resist^^^ 
i' arc destroyed, and the motion wlr^ 
, iipcrlect constrained to be parallel to Xp 

^ ,1 the inclined plane, we supposed it t^ 

^.ii sii|>|)oso its base to be perfectly smootbf 

^ .: .( [icrfcctly smooth horizontal plane, the 

•. .Iiivclion HG, (Fig. 78, 79.) cannot exist 

..- .i|4)iit'd to the upright side ^£. The 

x..!v-iii to a vertical and a horizontal force. 

, . i\>:tlNti'd by the support of the base; bat 
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. , 1 ' \ or a (ixed obstacle. In Fig. 78. let 
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' on the plane = HO : GH= AB : AC. 

-^^er this point of riev becomes a 

'ower P prefaiisy or txce^U whi.: 

'he proportion no«' \z»reti, wi-i 

-:v.vjte it bv cauamz it to aioT<» 

. '.i' wara.iei to SLud glided bv 

!'v-:.c.j JAV ii rex^reseateii r^ 

■ :;: ".-Nt III a cirvc:!-':. Mraiiel :r> :iie hade. 

■ 

• .'vst>iveil iiitu (jA iiiM (jjU in cte iir.e* of rh** 

v>isiaiice<. G£' is cicitrovea Lj J/-V, ^.nrl zti^ pr**- 

surcoij iJje plane JC, represented ct G/^, rrui; r.e re-i^.7*r: 

""oG/' vertically and /'Z> boTMntsLnj. Hcr.c/i ^h^, h-'.r:- 

zoJitaJ force or that on the back *:z rhi *e<:jft .r;ii*t V5 v> th*i 

vertical force =zFDzFG = .4£i BC. UP n-vjir pr<-;;i*i ^, 

^eiDoUon must be parallei to AR, guideU :>7 J/ A'. 

191. All this coincides vi&ii the theorj fA the v^^Z^ :)s 

pfieviooslj given. Ofaaerre partlcoxariT. urnei a raev lr> <i 

fiitn reftraneej that the tezidencr of the heavy nryiy v# u»^ 

JMUite the two planes Jf^T and AB. creates a preasare t^n^.- 

^to moye .IjB backvards, or panulei &> 6jGr; i,>i thstr *;;^. 

rertiad pressure is to its ftorizoasai ter>ier«c7 ^-% :;v^, !%a>k>r m' 

ifce plane to its hei^it. Observe ac the i47.e './.vt, S'l^tn 
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esse will depend on tite taaatt pr-.rx;o'>^ ^ av "'-.^ ^^it^^ '^^ 
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tools and instruments with a sharp point, as swords, i 
knives, lancets, planes, chisels, saws, files, nails, &c. 

195. I'he edge ul' a saw consists of a number of teeth, 
which are all wedges of small depth, and cannot sink far i»* 
to the wood which it is to cut. It thus takes the fibres in 
small parcels, and breaks them in succession, just as we 
breftk & handle of rods more easily one by one, than by tak- 
ing them all together. All sharp instruments whatever cut 
most easily when used on the principle of the saw, and in 
fact they are all saws though not so called. The finest edge 
has ft vast number of small inequalities, which are not visible 
unless tlie eye is assisted by a microscope. These serve the 
same purpose as the teeth of the saw, and accordingly all 
such instruments cut more easily when drawn or pushed in 

anting direction, than when pressed or struck in a direo 
tion perpendicular to the edge. In planing such woods as 
give considerable resistance, the joiner uses a plane in which 
the edge is not perpendicular to the sides, but oblique. The 
cnrvature of the sabre seems to be given to it with a view to 
this effect. While it gives a deep cut by reason of the obli- 
quity of the edge to the line of percussion, a sword with r 
straight edge and iitile obliquity, urged with no greater force, 
and meeting with more resisting obstacles at once, would 
have its velocity sooner reduced to the same degree, or de- 
stroyed; and the effect would be a wound less deep, with more 
coiOusion. 

196. On the principle just explained and illustrated de- 
pends the theory of sharpening all edged tools or instru- 
ments. The finest hone having its surface full of small cavi- 
ties and protuberances will always communicate correspond- 
ing inequalities to the edge, and make it equivalent to a fine 
saw. Hence, in sharpening, it ought to be so applied to the 
Instrument, or the instrument ought to be so applied to it aa 
to lay the points of these small teeth to which we have allude 
ed in the direction in which the instrument is to be drawn 
or pushed in using it. This is always done in sharpening a 
scythe, the teeth, as we hare called them, on the edge of 
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I, are visible, being formed by a piece of free-stone or 
wood covered with fine sand. In a sickle, the same thing is 
still more distinctly visible. It is often formed with a very 
rough edge. 

197. A file IS a sort of saw with a very broad edge^ and a 
namber of teeth placed collaterally as well as longitudinally. 
If, instead of forming a saw of hard steel with teeth, we make 
it of soft iron, and strew some hard gritty powder under ita 
edge, the powder, from the softness of the metal, will be 
partly imbedded in it, and thus form a sort of file. The 
maible cutters use a saw of this kind. 



0. 7%e Screw. 

198* This instrument may be conceived as formed by a 
spiral thread or groove, cut round the surface of a convex 
or of a concave cylinder, and every where making the same 
angle with lines parallel to the axis ; so that if the surface of 
the cylinder with the spiral threads upon it were unfolded^ 
becoming a plane, the spiral threads would form straight in-* 
clined planes parallel to each other. 

199. The screw, as a mechanic power, consists of two parts 
which, agreeably to the definition now given, are severally 
called screws, the exterior and the interior; the latter being 
so formed, that it may be considered as a mould in which 
the former is cast. The exterior has a spiral protuberance 
formed on the outer surface of a convex cylinder, the interior 
a corresponding spiral groove on the inner surface of a con- 
cave one. The part of the machine which contains the in- 
terior screw, is in fact exterior in situation, and is called some* 
times the box or nuL The one of these screws is fixed, and 
the other moveable : and in giving the theory of the instru- 
ment, it is of no consequence which of the two we consider 
as fixed. The nut being screwed on at the top and pressed 
vertically by a weight, the under side of the protuberance of 
the nut will be pressed down upon the upper surface of the 
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protuberance of the convex screw, and we may suppose it 
equally distributed so far as the contact extends. Thii 
weight may be raised by turning the nut backwards, wUle 
the rest remains fixed ; or by turning the exterior screw for- 
wards, while the nut is prevented from rotation. . In the fi»r- 
mer case, the process is like that of drawing a body up an ia« 
dined plane ; in the latter, it is like our using the same in- 
clined plane as a wedge, and pressing it under the body« 
The screw may, in this point of view, be regarded as a wedge 
with a drcukar hctse^ pressed under a body with & asrenlat 
motion communicated by the energy of a kver, 

200. Let JBCD, (Fig. 80.) represent a convex cylinder, 
and let a number of equal and similar right-angled triangles, 
whose bases are exactly equal to the circumference of a cir- 
cular section of the solid, be lapped round it, so as to have 
all the sides homologous to EF in the figure coincident ipidi 
the same line BC parallel to the axis, and one beginuisg 
where another ends, the hypotenuses, if the triangles be 
physical surfaces, will form the continued spiral protuber* 
ance. Now let a particle of the nut be pressed down verti- 
cally in the direction db on the point b of the spiral, which 
we may consider as an elementary portion of the inclined 
plane, and similar to the whole EGF. The direction of the 
base at b is that of bf a tangent to a circular section of the 
nut, whose circumference passes through the point of appli- 
cation. Let f be the pressure in the direction bf which 
balances the vertical pressure q on the small inclined plane, 
y must be to q as the height to the base, or FE : FG, Now 
FE is the distance ^f two contiguous threads of the screw 
parallel to the axis, or what is called the step of the screw; 
let this be A, and let c denote the circumference of the circle, 
which is = FG ; then 

f\q^h\c. 
But the point of application b is within the nut, and we can- 
not apply the force / at 6, in the direction bf immedicOdy; 
but we can insert a lever represented by the radius ob 
produced, and to its extremity apply a force p less than /, 
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1 sHbU excite a pressure =yat the tlisttince ob from tb« 
common axis; p must just be thnt force which acting the op- 
posite way would balance /"; and if C be the circumference 
lo the radius op, p :/'= c : C. 

Compounding this analogy with the last we have piq = h:C. 
Now let f^ be another portion of the weight resting on a point 
of the spiral, either at the same distance from the axis or at a 
different distance, the circumference passing through which 
is C, and lety" be the tangential force and p' the force which 
at the distance op would balance ^ ; f and c' will disappear, 
as^ and c in deducing the last analogy, and we shall have 
p':q'—lt: C and so on, 

I.-, p +p; &c. : 5 + ^, Sec. = A : C 
otP: Q~h:C. 
e whole power is to the whole resistance, including that 
of tlie nut ilsell^ as the step of the screw to the circumfe- 
rence of the circle described by the power. Hence, the finer 
the screw, or the more nearly contiguous its threads, the 
greater is the energy gained, with a lever of the same length, 

301. If, with any lever of a given convenient length, we 
attempt to increase very much the energy of this power, we 
must make the distance of the contiguous threads very small, 
and consequently the threads themselves very weak and un- 
able to withstand the resistance proposed. A particular con- 
struction of the screw has, however, been invented, which 
gives very great energy without making the threads fine. It 
is on the same principle as that of the double cylinder em- 
ployed as a capstan, formerly described; namely, the making 
the resistance in part lo balance itself or to conspire with the 
power. 

Let GL (Fig, 81,) be a convex screw turned by a lever 
GN, and working through the solid beam AB which is sup- 
ported by AC,BD and serves as a fixed nut ; and when turn- 
ed til the direction MNO, let it work into a hollow screw in 
a benvy mass of matter, or one from which is saspended 
heavy tnuss, KF, which is prevented from rotation : and last- 
ly, let the upper and lower parts GK and KL have a difier- 



I 
I 

ist- ^H 



03 ELEMEKTH OF THBOHETtCAl. MBCHANICS. 

ent number of threads in the inch, the one 10 and the odier 
11 for instance. This is the circumstance on which itspe' 
caliar energy depends. If the upper part "is the finer screv, 
it will raise the body EF, and if the lower is the finer il will 
depress it with very great force ; so that, like the connDon 
screw, it may be used either for raising a great weight or for 
strong compression. We investigate the energy, from first 
principles, thus. Let A be the step of the lower part and ft' 
of the upper, and Q the weight of EF. As this weight can. 
not turn round, it will tend to turn the screw backwsnii, 
(191.) exciting a force Pat A^ in the direction NM; and thil 
force P is just what, acting in the direction NO, will balance 
the weight. So far the case is the same as before, and 

P: Q=A:C 
EF here acts like the loaded nut in the former case. But 
the weight Q. at the same lime tends to draw the convex screw 
vertically through the upper or fixed nut AB, and this tends 
to make it turn in the opposite direction to that formerly 
supposed, or to make the end of the lever move towards 0. 
The force i* thus excited at A'' is of course that which, act- 
ing in an opposite direction, would balance that tendency and 

P : Q=k':C. 
This will be easily conceived by reference to Fig. 80, wliere 
b may be considered as a small portion of a protuberant 
thread of the convex screw drawn in the direction db against 
tbe spiral protuberance of the interior one, tending to move 
down the slope and restrained as before by a force at p, ex- 
citing at ft the tangential pressure / analogous to fD, (FSg. 
79.) Or we may view the matter very simply in this light: 
when the convex screw is drawn downwards against the fixed 
nut above, the reaction has the same effect as if the fixed nul 
were unfixed and drawn with the given force vertically up- 
wards. The nuts are therefore virtually drawn with eqaet 
force, viz. the weight Q, in opposite directions, and tend to 
turn the convex screw opposite ways. Tlien, as the pres- 
sures P and P" at N are excited in opposite directions, the 
one conspires with the force that is opposed to the other; 



fBif if wc suppose P the greater, P — P is the only force 
required to sustain the weigiit. Compariug the two aiialo* 
gies investigated we find the consequent terms the Bame in 
both) and 

P—P-: Q=A — A': C, 
or the power is to the weight as the difFerence between tlie 
Steps of the two parts of the screw is to the circumference of 
the circle described by the power. The last aoalogy is de- 
duced from the two preceding in the same way as Prop. 24. 
B. V. of Playf. Eucl. is demonstrated, by substituting the word 
" division" instead of " composition." To show the enor- 
mous multiplication of power by this machine, without 
making the screws at all fine, let us suppose the lower part 
to have 10 iind the upper part )1 threads in the inch, 

P — i* : Q= 1: HOC, 
C being expressed iri inches. If the radius corresponding to 
C be merely SO inches, 

P — P': Q=l: 69111 nearly. 
The instrument constructed as now mentioned might evi- 
dently be used to compress any body placed above £F and 
confined between it and a resisting plane; but, iflhe body 
to be compressed is to be below EF, we must have the up- 
per part of the screw the coarser, with 10 threads in the 
inch, for instance, while the lower has II. 

The instrument now described and explauied is called 
Hunter's Screw, from the name of the inventor. 

202. The screw, even when exciting a very great force in 
compression, will generally retain its position, in consequence 
of the friction, which is great in this instrument. Hence it b 
much used in the formation of presses of all kinds. We see, 
in the case of a smith's vice, the advantage gained even by a 
coarse screw in this way. 

803. It is also very useful when minute and accurate divi- 
sions are to be made, as in micrometers for telescopes, and 
the division of scales of various kinds. For this purpose it is 
litted by the steadiness of its motion and by the regularity of 
its threads. A convex screw is formed by turning a cylui- 
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der tlu-ough a concave one, and, if the threads were not veiy 
exactly equidistant in the hollow screw or nut, as well us if) 
the convex one, when formed, the one would not pas 
through the other. Suppose then we take a screw with W 
threads in the inch, every complete revolution will move the 
end backwards or forwards j'^ inch j and, if a ruler be fixed 
to the end, we may thus draw any number of equidistant 
lines, at this interval. But we are not limited ex-en to this iH 
the use of the same screw, for a circle may be Btted to it to 
measure the angular motion of an index attached to the e»d 
of the screw, and thus we can turn it through the tan of the 
,J- of a revolution. Each turn through j^,^ part will evt- 
dently move the dividing scale through j^-^j^^ '"ch in At 
case supposed. A more minute subdiviiiion will be obtained 
by using fijiner screu\ or the same with a more minute subdi^ 
vision of the circle. When we come to the science of Opttci^ 
we shall see, in the explanation of the sextant, that a circle 
of no very great radius may be subdivided into 129,600 equal 
parts, all distinctly visible by the aid of a small microscope. 
Accordingly, if the index of our dividing screw were of Uie 
same length with that of a sextant, 7 or 10 inches, and fitted 
with the same artificial helps, we might turn it through 
Taonnn °^ "" inch, and the ruler would move forward or 
backward j'n of this. 

I do not mean to suggest that such minute subdivision of a 
scale is necessary, or to be actually attempted in practice. 
The divisions are to be such as a good artist can lay down 
with accuracy and distinctness ; and, when an estimate of 
greater preci.'sion is required than the scale immediately fm^ 
nishes, enlarged images of objects may be formed on optical 
prindples, which being measured by the scale, and reduced 
in proportion to the magnifying power employed, we shall 
obtain the dimensions of the objects themselves, so as to leave 
the possible error extremely small. A very minute subdivi- 
Bion may be made by Hunter's screw, without n graduated 
arch, and furnished merely with an index to mark the coid- 
pli'le revolution. Let a part of the screw which 
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through a fixed nut have 50 threads in the inch, and let the 
farther end, which turns into a moveable nut which may 
slide along a groove without rotation, have 51 ; a turn of the 
sorew will, in so far as depends upon the motion through the 
fixed not, carry forward the sliding nut, or a ruler attached 
to it, -^ inch ; but, in so far as depends upon the motion into 
the sliding nut, it will draw it backwards j\ inch. It will 
therefore move forwards y'^ — ^^ = j jViv inch. 

204* Reviewing the conditions of equilibrium in all the me- 
chanic powers, we discover by induction the observance of 
a general law which it is of importance to notice and explain, 
88, being equally applicable to all their combinations, it af- 
fords in the more complicated cases the simplest practical 
means of estimating the energy of a machine. The rule is 
this : If a momentary addition be made to the power or the 
resistance by some extrinsic force, so that the machine may 
be put in motion in a state of what may be called dynamical 
equilibrium, and the velocities of the points of application of 
the two balanced forces reduced to the directions in which 
they act be called the velocities of these forces respectively, 
the balanced forces themselves shall be reciprocally as their ve- 
locities. Reference is here made by anticipation to a principle 
of Dynamics, (298.) that a motion or velocity, represented by 
the diagonal of a parallelogram, may be considered as com- 
pounded of motions or velocities represented by the two sides 
which meet in one of its extremities ; and that, consequently, 
a velocity V in any direction, reduced to another which 
makes with it an angle ^, is Fcos.^. In the application of 
the principle to cases where the direction in which either 
point of application moves is perpetually changing, we must 
take the motion in its nascent state, or suppose it indefinitely 
small. 

205. Before proceeding to the investigation of the law, we 
must recollect that if a body, whose parts are inflexibly con- 
nected, revolve about an axis, the absolute velocities of the 
different particles will be as their distances from the axis. 
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They describe similar arches in any given time, and their 
:is their radii. . .,v 

206. When the lever (Fig. 22, 23.) begins to revcdr^ B 
and F describe arches of circles to which GN^ FM are^tt^ 
incuts, and all the points of the same straight line whJQjf Jg 
moved in the direction of its length will move with the n|Mfl 
velocity ; so that F and Vy the velocities of P and Q» will be 
the same as those of F and G, and these are as the radii Clf» 
TG, or CG:CF=v:V. But P : Q= CG : CF (34,) >-. 
P: Q = i;: F. ,, 

If the forces be applied perpendicularly to the arsis tbeii^ 
Nelves, these arms of course are to be taken ii^stead of Ct 
:md CG. 

207. In the fixed pulley (Fig. 60.) the power and thejf^ 
sistance when in equilibrio are equal ; and so^ it is obvious, 
are their velocities when put in motion. r\ 

208. In any system of moveable pulleys, (Fig. 62y SfxA 
when the same rope passes round the whole, if Q be elev^lfd 
one inch, and the number of strings supporting the lowier 
block be n, each of them being shortened one inch, P wJU 
ilescend n inches : that is^ v : Fszl : n. But P : Qs: 1 ; n 
(IGO.).-. P: « = v: F. 

209. lu the pulley (Fig. 66,) where the directions of the 
power and the resistance arc inclined to each other, we mag 
consider AB as a lever whose momentary fulcrum is JB^ m^ 
oji which P and Q act by the perpendicular arms BF aj^i 
iW. Hence v: F= BD: 5F=sin. BQD : sin. BQAs: 
:>iii. CBA : sin. ACB — ACiAB — PiQ, (163.) 

•a 10. Ill tlic wheel and axle (Fig. 67.) P: QzzAC: CJB 

lui.^ - p : /' (205.) 

'^11. Supj)o.sci the capstan (Fig. 72.) to make one revolu- 

ii, iIk. |i.»wir hiiiig applied to the circumferetice of the 

j^vv iNluiild, the rope will be wound up to the length C, 

! ;'\.i!\vil u» the length C; C and c denoting the circum- 

Mv . .-. v.t' ilu-. larger and the smaller cylinder, respectively. 

.» !f ilKn^foic Ik'. taken up to the extent C — c, and, each 

. ^imIIn shortened, Q will rise i{C — c) while C 
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■be ibe motion of P. That is, v\ V ={{C — c): d 
-r): R^D — d: 2D, whicb is the ratio of P to Q, 

h3. In the case of the indiiieil plane, let tbe power act 
wHfa uniforLn velocity parallel to the length and continue the 
motion till the resisting body is dragged to (lie lop. Tbe 
line of action of the resistance, here supposed to be a weight, 
is vertical ; and, in tbe application of the law, it is In that 
line that we must estimate its velocity. Now it rines through 
the height of the plane BA, (Fig. 76.) while the power, re- 
taiDing its direction, passes over a space equal to the length 
CA. Hence r: r=JB: JC=P; Q, (182.) 

213. If the power act parallel to the base, it must pass 
over a space equal to the base, while the weight rises through 
the height; aaAv.V=AB:BC~P:Q, (18!.) 

fill. If it begin to act at C in any other direction as^i^ 
(Fig. 82.) pushing the body in that oblique direction till it 
reach the top, when the direction of the power will be FL, 
parallel Kofly draw AD perpendicular to FL or fl, meeting 
the latter in JT,- then, while the ascent of Q is BA, the ac- 
tual motion of the point of P'b application is CA .- but, esti- 
1 in the direction of i"s action, it is CK. Hence v : V = 

^.CX = AD:CD = P-. Q, (180.) 

. If ABC (Fig. 78.) be regarded as a wedge, and a 
applied perpendicularly to tlie back balance a re- 
sistance Q acting in a direction parallel to MN, let the 
wedge be made to move through BC in the direction of its 
length, so that the point H, where the resistance is applied, 
may rise from C to S determined by drawing BS perpendi- 
cular to ^C- » : V=BS:BC= AB: AC z= P : Q, (188.) 

If the resisting body Q be constrained to rise, as in Fig. 79. 
hi a direction parallel to Jfi, u : V= AB: BC = P:% (189.) 

216. In the common screw, while the point to whicli the 
power is applied describes the circle whose circumference 
was denoted by C, (200.) the resistance moves through h the 

tance of two adjoining threads parallel to the axis; and. 
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M. .1 ^i.iall I lie iiiutious the ratio is constant; •*• ViV: 

r : Q. 

,.. Ux Iliiiilcr*s screw, while the power makes one 

t ii vi)!mioii, ihc iiiuiioii of the resistance will beA— iT, 

li'i-icucc uf ihe two steps; and, however small the an* 

iioiioti of tiie lever be, the same ratio is maintained. 

. j.. , if /' denote the power applied, the P— P" of onr (at* 

P: Q = A — A':C = r: V. 

I.I. ill all of tiiese cases, (206 — 217.) if we consider tlife 

•^ .> :is positive or negative according as it conspires oc 

I iirecLlou with the force in whose litie of action itil 

....:i«:tl, wu may express the result in this form, PF + 

\K ■ -." . 

■ 

;}. l)l):>crving tlie law to hold in such -a variety «f 4qt 
., I'onhidurubly ilissimilar, we are naturally, led t#9||8- 
ihut it is inclndcil in one yet more general, as)dwh^ 
-><j ioll^idc^ed as expressing a' condition of equMibriufli 
! ..i!l\ ; uiiil it nmy, in fact, be generalized bs fcdlows-i 
\« 1 s 4':Lr>c ill' equilibrium, whatever be the number. uA 
• iv. ii.'it. (if die forces applied, if an indefinitely .^diaU 
Linicateil to the i^ystem, provided that the ocm? 
\\\w.\\ it is flexible, be inextenaiMe and renttki 
ul ii ilu; nascent velocities of the points of applica- 
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\nKK.'h l\ ^y &C. estimated in the directions df 
^> . 1 , li.id considered as positive or negative according 
I ^ • ;<iv wr not with the forces in direction^ be de* 
\^. iv.ipectively, 
/ I r />', &c. = 0, or fPp = 0." 

iii.-i i.'» extremely easy in the case of rigid 

I iu points to which the forces are applied 

' ill- configuration. The motion of such 

^.K I progressive, all the points describing 

' i»^l iiirections, or rotatory, so that the} 

'■\:««lur motion about the same axis, ot 

ii»\.H- two, that is rotatory about a 'pro* 
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If the motion communicated be simply a progressive one, 
or what is called a motion of translation, let c, which in this 
ciftse may be of any magnitude, be the space which each of 
the points of application describes in the same direction. 
Then if we assume the axis of the co-ordinates AX parallel 
to this, yP COS. a = (67.) 

That is, Pcos.a + Pcos.a', &c. = 0, 
.•• Pc COS. a + Pc cos.a , &c. = 0. 
But c cos. a ^Pj c COS. a' =/>', &c. 
.•. Pp + Pp'+Fy\ &c. = 0. 

If the motion be a rotatory one, the forces being in equi- 
librio, there will be no tendency arising from them to revolve 
about the axis of the motion extrinsically communicated what- 
ever it may be; and if AX (Fig. 13.) be taken for that axis 
of motion, and we project the forces P, P, &c. upon ZAY^ 
or planes parallel to it, with which they make the angles 9^ 
^, &C. respectively ; the forces P cos. ^, P cos. ^, &c. their 
prcgeetions, will also be in equilibrio, as is evident from (67, 
Eq. 4, 5, and 6.) or from the consideration, that the forces 
as estimated parallel to AX can have no effect upon the equi- 
librium with respect to it. The forces Pcos.d, Pcos.^, &c. 
then being in equilibrio, if we let fall perpendiculars r, r\ &c. 
from the axis AX upon their directions, and consider the 
momenta as positive, which conspire with the motion com- 
municated, and those as negative which oppose it, we shall 
have, (39, 44.) 

P r cos.^ + P/ cos,^, &c. = 0. 

Let c now denote the angle of rotation, or rather the length 
of the arch which measures it at the unit of distance, which, 
in order to comprehend every case, we must for any finite 
distance conceive as indefinitely small. Then 

Per cos J + Pc'/ cos.^, &c. = 0. 
But cr, cr'j &c. being the absolute velocities of rotation of 
the points where the perpendiculars terminate, crcos.^, 
cr'cos.^,&c. will be these velocities estimated in the directions 
of P, P, &c, respectively; that is, crcos.^ = j9, cr' cos. ^ 
=//, &c. 
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i. »joinbir.ei. and will 
.. ,,- , :i> v)f the same form. 

I' ' ;• , .\iv take the funicular 
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> ..» which the forces are 

...on, eacli point may not 

.' translation or the same 

.iiiothcr point, and it be- 

. * liic connecting forces or 

. .'. Tor each is the same at each 

v'c Tor the force applied to an 

.u >i:aud for the tensions of the 

J 'i-'t/i, //',/?", &c. denote as be- 

. ^Lilur point estimated in the di- 

. !'.»; lorces. Tlie forces applied to 

vvjailibrio when reduced to the di- 

.\nnt begins to move, (28.) con- 

ho angles which their lines of 

, '* cos.a", &c. = ; 
. . •- 1 lotion of that point, 
r /^'ccos.a", &c. =0, 
. l^-j/'y &c. z=0; 
:' application, 

/->", &c.)=0. 

v.ivl is constant, and it always 

\wuitever longitudinal motion 
. V .;^s to the whole, and is the 
. . .xi reality reduced to the di- 

..'iu)n in that direction result- 

,.. ii motion is = 0. As each 

. . .^ipanied with one equal to it- 

..l iho velocities p' are in tlie 

^ .;.ng in direction with its cor- 
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respoqdiug tension, and the other being opposite to that with 
which it corresponds,y(P'y + P"p", &c.) is made up of quan- 
tities which, taken two and two, ai*e equal with opposite signs ; 
k is therefore = 0, and J*Pp = 0. 

The law here stated and explained, is what is called the 
" Principle of virtual velocities." 



Of Compound Machines. 

220. Under this head we shall only describe a few of the 
simpler combinations, which will be sufficient to illustrate the 
way of calculating the statical effect or energy in any case. 
In the further prosecution of the subject, the student ought 
to seek opportunities of examining actual machinery, or of 
inspecting models, and reading descriptions illustrated by 
plates. He may begin with such of the latter as he will find 
of easy access, as in Fergussoris Lectures^ edited by Dr. 
Brewster, Imison^s School of Arts^ Emerson's Mechanics^ 
Gregory's Mech. vol. ii. and any of the Encydop<Bdias. 

221. Compound machines may consist of the same me- 
chanic power repeated a certain number of times, or of dif- 
ferent powers. To the first of these classes belong the com- 
pound lever or steelyard, the compound pulley, the compound 
of wheels and axles : to the latter, the lever with the screw, 
already described, the lever with the screw and wheel and 
axle, the same with the addition of a pulley, as exhibited in 
a part of the class apparatus, the pulley or the wheel and 
axle with the inclined plane, &c. In all such combinations, 
the energy of each preceding is the power applied to the next 
following in the order of the transmission of motion or pres- 
sure, and the same uniform rule may be employed in calcu- 
lating the energy in every such case : ^^ the ratio of the in- 
crease of energy is that which is compounded of the ratios 
of increase belonging to the powers in combination taken 
separately.". In other words, let the quotient of the resist- 
ance divided by the power in each of the elementary par4s be 
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ctUled the meiwiire of its unergy, or, for the si 

tion, its energy ; tliea " ihe energy of ilie machine is tfae 

product of the separate energies of its parts." 

S2S. Compmmd leoer, (Fig. 83.) Let the pressures-U 
ami £ be deuoted by these letters ; then 



E = t» 



^ P ~ /, ^ h' ^ /,"' 



■es-MH 
iobhHP 



I 
I 



It is evident that tlie velocity will decrease tiiroughoBi 
series, when the machine is put in motion, exactly aa the preys' 
suve increases, 

223. A more conrenient form of the compound lever or 
steelyanl, is that which is sketched in Pig, 84. 

AD is a lever of the second kiiKl, (126.) whose fulcram B 
is supported by the cheeks BK, and the weight is suspeaded 

at C. The =^ part of tliis weight, or an equivalent pressure 

of any kind, acting upwards at D will support it This is 
supplied by the energy of a lever of the first kind EG, whose 
axis is sustained at F, and whose firms are FG, FE .- the 
point E being vertically over D in the state of equilibrium^ 
and connected with it by a chain, whatever pressure i^i- 

EF 

wards is wanted at Z) or E, may be excited by tlie ■: 



of itself acting do 



inwards at O, 



■ a 



^r 



And thus 
_ EF 
BD ^ FG 

If each of the Idnger arms be ten times the correspondii^ 
shorter, P= ^^o Q, and a simple steelyard having the weight 
suspended at the same distance from the fulcrum, if reqmrtd 
to possess the same energy, must be ten times as long, UfA 
be subject to greater inequality of flexure. . .*</i 

834. Steelyard for weighhtt} hadtid carriages, (Fig.i 
In the iovia here sketched, AD represents n leTeTaf 
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m' 






■ ■ « ■ « • ^ • aft J^ 



vmc en. ffiis ai£" « lifc r: »:7--r--3r. V. - _-. :, ..^ , 
smal- rtr5"«JiiziiiM_ Aifozi ac Ti.xrr:ii. i. ,- j v . -*: r.: . . ^. -^ :• 

inr CBCL «ouii- &ii«- oinK**:;^ ;. Ui:. ^i J .^- i. ,: . . » , ^* ..Mm. 
be rfiiiifT*^-*"^ iron, utt xuiuai= o. iin n.vi^^iv^'i ^^i^. r«^ 

id tut efitfn uiK'i. -n vn^r; Uz rawr:, :'.>.»<* ^ 
L be liit »aj:it a* n ^^I vs*; i sunnK %!*>* \- r*.. 
and tbe irnaie weifru^ s^ueuotfc iu Ij. 

22a. A ▼BTT sixDpie wetgi'^ng macniDt r ^-i : S kvtvv *v; 
the priDcipie of ibt- dc^uiur o\..:ijr: rs;:^?*:^:. . i.o; J.V 'r> 
cmm a£ M sieelT&ni be pii^rtiC & :.::jc ii^'^^rtr u^ «s Jk-; . .0 .4* 
(Fig. 8d.> id ibe supf^ori* en: uu yf^v.iKir.w ».v\cr «:«,,' .j^ Iv 
eauidifitAiit from O ibe znj.juje o: .i.K. &:'!«i ios :) sms.! noi,^! ( 
^be sospended from F 10 bi^lanci Jwi: of :hc vcutkaicw i^V 

Then P.CF=tQ -^C — «i , • or 

2 CP ^• 
The energy is therdbre the sanic in-ith thai of nn omliurtrx 
lever, of which the longer arm is CK mui tho NhorhM* (11^ 
lialf the difference of AC and Ci^. 

If JC= 10 inches, AC =9, aiul fV=r ^>: /S%i1i b.« ^ 
^ Q, and the half of a hundred woighl ^ill bitliiiu^i* h ion 

If BC= 10 inches and ^C=: 9, () will bo on tho itiln nl 
Cittst to jFf and the lever becoming of Uio mh*ouiI IiIiiiI, mum* 
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be Utippotted at Fbj one of the firsts ^' In the fii 
of the compotind steelyard, (283.) If this secohd 
aflf brfore'an energy 10, we shall have P^ ^J^ Q, 
will balance a ton. - 

226. Compound PuUepy (Fig, 87.) Here jo is a i 
to'!cbange the direction of the power, whose energ\ 
by the first moveable one Ik,- the energy of this 1 
of supporting a weighty is applied as a power to 
ddiibles it i^ain, and so on. With three moveal 
therefore, in this form, P : Q — I : 8, and with > 
leys, P: Qii 1 : 2*. The ratio of the velocities ^' 
conveniently traced thas. Let the lowest with 
rise one inch ; each branch of its rope will be sh 
indi ; h^ice the next pulley will rise two inches : 
of its rope will be shortened two inches, and tl 
rise four Inches; each side of its rope will be s- 
inches, and P will descend eight inches ; theref^ 
and the resistance are reciprocally as their velo 

227. Conceive the fixed pulley to be remo^ 
act upwards by the part of the rope lo; if 
two fixed obstacles, Q would |)e drawtf upward > 
the force 8 P, and Jlf downwards with the for< 
maining unit to balance Q being supplied by 
ceive now the figure to be inverted, and Jf to 
which are attached the strings of all the piil 

a fixed body acting as a support; P : M= ^ 
vestigBte this in the usual form, and to shew 
specting the velocity is observed, may be j: 
temporary exercise. 

228. Spanish Barton, (Fig. 88.) D is m 
fixed point; ABCEGFP a rope passiii:- 
able pulleys EC and EF, while the latter 
rc^ GHKD passing round the fixed pnll* 
jBC The ropes being supposed paraltri. 
s 1 : 4, and F : v. z 4 : 1. 

889. ComMMitioii ^ irA«b.^The pow( 1 

drcmnferBDce of the first whed, whose ax Ic • 



trro^dils the tliir^I, aod so on; thei resiaUuice b«ug^f 

e»l to the last nxle. Let B, R', B' be the ratlii of the ., 

, r, f, r" those of the axles, and it is deiDomtruted as 

lurfiiueE are never perfectly smooth, we may , 
(Jdnceive each axle to move the following wheel by friciion , 
merely. But In this case they would soon, by the coiitiiiued , 
attrition, diminish each others diameter, and require a new 
adjustment of the axes to bring them into close contact. 
They may be connected, when at some distance, by bands or 
belts passing roimd them ; and when these become relaxed, 
they can, with very little inconvenience, be adjusted anew by - 
tightening them. In general, the connexion is by teeth. 
'Hie axle or small wheel is in this case called a pinion, and . 
its teeth, leaves. In large wooden wheels, the teeth are ge- 
nerally made each of a separate piece of wood, and are in 
that case called cogs. A cog-wheel often drives a pinion of 
a particular form, composed of two thin cylindrical discs 
joined by a number of small parallel and equidistant cylin- 
ders. This piece of mechanism, which may be seen in the 
common Hour-mill, is called a lantern or trundle, and its pa- 
rallel cylinders uniting the two ends, serving instead of teeth 
^^ABRves, are called rounds or spindles. 
^^■l. A cog-wheel whose cogs or teeth are perpendicular 
^Hiia plane, and drive a lantern, may be conveniently em- 
'|flfl7«d to change the axis of a rotatory motion. See the 
representation of the flour-mill in Imison's School of Arts, 
Toi. i. pi. 3. 

^Bt2. The axis of a motion of rotation may be changed to 
^^Pteaking with it any given angle by bevelled wheels, whose 
^BP may be considered as belonging to a fluted cone, as 
tb»^ of common wheels may be said to belong to fluted 
cylinders. Thus, let it be proposed to change a motion round 
■ ttxis jiB {Fig. 89.) into one round the axis .4 C, making 
^t the given angle BAC. If no other condition be pro- 
Iv the problem is indeterminate, for the thing may be 
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done in an infinite variaty of ways. But, if the iin^lwri 
cities of rotation about jIC and -^B are to be in a given ratio 
m : n, take AD : .4F = nt : n ,■ complete the p»raH«lograni 
ADEF : join AE ,■ in AE take any point G, the pofiilion of 
which in that line will depend on die proposed diameters of 
lite wheels : draw the perpeiidiculais GH, GL, ,- and tfae 
cones formed by the revolutiuns of the triangles AGH, AGh 
will be the bases on which are to be formed the beveHed 
teeth. For the angular velocities will be inversely aa tiW' 
corresponding radii : therefore) if C and jS denote t 
cities of rotation about AC and AB respectively, 
CiB=GL:GH=sin. GAL : sin. GAH =AD:APs 
as was proposed. 

233. Wheels of the same diameter are soiaetimes applied 
to each other without pinions, and then they are emplog 
merely for the transmission of motion or power. 

334. When one wheel is employed to drive anotfaflt 
action should be equable, without those sudden variiM 
of pressure and momentum in the connecting parts wluelit 
giving an advantage at one time to the power and at another 
time to the resistance, occasion sudden alteruations of sccdkk 
ration and retardaticm In the performance of work, and strara 
the parts more than would be done by a constant atid modor 
rate pressure. If the machine be subject to variations of 
strain, It must evidently be made strong enough to withstand 
the greatest; yet more work is not performed thim wo»dd re- 
sult from a more equal pressure tliroughoul and an equalile 
velocity of an Intermediate degree, while more of tl>e pow^ur 
is expended in moving the machine itself than, with a bett«l 
construction, would be found necessary. It is therefore an 
important problem to consti-uct the teeth of wheels so thai 
tbe energy with which one acts upon another may be coiw 
stant when the power applied is so. This may be done by 
making the teeth epicycloidal, (See Camus on the Teeth uf 
Wheels.) A better form, however, and of much easier exe- 
cution, is recommended by the late Professor Robison, (See 
his Art. Mach. i 36.) Let a/g (Fig. 90.) be a thin curved 



^ a threat] lapped round it in the direction gfB amf 
terminating at a. Connect a pencil with the extremity a of 
this thread and evolve it from the curve, keepin<r it tight 
so thuL it may always be a tangent to the arch as repre- 
sented at e and/*.- the curve thus described is termed the in- 
volute of afg; be, cf, &c- may be regarded as momentary 
rsdii ; and indefinitely small portions of the curve at b, c, Stc. 
may be considered as belonj^iiig to circles of different curvs« 
ture deteriiiined by these radii. In uther words, the radii b^t 
ej\ &c- are always at right angles to the curve at the points 
where tfaey meet it, that is, to tlie tangents of the curve al 
tkose points : or a straight line, drawn per|>endlcular to die 
involute at any point will, if produced, meet the generating 
curve or evolute, and be a tangent to it. 

As it is on this property that the application of the process 
of evolution to the formation of the teeth of wheels depends, 
it may perhaps be desirable to demonstrate it more strictly ; 
and in doing so we cannot adopt a simpler or more perspico- 
ou8 method than that of the elegant geometer Huyghens, the 
authop of the theory of this process. 

235. Let ACF (Fig. 91.) be the evolute, ABE the involute, 
Cfi and f£ the radii of evolution at C and at some point .£ 
more distant from the origin. Produce BC to G and let FE 
meet in i^ the line drawn perpendicular to CB nt B ; the 
point D shall be without the curve. For GD is ^p' GB .'. 
FUz^FG + GB; much more is irZ>::='arch FC -^ CB, 
(hat 18, ^ FC ^ CA, that is, ^ FE. 

Again, let EF (Fig, 92.) be the radius of the involute at S. 
a point nearer to A than C is ; draw the chord FC , joia.Ci£ 
tml let CE meet BD in D .- then CD i^ CB, that is, -p- CFA, 
tlmL is, z^ arch CF + FE : much more is it -^^ chord CF + 
FE which again are i^ CE .■ consequently CD z:^ CE, and 
D, on this side also, is without the curve. 

896. Now, to apply this to the purpose in view, let the 
Eur&ces of the tooth abc (Fig. 93.) have their curvature de- 
Cerniraed by the evolution of the circle representing llie wheel 
AEF, and let the curvature of dg and and eg be that of the 
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inyolixte of BGH. If the sides touch or have a common tan- 
gent at fly the perpendicular to this tangent is the line in 
which the pressure and reaction are exerted, and, when pro- 
duced, it will be a tangent to each of the wheels, (235.) to 
the one at A^ and to the other at B / and the moQientum of 
both pressure and resistance will be the same as if the wheels 
were in contact, the one impelling the other by friction 
merely, and the action of each applied perpendicularly to the 
radius of the other at its extremity. 

237. If the wheel and axle or the pulley be combined with 
the inclined plane, the energy of either will be multiplied bj 
the cosecant or the cotangent of the planers inclination accor- 
ding as the line of traction is parallel, to the length or to die 
base. . f ■' ' ^ ■ \ 

238. A very powerful combination for raising weights may 
be formed by the screw and a wheel and axle, the whed 
having teeth adapted to the step of the screw. Suppose the 
screw to be formed as in figure 94. and that q represents a 
tooth of the wheel. While the cylinder, which is confined to 
a motion of rotation, is turned in the direction sae^ the end of 
the spiral a insinuates itself behind, or to the left of the tooth 
q ; and the rest of it, as it comes round, being alwiays more 
and more to the right, will cause the tooth to move in that 
direction till it is detached at the other extremity of the spi- 
ral. Every time the end a comes round it catches a new 
tooth, and thus there may be several teeth impelled at once; 
but it is evident that there cannot be many unless the screw 
and the teeth be both very fine, or the wheel very large. The 
screw thus employed is called the perpetual screw. The 
power is easily calculated. Using our former notation we 

C 

express the pow^er of the screw by -—and that of the wheel 

R 

by ; consequently the two combined multiply the pres- 
et li , 

sure — z times. 

hr 

1 
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Statical Principles applied to Architectural Structure. 

BS9« The general principles of Statics enable us to under- 
stand and to calculate the strains to which the different parts 
of some of our most important mechanical structures are sub- 
ject, and discover to the intelligent and scientific artist the 
most advantageous way of disposing his materials, so as to 
combine' security with economy. Their application in this 
way we shall illustrate in some observations upon the con- 
straction of frames of carpentry, of which the formation of 
toois, as one of the most important, may serve as an exam- 
ple: and, for the better understanding of this subject, it will 
be proper to premise some consideration, of the mechanism of 
resistance to transverse strains, the most dangerous of those 
to which timber and other materials employed in the framing 
of such structures are exposed. 



Transverse Strain. 

240. Let ACBD (Fig. 95.) be a rectangular beam or joist, 
bf uniform texture, one of whose ends MC is firmly inserted 
into a wall, or otherwise fixed. We may consider it as com- 
posed of equal parallel fibres, as AD^ CB^ mq, &c. equal in 
strength and in close apposition to each other. The force 
with which it resists being pulled asunder in the direction of 
its length, is called its absolute strengths and if a weight /?, 
suspended at some point j9, be gradually increased till it is as 
great as the beam can bear without fracture, this is called the 
measure of its relative strength. It is proposed, then, having 
given the dimensions of the beam and its absolute strength, 
for which we must have recourse to experiment, to find, by 
calculation, on the hypothesis as to texture above mentioned, 
its relative strength. 

241. A beam of wood and a rod of metal, though they be 
naturally straight, may be bent or incurvated with a tendency 
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to recover their original form. Their parts are therefore 
distensible and elastic; and it is observable in springs of all 
kinds that, within certain limits at least, their elastic force is 
proportional to their tension or dilatation. Considering, tben, 
ACS as an angular lever, whose fulcrum is C, and in wbicb 
the momentum oi'p is balanced by the contractile force of the 
distended fibres, which, like so many elastic threads, con- 
necting the solids on opposite sides of the section AC, tend 
to prevent their separation, we naturally conceive the dis- 
tenaion, and consequently the contractile force to be as th« 
distance from C. Whenever the part A a then of the £bre 
AD, and the corresponding parts of the uppermost fibres 
through the whole breadth, are distended to the greatest de- 
gree that they can bear, the least adilition to the weight p 
will cause the fibres of the whole section to give way. For 
when the collateral fibres of the upper horizontal plate or 
physical plane give way, those of the next inferior lamina 
will be distended to the utmost, and will of course give way 
also, because the momentum of resistance is now less than 
before, and they are less supported than the uppermost fibres 
were when exerting the same force. The weight p, it is 
envious, will tend to produce fracture at any other vertical 
section also, as EF ; but the beam being supposed of uniform 
texture and strength throughout, it must first fail at AC, tha 
section against which p acts with the greatest momentum. 

242. There is another hypothesis, that of GaUlseo, respect- 
ing these contractile forces of the fibres, according to which, 
iastead of their being as the distances from the axis of frao< 
ture, tl>ey are considered as all equal. 

We shall give the investigation of the relative strength oo 
each of these hypotheses, and first on that of Galileo as the 
most simple. 

243. Let b be the breadth of the section, d its depth, / the 

I length of the beam from C to B, and y the absolute strength 
of the section for each unit of surface, or the force with which 
^ rod of the same materials whose section is the squa re of 
the unit of breadth or length resists the being directly pu^H 
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in 



t the absolute strerigtb of" tlie whole section will be 
i as this force is composed of parallel forces equably 
distributed, their centre of action wilt be the same with the 

8* of gravity of the surface JC consideretl ns uniformly 
• '-^^ " ' " 
ent 



Its height above the a 



meQtnm is - - = pi, orp 



lis C, therefore, = 
fbd' 



y and (he 



2i ' 



244. On the other hypothesis (241.) the amount of foroo 
simultaneously exerted is less, but the diminution is partly 
compensated by an increase of the distance between the axis 
and the resultant. Let the rectangular physical surface AD 
(Fig. 96.) be considered as composed of equal physical lines, 
as AB, EG, &c. and the triangular surface JSC of AB, EFy 
and others which are always as the distance CE. The force 
of each of the uppermost filaments when the beam is just 
ready to break is f, the breadth of the fibre being taken as 
the unit of linear dimension, and may be represented by the 
same line AB on either hypothesis. But on Galilso's the 
forces being all equal to this, will be represented by the sum 
of the equal lines composing the surface AT>, while, on the 
other, decreasing as the distance CE, they wiU be represent- 
ed by the sum of the decreasing lines as -EF composing the 
triangular surface, which is =: ^ AD. As the sum then is 
numerically represented by fb d on the hypothesis of equal 
fbd 



distension, it will on the other be expressed by - 



But a 



the forces are now as the distance from C, one of the extre- 
mities of the line denoted by d, the distance of their resultant 
from that point, or from tlie axis of fracture which it repre- 

fbd' _ 



villbe^ 
fbd* 



2.) Hence the momentum is 



wd />=' _ 

Otherwise and more concisely, thus : The force of a fibre at 
X from C— —T! the uuniber of fibres exfrtiog 



iB^di^taiice x 



I 

I 
I 



J 



=pi. 



114 ELEMENTS OF THfiORETICAL MECHANICS. 

1st, That whose section is the inscribed square, (Fig. 99.) 
is among those of given length that which contains the 
greatest quantity of matter : for AD.AB is a maximum when 

^DE. is/ BE is a maximum, ue. whra DE.BE is a ruaxknunit 
which is, when DE = JBS, (Eucl. ii. 5.) or when DA = AB. 
2dly, The strongest section is when AD^.AB, or DB.DE, 

mJDB. s/WE is greatest ; that is, when DE. yfBEy or DP. 
BEf or J DE^.BE is a maximum, which is, when DE:=:^ BE, 
or DB.DE=: 2DB.be, or JD*= 2 AB*. We may derive 
this conclusion from EucL ii. 5. by which it is evident that 
a rectangular paralielopiped, whose three adjoining linear 
sides are the three segments of a given straight line, is a 
maximum when these segments are all equaL 

If we denote BD by d and AB by a?, AD^ will be = d*'— a*, 

the measure of the area = x ^cP — a?*, 
the relative strength is == a? (cP — a?*), 

and by stating the fluxions of these expressions as = 0, or 
instead of the fluxion of the former that of its square as = 0) 
we shall obtain more concisely the same results. 

249. Cor. 4. A hollow cylindrical tube is stronger than a 
solid cylindrical rod of equal length, of similar materials, and 
containing the same quantity of matter. 

Let AF, (Fig. 100.) be the exterior diameter, BE the in- 
terior, and C the centre ; draw BD a tangent to EHB at B 
meeting FGA in D, and join CD. The area of the annular 
section is ^.AC^—^.CB^zn ^.{CD^—CB^) =^.SZ)^• so that 
BD is the radius of a circle equal in area to the ring. On 
the hypothesis of equal distension, the sum or resultant of 
the forces will in each case be the same, and its distance from 
the axis of fracture will in the case of the ring be FC, and 
in the case of the solid rod BD, so that the momenta resist- 
ing fracture will be as FC to BD. 

On the hypothesis of distension proportional to the dis- 
tance, letj^ as before, be the force of one fibre at the distance 

fx fx- 

dy -T will be the force, and —r the momentum of each fibre 
a a 

at the distance x, and the sum of the momenta will be for the 
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same kind of matter 4= Z-^* Now, it wiU be proved in Dy- 

BMnics, thatyV for a circle whose radius is Jtj supposing x 
to be referred to a diameter, \s | wR^; and consequently if 
tbe distances be measured from a tangent, it will be | «r 12^ 
+ ••A*, (86, at the end») So for a circle whose radius is r, 
if 19 be referred to a line whose distance from the centre is 
-B, it wiU be J »• r* + •r' R* (86.) Heqce if the radius FC 
be denoted by J2, BC by r, and BD by )& = y/W^^^, the 
strength of the ring will be to that of the solid rod in the fol- 
lowing ratio : 

7fR^ +i^R^^^R*r'—i^r^ B^k* 

2R 'TF 

R^ ( jt«^y«) +i{R^ + r^) {R^— r') |A^(jy^r^) 
'^ 2R ' 2h 

;= I FC « J5Z> nearly, when FC and jBC are nearly equal ; so 
jtbat pn this hypothesis the advantage is still more decidedly 
la {favour of the ring. 

260. We thus see it as an instance of wise adjustment, that 
the bones of animals and the quills of the feathered tribes are 
m^de hollow, by which they are at once strong and light. 

251* Let the beam now rest on two props A s^nd B, 
(Fig. lOL) and let a weight W be suspended at any point 
J)^ if the weight is just npt suffigiept to break the beam, there 
will be an equilibrium, and it will be in the same circum- 
stances as if supported at J and B by two weights equal to 
the pressures at these points, and drawing upwards by means 
of strings passing over fixed pulleys. If the weight be gra- 
dually increased till the beam break, the fracture will be at 
2>, where the weight is suspended, as we shall find immedi- 
ately, and will begin on the under side at d : for the effect is 
the same as if the end AD were firmly fixed, and a force 
equal to the reaction ^t B drawing it upwards, or the end 
BJ) firmly fixed, and one equal to the reaction at A drawing 
A^ upwards. Now if AB be taken to represent the whole 
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BC 

weight is W' jg, and EC = ^ BC, Therefore the unba- 
lanced momentum proilucing the strain, is i W. BC — 

^^ AB *^ AB • 

257. The strain arising from a pressure uniformly distri- 
buted is, like the former, greatest at the middle section, and 
is there = \ W.AB, so that if a projecting beam will just 
carry without fracture a certain weight, it will carry eight 
times as much uniformly distributed over its length when 
both extremities are supported. 

258. If the beam AB, resting on two props A, B, and pro- 
jecting beyond them, have its ends fixed so that they cannot 
xise, it will bear twice as much in the middle as before. For 
l>eing of uniform texture, it cannot now br^ak at the middle 
without a simultaneous fracture at A and B. The strain at 
the middle we fpund to be = ^ W. ^ AB (254.) That is, as 
before explained (255.) if it require IV to break it in the 
middle when the ends are free, each half projecting from a 
"wall would require i W. Suppose now the beam to be cut 
through at W, it will require i W suspended at the extremity 
of each half to produce fracture at A and B ; the sum of these 
is W^; and it will require another W to break it in the middle 
as before when the cohesion of the fibres there is restored. 

259. The transverse strain from a weight upon a beam of 
given length is diminished, when it is placed obliquely to the 
horizon, in the ratio of rad. : cos. Elev. 

1£BC, (Fig. 102.) represent the weight of any point of the 
beam, it may be resolved into BD and DC, the first produc- 
ing a thrust upon the abutment, the second a transverse 
strain, and BC : DC = rad. : cos. BCD = rad. : cos. A. 

260. Cor. The strain on rafters for roofs of the same width 
is as their length, when the covering is of the same weight 
per square foot 

Let fV be the weight of covering of the same kind which 
would belong U) AC in a fiat roof of the same span. This is 
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W 

of course a constant quantity; • ^^ H^.sec. ^ is the load 

belonging to AB ; fV.9ec»A.co8.Az=: fFis its traiunrerse pres- 
sure, and iW.L its momentum in producing a strain, (257.) 
which varies as L, 

261. As a general corollary from the propositions now 
given, it may be remarked, that what succeeds very well with 
a model will often fail when tried without due precaution on 
a large iscale. To illustrate this remark, which is of great 
importance to the engineer and the artist, suppose the ho- 
mologous lines in a model of a machine or stmctnre of any 
kind, as a roof, arch, bridge, or the like, and in the machine 
or structure itself to be as 1 : n, and let the three dimensions 
of length, breadth, and depth in the model be denoted by die 
symbols already employed I, 6, d. The materials being of 
the same kind, the weight or stress of all similar parts or 
loads, similarly placed, will obviously be increased in the 
larger work in the ratio 1 : »'. But the (Asobde strenffth^ or 
that which resists a direct pull, being as the area of the sec- 
tion, will be increased only in the ratio 1 : »': for bd is to 
nb X nd in that ratio. 

The relative •strength resisting transverse fracture will also 

be increased in the latter ratio : for that of the model will be 

b^ nbxn^d^ , ^ 

to that or the machine = -7— : i = 1 : »^. 

/ nl 

262. There isth us a limit to the increase of size in any 
sti-ucture composed of given materials. Let W_he the greatest 
weight which one of the beams, or more generally one of the 
parts of a model, or any other structure which it is proposed 
to increase similarly, can bear; and let w be the stress or 
weight which it actually sustains : the stress that it must ac- 
tually sustain in the enlarged structure, when ever}'' linear 
dimension is increased in the same ratio is n^w ; but the 
greatest stress whether absolute or relative that it can bear is 
71^ IV : consequently w'^tr must not exceed w*W^, or we must 

1 ^^ 

liave n not :::^ — . 
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968« If it is wished to increase the smaller structure be* 

• 

jfood this limit, all the dimensions cannot be increased simi- 
hrly ; we must alter the rctio for at least one of them. The 
depth of beams is the dimension whicb» generally speaking, 
lad without a limitation imposed by some specialty in the 
circamstanoes» it will be advantageous to increase in the 
h^her ratio ; because a given addition to the strength in re-< 
listing transverse strains will in that case be made ;with the 
least expenditure of materials. Suppose then that it is wish* 
ed to preserve the ratio of increase 1 : fi^ but that a particular 
beam whose greatest strength is W would in that case be too 
weak to sustain the pressure n^w to which it will be exposed : 
let its dq)th be increased in the ratio 1 : ^y while the breadth 
sod length are each increased in the ratio 1 : n. The strength 

will now be — = = a? • -y-, that is afl times what it was 

ni i 

in the model ; and it will now sustain a^ W and no more, con- 
sequently ad^ W must be not ^^ »'«r, or 

X not ^t:^ ^' iJ'W (^^^^*^^* § ^^0.) 

The same propositions and the general principle of the 
oomposition and resolution of pressure suggest some other 
important maxims. Such are the following : 

264. Avoid €i8 much as possibk transverse ^ains. This is 
done, when we cannot supersede the forces producing them, 
by converting them into longitudinal pulls or thrusts. We 
shall see instances of this afterwards in explaining the con- 
struction of roofs, and wooden bridges. In the mean time 
we shall illustrate the maxim by reference to the manner in 
which the late ingenious Mr. Watt formed, at one time, the 
working beams of his powerful steam engines. AB (Fig. 103.) 
18 the main beam, C the gudgeon or axis placed above it, CD 
and CE are strutts or braces, abutting at C, and whose ends 
D and E are connected with each other and with the ends of 
the beam, A and B, from which the piston and pump rods 
are suspended by iron rods DE, AD, ES, The pressures 
arising from the weights at A and i9, which would prodi? 
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a very great transverse strain at tbe axis upon a simple beam 

AB^ are resolvable into longitudinal strains in the directioDS 

DA, AC, and EB^ BQDA, and EB being stretched^ and the 

the ends of the beam compressed. The force in the directipD 

EB may be resolved into one stretching DE and compressing 

EC : and the corresponding one on the other side may be 

similarly resolved. Every strain here is a pull or a thrust, 

and there is no transverse strain at all. The distribution of 

the pressure will be illustrated by reference to Fig. 104. 

which requires no explanation. 

265. Avoid loading much a very obtuse angle, espedaUg iftkft 

beams meeting there abut on parts naturally weak or iU supported. 

Let the angle = 2 €i, and let the direction of the pressure FF 

bisect it ; then if P be the longitudinal thrust in the direction 

sin* a 
of either beam P : W^ sin. a : sin. 2 a, or P = W—, — ;r— = 
./ sm.2a 

W 



, and if the angle be very obtuse sin. 2 a will become 
i6 COS. a 

very small, approaching to zero as a limit, while sin. a ap- 
proaches to unity, or 2 cos. a will approach to zero as a be- 
comes more and more nearly a right angle. Hence a finite 
weight W may produce a thrust exceeding any force assigned 
on the rafters which form the angle, and these will either be 
crippled, or injure and perhaps overset their supports. 

Let AC (Fig. 105, 106.) be a beam projecting obliquely 
from a wall or other fixed support AG, and supporting a 
weight at C Let this be represented by CD, supposed equal 
in the two figures. Let BC be a brace or strutt supporting 
ACi resolve CD into CE, CF, as represented in the figures, and 
it will be evident that the disposition in Fig. 105. is by much 
the more advantageous. In the case represented by Fig. 106. 
there is a strong distension of AC and compression of CB. 
When BCF is a right angle the distension of AC will be 
moderate, and the compression of the brace represented by 
EC = DF the least possible for a given value of the append- 
ed weight and a given position of AC. 

266. If a part is to be cut out of a beam for the insertion of 
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omAar^ letUbe dome am Ike tide that becomes etmeave hy any 

9iram to wUdk it wuEy be expoeed. 

Soppose AD (Fig. 107, 108.) to be a projectiDg beam, with 
a weight p suspended from the end BD : it is plain that 
when the camty is filled up by the inserted beam, of which 
TEHG is a siection, the part F^g G has more mom^itum to 
least firactare in the situation denoted by Fig. 107. than in 
that indicated by the other. The sum of the forces called 
into action is greater, and the resultant at the same time is 
more distant firom the axis of fracture. If these were beams 
supported at both ends like joists, and loaded in the middle, 
the second would be the stronger ; the axis of fracture being 
then on the upper side. 

267. ijfa beam that has a weak part^ as when two are formed 
ntotmeby scarfing^ is to be strengthened there by the addition of 
mMer^ let the addition be made on the side that becomes convex 
vhen strained. 

l^tAB (Fig. 109, 110.) represent the scarfed beam, and 
CD the piece added fixed to the former by iron straps or 
otherwise^ so as to strengthen it for opposing some transverse 
strain. If the beam project, and a weight be hung on at JS, 
the part CD is in the first case strained so as to exert more 
nearly its utmost force than the weakened beam AB, which 
therefore receives the most aid that it can from the additional 
piece. In the second case, the contrary happens : the weaker 
beam is exposed to the greater strain, and CD does not sup- 
port it advantageously. The case, as before, is reversed if 
these are beams supported at the ends and loaded at the 
middle. 

268. Avoid an unnecessary load occasioned by giving to some 
Parts an useless strength. 

The possibility of this we shall illustrate by a few problems. 

If AB (Fig. 95.) represent a projecting rectangular beam, 
leaded at B^ and if the section AC be strong enough to re- 
sist fracture, the sections EFj GH^ &c must be unnecessarily 
strong ; for the momentum of /» to produce fracture is always 
less in proportion as the lever by which it acts is shorter. If 
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p were jast sufficient to break the beam at ACj it would wA 
be sufficient to break it at EF^ and still lesa at KH* One or 
both of the dimensions of breadth and depth theiiy maj be 
gradually diminished from C towards B. By this process of 
reduction materials may be saved that would otherwise be 
uselessly expended. The beam is even relatively strengthen- 
ed by the reduction. There is a strain on AC from the weight 
of the beam itself, which becomes of course less when every 
section is reduced to the same relative strength. Let AM 
now represent a square beam supported at both ends and 
loaded between them ; a similar reduction may be made with 
safety and advantage. For instance, if the load be unifcvmly 
distributed, the strain will be every where as the rectangle 
under the segments of the length. Now this rectangle (EucL 
ii. 5.) gradually decreases from the middle, where it is a 
maximum, towards each end. The strength of the sectimi 
then should be proportional to this rectangle; to make it 
greater is useless, and even hurtful. 

269. Prob. L To make a beam equally strong throughout 
to resist a transverse strain occasioned by a given weight ap« 
plied at the extremity. 

On each of our hypotheses respecting the cohesive forces, 
/b(P'= p /, and here p is given and also^ as we refer always 
to the same beam whose texture is supposed to be uniform. 
Hence bd^ ^ L Suppose, moreover, that the depth is con- 
stant, then b = l^ and if the sides be vertical planes, the hori- 
zontal sections will be triangles. The beam in short is a tri- 
angular prism or wedge with the base at the wall, the edge 
at DBf and the triangular ends above and below. But if the 
breadth be constant while the depth varies, cP*=: I ; the beam 
may have an indefinite variety of shapes, but if either the 
upper or under surface be a horizontal plane, the other must 
have the curvature of the common parabola. If the sections 
are to have neither breadth nor depth constant, but in a con- 
i^tant ratio to each other, so that b = md; (f is =m(f ^bd^ 
=== /; and the curvature of one of the sides if the other be a 
plane will be that of the cubical parabola. 
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S70i JProi. II. To make a prcgectiDg beam equally strong 
to resist the stress arising from a weight uniformly distribute 
ed over its length* 

Si^»poee the sides to be parallel vertical plains ; the verti- 
ad section in the direction of the length must be a triangle ; 
fiir the weight of uniform covering of equal breadth between 
my given section and the extremi^ must be as the length of 
diat part, and the distance to its centre of gravity is also as 
diat length being always equal to its half. Hence bd^ = bj 
sad as 6 is constant by supposition, dt= fi and d = L 

871* Prob. in* To make a beam of given breadth sup- 
ported at both ends, equally strong throughout to resist the 
stress from a weight uniformly distributed. 
h being given, d^ must be every where as the rectangle un- 
der the segments, (256.) and the depths must be the ordinates 
of an ellipse of which the length of the beam is an axis. 



CfBoqfh. 

272. The simplest form of a roof is that of two equal raf- 
ters ABj AC (Fig. 111.) abutting against each other at A the 
terftex, and resting on the waUs at B and C. If the weight 
of eadi rafter and of the covering which it supports, as lead, 
dates, tiles, &c. be supposed to be uniformly distributed, it 
will press with the half of its weight vertically at B or C, and 
vith the other half at A. Hence the load which may be con- 
ceived to rest on the angle A is the half of that of the whole 
partion of the roof supported by AB and AC^ including the 
weight of the rafters themselves. Complete the rhombus 
ABGCy and let the weight at jif be represented by the dia- 
gonal AG. It may be resolved into longitudinal thrusts A By 
ACj and each wall will be pressed outwards with a force re- 
presented by FB or FC ^^A tang.m / A denoting the load 
St the angle of the same name. The vertical pressure at each 
of the points Bj C, resulting from the pressure at A, that is, 
from the resolution of the longitudinal thrusts of the rafters 
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is AF or \ Af so that altogether the vertical pressure at each 
of these points is A, and the two together =5 the whole weigbt 
of the roof. This, however, supposes the horizontal thrusts 
to be withstood, so that those in the directions of the rafters 
may take eifecl. 

273. This simple form may su£Sce when the rafters at B 
and C are to rest on the ground, and to form a shed merely, 
or when they are to rest on any immoveable obstacles in 
which their ends are so firmly fixed as to prevent them from 
sliding. But they could not safely be made to rest, so secured, 
on the tops of walls, on which they would act with a momen- 
tum proportioned to the height of the walls and to the hori- 
zontal thrust, tending to overset them. In the case of very 
flat roofs, composed as here of abutting rafters, the strain 
would be enormous. This horizontal thrust is in such cases 
counteracted by what is called the tie-beam J7C, which con- 
nects the lower extremities of the rafters, and then the whole 
frame of the roof rests on the walls like a simple joist BC 
being in a state of distension, its place as a tie merely might 
be supplied by a rope, chain, or any thing flexible, if of suf- 
ficient strength, and, as to sense, inextensible. It is, how- 
ever, generally a beam or solid parallelopiped of wood to 
support a floor, and may thus be exposed to a considemble 
transverse as well as longitudinal strain. This is ingeniously 
counteracted by the introduction of what is called a king- 
post AFy acting as a tie, and not resting on BC and support- 
ing A, as the term post seems to indicate. It is dependent 
from A where the rafters are joggled into it, or abut against it 
obliquely as represented in Fig. 112, the upper end being a 
truncated wedge like the key-stone of an arch. An inexten- 
sible chain might perform the oflice of the king-post. This 
addition then, it will be obvious, converts the transverse strain 
on the middle of the tie-beam into a longitudinal stretching 
of the king-post, that of course like any other vertical pres- 
sure at Ay into longitudinal thrusts of the rafters, and these 
again finally into a stretching of the tie-beam in the direction 
of its length which it bears much better than a cross strain. 
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The rafters are also exposed to a transverse strain propor- 
tional to their load, their length, and the cosine of their ele- 
yation. This is counteracted by what are called strutts or 
braces jPZ>, FEy abutting on the king-post at F, as .may be 
represented by Fig. 1 12. inverted. The stress on these beams 
is a thrust, and by their composition they produce a resultant 
stretching AF, and finally the tie-beam, as before. 

274. When there are more rafters than two, they form 
what may be called a polygonal roof. The common appel- 
lation is a kirb-roof. The parts ought evidently to be joined 
together in a state of equilibrium ; for, though it will be an 
unstable one, and will require ties and braces, these will, in 
that case, have nothing to do but to resist an incipient change 
of form ; whereas, if the parts are not in equilibrio at first, 
there will be an unnecessary and often violent strain on these 
subsidiary parts. 

275. If the beams and their loads be uniform in structure 
aod distribution, the vertical pressure at each angle will be 
half the sum of the weights of the two rafters there mutually 
abutting, with their proportional shares of the load of cover- 
ing; and if the loads be otherwise disposed in any given man- 
ner, they may be resolved (31, 34.) into their equivalent 
vertical pressures at the angles. The conditions of equilibri- 
um for the polygonal roof are then the same as for the funi- 
cular polygon loaded with weights, a particular case of Prop. 
X Cor. 3. (72.) We may suppose that polygon loaded with 
weights to be inverted, and the sides to become stiff with 
moveable joints : then if Ay By C, &c. denote the vertical 
pressures at the angles of the same names, and the segments 
of these angles made by the verticals be a, a' ; ft ^S'; y, /, re- 

. , A B C 

spectively = = ?' 

^ cot. a + cot. a cot. iS + cot. |8' cot. 7 + cot. 7 

&c. equations which not only give the ratios of the pressures 

at the different angles as dependent on the positions of the 

rafters, but express the equality of the horizontal thrust at all 

the angles and abutments, (73.) 

27d. Let DACE {Fig. 113.) be a quadrangular roof, in 

which AD and CE are equal, and similarly inclined to the 
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horizon, and AC of any length parallel to it Also let A and 
D denote the weights pressing vertically at the points A^ R 
The horizontal stress on the sapports, or on the tie-beam, 

is here — = A tang. », for GAC is a right angle, and 

COb* W "^ vF 

its cotangent = 0. • 

The vertical stress at D^ arising from ^ is sc horizontal 
stress X cot. n = yl tang, n cot n^ A^ and the whole vertical 
stress at Z> =r -4 + D. 

This roof, in its simplest state, is not secured against acci- 
dental inequality of pressure. Should an undue load be im- 
posed on .^ A, as, by the wind blowing strongly upon it, a 
fall of snow partially drifted, or the like, that angle would be 
depressed, and the equilibrium would cease. This is pre- 
vented by what are called queen-posts, represented by AG and 
OHy which are beams attached at G and H to the tie-beam, 
and, on the joggles of which the oblique rafters abut, as for- 
merly represented in the case of the king-post, while the ho- 
rizontal or truss beam AC is mortised into the (sides of the 
heads next to itself. When the transverse strain on the ob- 
lique rafters is great, it may be opposed by the insertion of 
braces GZ, jBTM, abutting on the lower extremity of the 
queen-posts. A good support to these braces is obtained by 
the insertion of a beam NO, in contact with the upper sur- 
face of the tie-beam, and extending between G and H, sobs 
to prevent their approximation. This piece NO is called a 
straining sill. If the truss beam AC require support to coun- 
teract a transverse strain, it may be given by another strain- 
ing sill PQj extending like a smaller truss-beam below it, on 
which the braces NP, OQ abut at P and Q, while their other 
extremities rest on joggles of the queen-posts at ^and 0. 
With this addition, the straining sill NO becomes less neces- 
sary. 

277. Let DABCE, (Fig. 113.) be a pentagonal roof, hav- 
ing BA = jBC, and AD = CE^ the parts on each side of BK 
being perfectly symmetrical. 

Here GAB is the supplement of w, and cot GAB = —cot. 
m, so that (275.) 
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2 cot. Ill " cot n — cot m 

Hence B cot n-^B cot m = 2 ^ cot m. 

£ cot n:=:{2A+B) cot iti. 

or B tang, in = (2 ^ + ^) tang. n. 

Suppose now that the rafters and their loads are all equal : 

AeaBs: Aj and tang, m = S tang. n. 

In this case, if the span and height proposed be given, the 

loof may be easily constructed. Let half the width DK 

cif the height BK^hy and let x be the length of each rafter. 

Then 

Isl^ X (sin. m -f sin. n) = b. 

Sd, # (cos. m + COS. n) = A. 

., ^ sin.m 3sin.i} 

So, tang, w = 3 tang, w, or ' =: ^ or sin. m cos. « 

cos.m COS. n 

s: S tin. fi cos. m. 

« -r^ , ^ « ft «!"• »* + sin. n 

By £q. 1. and 2. -i- =: ^ = tanir. 4 (»i 4- «.) 

^ ^ A COS. m + cos. It o « V -T- / 

By Eq. 3. ^ sin. (m + n) ^- 1 sin. (m — n) = | sin. (m -f- n) 
— {sio.(iii — It) or sin. (m — n) = |sin. (m + n). 

Ilias in 4- « and in— -it are found ; thence are easily de- 
rived m and n, and, by Eq. 1, or 2, x. 

278. To prevent the equilibrium from being subverted by 
one of the angles -4,C yielding outwards, they must be con- 
nected by a tie-beam AC* The structure then consists of the 
triangular and quadrangular roofs combined. 

Let the weight of the tie-beam = W; B produces at A the 
pressure outwards \ JStang. m, and the vertical pressure \ B, 
To this Tertical force is to be added Aj the pressure resulting 
from AD and AB^ with their loads at the point of the same 
name, and also i FT, so that the whole vertical pressure at A 
is il -f i ( A -f W). Hence the horizontal thrust outwards at 
Z) fa = (^ + i (J5+ JF)) tang. «, (276.) By the reaction 
from D towards A^ a force equal to this is exerted inwards at 
A, and an equal one at C, compressing the tie-beam. This 
eoorteracts the outward thrusts at A and C, arising from B 
and = ii JB tang, m, as before stated, so that the longitudinal 
stniaoCthe tie-beam is k B tang. m—(A + i{B+ fV)) tang.n, 
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and will operate as a distension or compression according as 
the algebraic sum of these terms is positive or negative. 

The vertical pressure at each abutment D and £ is ^ +2) 
+ i (5 + W). (See Vent § 602.) 

279. An equilibrated roof of this or any number of sides, 
may be constructed experimentally by threads with weights 
suspended, so as to give it a polygonal form. To construct 
the last mentioned roof in this way, take a string of any con- 
venient length DABCEf and divide it into four equal parts, 
suspending any equal weights from the three points of diri- 
sion A, J8, Cf and fixing the ends D and E in the same hori- 
zontal line. Then if DK be not to KB in the given ratio of 
b : A, lengthen or shorten the interval DE till these two lines 
be in that ratio. Suppose now the thread, becoming rigid, to 
be inverted, so that the pulls are converted into thrusts, it will 
still be in equilibrio, and will exhibit the proposed roof in 
miniature. The two figures will be similar polygons : there- 
fore, as half the span of the threads to one of the divisions = 
I of the string, or as twice the span of the polygonal string to 
its length, so will 6, half the proposed span of the roof, be to 
a?, one of the sides of the roof; and the angles will be the 
same for the one as for the other. 



Of Wooden Bridges. 

280. The principles that explain the structure of roofs may 
be further illustrated by an examination of the construction 
of wooden bridges of various forms. 

The simplest form of a bridge of this sort is when one or 
two beams or planks, as AB^ (Fig- 114.) are laid from side to 
side of a brook or narrow ravine. But if the length of the 
beam is to be considerable, and more especially if the bridge 
of which it may represent a section, is to be subjected to any 
considerable stress, as by cattle or carriages passing along it, 
there will be a transverse strain to be counteracted. This 
may be done in various ways. If there are any means of firm 
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^Kpovt at a considerable height above A aad B, as at P and I 
dt it may be done by cJiains connecting tliese supports with 1 
the middle point i>. Their connexion with tliis point in par- 1 
licular is to be preferred, because it is there that the beam is I 
exposed to the most violent strain, (255, 257.) ; and if Pand Q J 
are but little elevated above A and B, the chains will he sub- I 
jected to a severe strain from the obtuse angle at which they I 
meet, (265.) AB may also be supported from beneath by 1 
braces meeting at Z>, and abutting on the hanks below A and 
B, if the banks have considerable depth ; but if they have not 
this, the braces will meet at an angle too obtuse, and a. vio I 
lent thrust will be occasioned, which may cripple them, or de- 
range the equilibrium, by the yielding of their abutments. A 1 
more generally convenient way, therefore, will be to employ | 
the frame or truss represented in the figure, and constructed I 
like a common triangular roof. AC and BC are rafters abut- ' 
ting at C, on the joggles of a king-post CD, which, by the 
sagging of AB, will be strained as a tie. It may have a broad 
stirrup at D, to embrace AB, instead of being mortised into 
it, which would weaken the beam. Or the plane of AC, CB, 
which contains also CD, may be a little to one side of the 
parallel vertical plane in which AB lies, and then CD may 
support one end of a transverse horizontal beam, reaching 
from side to side, and supported by a similar framing at the 
other. 

Another form, which requires less elevation of the king- 
post, may be that represented in Fig- 1 15. 

The bridge, when supported in the middle in either of these 
ways, will bear six times the load that it could safely be sub- 
jected to without such aid. Dr. Robison says ten times the 
load ; but I suspect some oversight in his estimate. 

If the load is to be so great that even the halves AD and 
DB cannot safely be exposed to their shares of it, we may 
truss these parts in the same way as, according to the first 
method, the middle is supported; and this will produces 
fbrni not inelegant and more pleasing to the eye than that of 

t' structure. The sketch {Fig. 116.) represents it. 
J 
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Here the addition is that of the rafters AG, DG abutting at 
A and D and supporting H^ the middle oF AD, by a new 
king-post GH, and a similar truss on the other side DKB. 
The abutment of the rafters GD and KD on D produces a 
resultant stretching CD, which protects AB there from any 
transverse strain from this source. 

Another advantageous way of supporting AB is that exhi- 
bited in Fig. 117. The introduction of the straining beam 
DE enables us to give a less oblique position to the braces 
CD, FE, than if they were to meet. If more support is want- 
ed, it may be given by an addition of two other braces, with 
a shorter straining beam immediately below DE. 

For a river, piers may be erected at convenient intervals, 
and the construction now described, or some of the former, 
repeated from pier to pier ; and for a wide ravine or river, a 
number of firmly built trapezoidal frames of carpentry may be 
made to support each other by mutual abutment, like the 
stones of an arch. Bold and elegant ETtructnres of this kind 
have been sometimes made of iron. 



Of Arches, 

281. An arch is composed of truncated wedges, as BFFBj 
BFGC, &c. (Fig. 118.) which, considered as composed each 
of a transverse course of stones extending from side to side, 
are named voussoirs. The uppermost, or that at the crown 
of the arch BFF'B\ is called the key-stone, and the surfaces 
BF, CO, &c. where the voussoirs meet, are called the joints^ 
These wedges, though they were perfectly smooth, might be 
made to preserve, by their mutual pressure, a state of equili- 
brium, each endeavouring to insinuate itself between the ad- 
joining two. Their weights acting in vertical lines through 
the centres of gravity, may be resolved into forces perpendi- 
cular to the sides, and the perpendicular forces meeting at 
the joints must be equal. The ratio of the weight of any part 
of the arch, then, to the pressures which it occasions, at the 
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s forming its terminations, may be found by the follow 
simple geometrical construction. 

282. Let OA be a vertical line bisecting the parallel sidefl | 
of the end of the key-stone ; from any point in that Una 
draw Ob,0cyOd, he. parallel to the joints BF, CG, Dff, 
&c. and meeting a. horizontal line NN' in f>,c,d, 8ic. Then 
will the triangles Oab, Obc, Ocd, &c. have their sides per-* 
pendicular to the directions of the balanced forces, and repre- i 
sent them in magnitude, (20.) We may, for the greater sim* | 
plicity of investigation, suppose the key-stone bisected by A I 
vertical joint AA', a will then represent the horizoiitd 
thrust at A A', and which is common to ail the joints, ab the J 
weight of AA'FB, half the key-stone, and O b the pressure | 
perpendicular to BF. In like manner, be, Ob, and Oc wiU 
represent the weight of the voHSSoir BCGF, and the pres- 
sures on the joints BF onA CG arising i'rom its weight, and 
idiat on the same scale as before, tjecanse the two jiressnret 
of which 06 is made the representative are equal, as a con» 
ditiou of equilibrium. It is plain that, with respect to th^ I 
weight and the pressures on the terminal joints, we may con- 
sider any part of the arch, for instance the half, AEKA' as a 
single wedge ; and, in this case a e represents the weigiil, a 
the horizontal thrust at either extremity, and Oe the perpflti- 
dicular pressure on the abutment LM, the knowledge cf 
which is necessary to the secure construction of the pier. 
These qualities are more accurately determined in practice 
by an easy trigonometrical calculation founded on this coD- 
slruction. Let 3 be the angle of the key-stone, or the incli* ■ 
nation of the sides BF, BF, and let w be the weight of its 
^^fABFA's then 

^^BTang. i /3 : rad. ~ w : horizontal thrust, which call A, and ] 
^^^k the angle which any joint makes with tlie vertical be calleH 
^V^-the weight of the arch from the crown to that joint will \)a j 
=. A tang, i, and the pressure perpendicular to the joints ( 

r 383. In the theory of equilibration, it is usual to conceive 
< of truncated wedges as indefinitely tliin, so that 
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MM XUMSHTS Off TBBOBSIKUL MKaunOk 

oennife nnmber of sidesi may he t^gu^m < av ttocvob Tlut 
which bounds die lower eHriiaSlianrim («riUiblliiklM«|At^ 
•ml thfi.optef one:ili)e jBcCradUl. : lliift-^kCftoiAkmi^lttti* 
$^ giiMIt tlM»-piqMMea intwidoMiM* Hw ftKfB»M(p( irtfwb^ 
arch is to be' Aibjectedy'iii qnafiti^ fiid Anctioi^ t6 flod ditf 
extrados. ■•'•'•' ' ; 

884. Hie tobMdn btvdg tolipoMa torWdl VlMrjiMiil' i^^ 
Mune wwtarieK tMr weights will be ak 1itiibt:'4nl0ii''mli^^ 
that i4» sbeb ihej ere prisms of the saitti^lcii^|(a^ iir llie iiesi 
«r their cAds. Let ^^ and FMXt\g,ri9:!fm'i)lit^6/lAiXiik 
wtMdos aiid'iiitiBdo% W GAEI> an:1lMMid^ViiyBiimb 
Whose side^ aim Sa « horisoQtBl U«^'?ira^iii)itt(M ttr^'^i^ 
itim b$: the pciiit a- Xet^JK^^^Ii 1ttd':«(i6' 
J^QC^dt, Alib» M 05 s J^ Off bpJ«/QH»^vli'ffeSi «it«« 
^<tiie.t«a kttw ftir tbto eMfm «f ib^VrdkiiM^fl^ittfl A^f^ 
•peetiTeiy. :Tli6iN^btbd|«^4»«lt;ftel>C7.^itD^ 

hg (88S.) it is 'obvious thfit tbd «!%bt dfMtts iClAiiteitlittir 

Toussoir is == d tang. 6 == — ^, wheni».. (r 4. »)V- *^."f 

1 c* 

— and = JJ-, c* being a constant quantity to be af- 

- COS* 9 CSOoa w 

terwards determined. We have therefore 

/P = (r + r)* = — + r«. 



V COS,' 



7 + ''' 



and tJ = -B — r. 

At the crown of the arch ^ = and coiit.t ^ = 1^ therefore £* 
--(/ + *)«— /«--A« + 2*/. 

285. As an easy example of the application of onr formula 
let the intradois be a horizontal straight line as MN, (Ilg* 
120.) the lines representing the joints converging to some 
point as O below it. 
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h^JDzukj ODzzk OE = r,BndOB=R. Thenc* = 
ie+2klj co8.*4 = — , and 



OTi:l + k = r: R, 
' '■ and the locus of the point B is evidently the straight line 
AM' parallel to MN. 

To enter into the more complex calculations necessary 
when the intrados is a cnrre line, would be irksome to the 
greater number of students in a first course, and would ex- 
haust much time that might be, in such circumstances, more 
advantageously employed. In addition to what is contained 
in the treatises recommended in the Preface, those who wish 
to prosecute &rther the doctrine of Arches, and to extend the 
dementary views that have been given respecting some of the 
preceding topics, will consult with advantage the article 
^Bridge," with the additions to the former article ^ Cak^ 
FEMTRT,'' by Dr. T. Young, in the last StippiemetU w th#r /:»- 
cydopmHa BrUamueOf \6L IL 
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tlieir upper and lower extremities, forming pc 
clefinite number of sides, may be regarded a: 
which bounds the lower extremities is cal 
and the outer one the Extrados. The chief' 
ing given the proposed intrados, and the 1^ 
arch is to be subjected, in quantity and iV 
extrados. 

284. The voussoirs being supposed t.. 
same materials, their weights will be ;: 
that is, since they are prisms of the 
of their ends. Let AN and FM {V\._ 
extrados and intrados, and CBEJ) 
whose sides meet in a horizontal li' 
tion by the point O. Let -^ BO.: 
BOC = rftf. Also, let OB = 7^ ' 
of the two latter for the crown 
spectively. The weight being ' 
— OED^^iOB'dd — ^OK'/ 
by (282.) it is obvious thai 

voussoir is = d. tang. 'y 
and = ttj <^'' ^^ 



cos.*^ COS.'O 

terwards determined. V, r 



r- 



At the crow:, 

= {l + /<y-r 

285. As lit, '■. 
let the iiilradi'. 
120.) lli(- iMii .^ 
point it- () i,» ■. 
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DYNAMICS. 

S86. Thb name of this science is derived from the Greek 
word signifying^^^rce ; but» forces being known to us only as 
characterised by the motions which suggest them, our real 
object in the prosecution of it is the discovery and classifica- 
tion of the phenomena of sensible motion. The phenomena 
of nature, even when considered merely as phenomena of mo- 
tion, are, in their complex state, distinct and varied, to an ex- 
tent that no language could express and no memory retain ; 
but, when they have been successfully analysed, such resem- 
blances are detected among the principles, or least complex 
assemblages, that they can be arranged under a few general 
heads; and, as resemblances detected amidst variety, espe- 
cially when extensively prevalent, are naturally, and even ne- 
cessarily, ascribed to some presiding influence, and considered 
as the result of regulation, the generalized expressions of what 
observation and experiment have discovered in the composi- 
ticHJ and consecutive order of past events, considered as indi- 
cations of superintending intelligence, and declarations of 
what is yet to be, are, in the language of Philosophy, deno- 
aninated Laws of Nature. Those that fall to be, particularly 
eoBsideved in this branch of mechanical philosophy, are the 
lava of Motion. . 
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287. The most general of these, as laid down hy Sir TsaaC | 
Newton in his Principia, are three: 

1, " Every body continues, when at rest, in a state of rest, 
and, when in motion, in a. btate of uniform and rectilinear mo- 
tion) unless it be affected by some force impressed." 

8. " Change of motion Is always proportional to the mo- 
tive force impressed, and is made in the direction of that 
force." 

3. " There is always a reaction equal and contrary to ac- 
tion ; or the actions of bodies are mutual, equal, and oppo- 
site," 

288. Though these laws are few and simple, they are of 
most extensive application, reaching from the phenomena 
that we regard as the most familiar, to that sublime elevation 
of science from which the disciple of Newton contemplates 
with admiration, in the order of mechanical connection and 
harmonious dependence, the magnificent machinery of the 
solar system. It is of the highest importance then that we 
should carefully study them, and endeavour to acquire a clear 
and accurate conception of their import. 

28S). Esjtlojiation of the first. — If two bodies be loosely con- 
nected, and so situated that the one supports the other; and 
if, by a sudden impulse, the supporting body be put in mo- 
tion, the other will be left behind ; and if, on the other hand* 
they be botii in motion with a common velocity, and the un- 
dermost be suddenly stopped, the uppermoiit will go on in 
the same direction in which it previously moved. Thus, if a 
vessel of water be suspended by a rope, and we strike it to- 
wards the one side, the fluid, from its slight connection witb 
the vessel, will tend to remain in its place, and will be spilled 
over that side on which the blow was struck ; and if, while 
the whole is iu motion, the vessel be suddenly stopped, it wdt 
be spilled over the side towards which the motion is directed. 
Thus also, when a person stands upright in a boat which is 
suddenly pushed off from the shore, he feels a tendency to 
fall over the stern, and he falls towards the prow when the 
boat in motion with considerable velocity strikes miexpected- 
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lyagaibst a bank. An iostaiice of the operation of this law 
is cxJiibited whenever one body is dt^tached from another 
while ill motion. The detached body is always projected 
with the velocity that was common to the two at the instant 
of separation, A tall is almost unnvoiduble in springing to 
the ground from a carriage, when dragged by horses at full 
speed. The danger arises from ihe tendency of the rest of 
the body to continue the motion when the feet are slopped by 
the ground, and would be much less could a person in such 
circumstances alight on a sheet of smooth ice of some extent. 
The whole body would then continue ui motion, and would be 
graduallif brought to rest, by the want of perfect smoothness 
in the surface with which it was in contact. If a person stand- 
ing on a ship's deck, throw a ball vertically upwards into the 
air, and keep his hand in the same relative position, the ball 
will fall back into the hand, whether the ship be at rest or in 
motion, provided that in the ktter case her motion be uni- 
form and rectilinear. It is owing to this same law that we 
can th row a stone from the hand, or discharge it from a sling. 
We hold the stone fast, moving the hand briskly, till we have 
communicated to it and to the stone together a certain com- 
mon velocity ; we then stop the hand, and the stone continues 
its motion in the direction of a tangent to the curve which it 
WHS describing at the instant of separation ; and we can never 
in this way give to the stone a greater velocity than we can 
give to that part of the hand in which it is held. But we can 
communicate a much greater velocity, by means of a sling. 
When, by continued pressurCj we have brought the hand, and 
the part of the sling which is held by it, into a state of as ra- 
pid motion as possible, the stone in the loop at the farther 
extremity musit have a motion still more rapid, as describing 
a curve at the extremity of a greater radius; and this motion, 
be what it may, will always be that of the stone in the first 
moment of separation, when the string breaks or we let gO 
one of its extremities. 

290. These familiar phenomena plainly indicate a tendency 
in bodies to continue in thidir present state, whether it be of 
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motion or of rest, tlie property which we term the 
matter. 

S91. The propositioD under our consideration, howevei^ 
expresses more than the familiar and ordinary observation of 
such phenomena is sufficient to prove. It is indeed very dit 
ficuU to prove it, in ail its generality, to one's entire satisfao- 
tion, in the first stages of his progress in this study. There 
is perhaps no moving body whose state as such is not affect- 
ed by circumstances involving the consideration of all the 
three laws of motion. Bodies have a mutual influence OB 
each others mechanical condition, and there is no sucli thing 
as permanency of motion in both direction and velocity, f<» 
any sensible time, nctuaily observed. How Is it then that to 
are led to the conception and belief of this first law ? It will 
not do, as it should seem, to say, with a late highly respect- 
able author, that by the constitution of our nature we are 
taught to consider every deviation from uniform rectilinear 
motion as indicating the agency and measuring the IntensiQr 
of a changing force. This would be merely a conveutiooal 
law of philosophical nomenclature, to be observed in a sort 
of hypothetical delineation of phenomena. It would not ex- 
press the fact or contingent truth that matter is inert, and 
that every change in the condition of a body with respect to 
motion has a reference to something extrinsic, and would cease 
were every other portion of matter annihilated. To this latter 
statement, however, as the basis of something more than the 
mere demonstration of relations between certain conventional 
terms, we are led by a cftreful and refined comparison of ph^ 



292. In tbe_first place, we observe a given motion to be 
more retarded in certain circumstances than in others. This 
suggests to us the idea oi obstacles to motion, which being in 
a still greater degree removed, the velocity would approach 
nearer to permanency and uniformity. Thus if we attempt 
to make a body slide along the ground, we scarcely succeed ; 
but if we project it along a smoother surface as that of a sheet 
pf ice covered slightly with snow, the motion wiil continue 
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Av«<aBnsidernble time. This suggests to u» the probabilitj 1 
tliat if the surface were made smoother still, as by sweeping I 
swtty the snow, the diminution of rate would be less, wliich I 
DD trial is found to bo the case. la prosecuting such experi* I 
ments through various stages of less and more perfect artifi- 
cial preparation, it would occur to us ns probable that, if we I 
could mnke the surface perfectly smooth and remove entirely 
the resistance of the air, which is found to be another obstaclei 
tbe rate of motion would suffer no change. This conditiooi 
bowerer, we cannot experimentally fulfil. One of the nearest 
practicable approaches to its virtual fulfilment would be to 
drop a perfectly spherical ball from a balloon, which has beea 
for some time in free motion, and to observe whether it strike) 
the ground exactly under iL So a motion of rotation com* 
rounlcated to a wheel and axle, continues for a very short 
time, without some extrinsic maintaining power, if iiie axle 
or its supports be rough ; longer, if they be smooth ; longer 
Hill, if we give the wheel a mechanical advantage against the 
fricdon, by supporting it on friction wheels ; and longest of 
ih, if we remove as far as possible the resistance of the air, 
by communicating motion to an axle, thus circumstanced, ia 
the e^fliauijted receiver of an airpump. But as we cannot do 
more than dimiuisA the friciiun and rarefy the resisting me- 
ilioiD in which the ntotiun must take place, it is always de- 
cayed sooner or later, and the extent of our legitimate in» - 
farence and conviction is that the law is probable. 
-itSa. Secondly, Although there is never presented to our ol>* ' 
NtTation a motion that we are assured is either perfectly rec- 
tilineH' or perfectly uniform, we have in all the celestial mo- 
AonB instances of permanency, and in these as well as in cases 
Vth which we are more famihar, we discover, though not 
BHmedtately, yet indirectly and by analysis, the tendency 
bntll to uniformity of rate and sameness of direction. The 
pliuietary motions of rotation are strictly constant. In the 
{Mil of the moon's revolution round the earth, we perceive a 
GMutaat deflection towards the earth's centre. If, abstract* 
»>g the consideration of some minute inequalities, we analyse 
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this curvilinear motion, we shall distinguish in it two 
dencies, the one directed towards the centre of the earth, and 
the other in the direction of the tangent to the lunar orbilj 
the former vavying according to a determinate law : in other 
words, a tendency regulated by this precise law combined 
with one, the effect of whicli separately would be an uiiiforiii 
and rectilinear motion in the direction of the tangent at Bay 
given point, will, if we disregard some minuter and less psr» 
ceptible tendencies towards other bodies of the system, se* 
count for or completely represent the moon's actual mo^ 
round the earth at every other point of her path. Were ifaf 
moon's independent motion not uniform and rectilinear, but 
having some unknown tendency to curvature, withoat re- 
spect to the position of our planet, we should in the proccu 
of analysis above mentioned estimate the amount of the ei» 
tral deflections by reference to a wrong standard, and tbtU 
in reality taking them at random, we should scarcely Gad 
them to be comprehended under any precise rule, and shauld 
as soon expect to draw the numbers from a lottery wheel in 
the order of some determinate progression. In the saine 
manner, we find all the motions of inanimate matter that bave 
yet been analysed to be such as may be synthetically TeptO' 
duced by the combination of a certain number, one of wbioll 
is always in its tendency uniform and rectilinear, while tbc 
rest are severally referable to the positions of same Qthci 
body or bodies, and regulated by determinate laws, Wbea 
our minds shall by habit be more familiarized to physical 
analysis, and inductive (;^ference, we shall be in a conditioii 
to pronounce as a legitimate result that the law is certain. 

294. ExplarKUion of the second. — A change of motion tat 
given body may refer either to the velocity, or to the din^ 
tion, or to both together. If a body be so situated that wbei 
free to move it acquires the velocity r, in a certain directioi>i 
in the time f, and if the experiment be lepeated, with this 
and this onlff variation of circumstance, that the body is pn- 
jected in the direction of the previous motion, or in its oppo- 
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site, there will be produced in the one case an acceleration, 
in the other a retardation of the projectile motion to the 
amount of the velocity formerly generated from rest In an 
equal time, and this independent of the particular value of 
the initial or projectile velocity itself. The velocity generat- 
ed from rest, the acceleration, or the retardation indifferent- 
ly, may be assumed as indicating the agency and measuring 
the intensity of the force ; but one instance of the change, sup- 
posing that such could with perfect accuracy be observed, is 
sufficient for this purpose ; and what the second law of mo- 
tion, as here applied, declares, is the fact above stated, that 
the change In question is altogether independent of the par- 
ticular velocity of the given body which it modifies. To say 
that the change of velocity Is as the force, is the same thing 
in eflfect as to say that the change produced in the unit of 
time is the same with that other change which was assumed 
its the meaxure of the force. But before we can understand 
fully the application of this second taw, we must understand 
what is called the composition of motion, and what is meant, 
in the cases where that consideration is involved, by change 
of motion. 

295. Let a straight line AG (Fig. 121.) move always pa- 
rallel to one given in position, so that its extremity A shall 
describe the line AC uniformly in a certain time T ,- and in 
that same time let a point describe uniformly the line JG ; 
this point partaking of both motions shall describe uniformly 
the diagonal JK, 

In the time t, let the line JG have reached the position 
Bff, and let the point which describes AG have passed over 
AD i complete the parallelogram ABED, and at the end of 
the time t the point will be at E ; for BE represents AD In 
its new position. 

iiow AC : AB = T : t = AG : AD, 

alt. AC: AG = AB: AD, 

so that the parallelograms A^, AE are similar and similarly 

situated, having also a common angle, and therefore are 

about the same diameter, (Eucl. vi, 26.) that is, the point E 
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is always fonnd in the diagonal AK. Its motion is, moreover^ ' 
unilbmi when the constituent motions are uniform ; 

for^A": AE = ACiAB=T:t, 
or (he !ipsce described i.s always as the time^ and equal space* 
are described in any equal times. < 

S96. When the change upon a motion is, as far as ouv I 
senses can dtstinguish, abrupt and instantaneous, its measuni 
is always nnderfitood to be that motion which, entering ad 
now described into composition with the former motion, pro^ 
duces the new one; that is to say, when tha motion AC \t 
changed into AK, the change of motion is AG; and on tb« 
authority of that law which we are now explaining, we may 
add that the changing force is that which would produce t^^ 
motion AG upon a body previously at rest. This is not a 
necessary or intuitive truth, or a law of human thought. It 
is perfectly conceivable, and involves no intuitive absurdity 
to say, that the same relative situation which would product 
the motion AG upon a body previously at rest may not change 
the motion AC into the motion AK, that is, may not prodocfe 
upon a body already moving with any given velocity a change 
of motion in the sense above explained, the same with that 
which it produces upon any other given motion of the same 



body, or with the entin 



which it produces upon that 



or an equal body at rest. It is matter of observation, how- 
ever, that it does this, and we affirm it as a physical law, on 
the authority of universal experience. 

297. Hence there is a composition and resolution of mo- 
tion and of moving forces analogous to the eonij>ositioii and 
resoiution of pressures tbrmerly considered. 

298. From this a train of corollaries may be deduced si- 
milar to those of Prop. I. Statics, and among them this im- 
portant one already anticipated, (304.) " if K be the velocity 
of a body moving in any direction, its velocity estimated in 

' other direction, making an angle 6 with the former, will 
Fcos.*." 

It may be convenient to introduce here ibe foHow'ffl^ 
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propositicm also as a corollary to the doctrine of the composi- 
tion of motion. 

If ^ and A (^^S* 1S2*) he two bodies of which one at least, 
if, is in motion, a spectator in ^, insensible of his own change 
of place, will ascribe to ^ a relative motion compounded of 
the real motion of that body, if any, and one parallel, equal 
and opposite to that of A, 

Selecting for illustration and proof the more complex case, 
let us suppose that A and B are both in motion, the former 
describing ^C and the latter BD, uniformly, in the same time; 
join CDj and complete the parallelogram ACDE ; the spec- 
tator at C will view £ as at Z> ; but, supposing hhnself to be 
it^, he will refer it to the point E^ for the distances AE and 
CD are equal, and these lines will appear directed to the same 
point at such a distance that AE would subtend at it no sensible 
angle. By taking any two intermediate cotemporary positions, 
it is easily shewn that B appears to describe the line BE^ and 
that uniformly. But the motion BE is compounded of the 
motions BD and DEy of which the latter is equal and parallel 
XqAC. 

In like manner, a spectator in B, when at Z), and observing 
J at C, will, if insensible of his own change of place, refer the 
position of that body to F, BF being equal and parallel to 
DC ; and he will ascribe to A the relative motion AF^ com- 
pounded of AC and 0*"^ of which the latter is parallel, equal 
and opposite to his own motion BD. 

300. It is obvious, too, that BE and AF are equal and pa- 
rallel, or that the apparent relative motions are parallel, equal 
and opposite, whatever the real motions may be. 

801. In many cases, some of them very important ones, it 
is difficult to distinguish between real motions and such as are 
only apparent ; this, however, must be accomplished before 
We can consider our analysis of such motions as complete, and 
assign to the constituent motions their proper places in our 
classification of phenomena, or indicate the forces concerned 
in the production of the changes contemplated. In its ac- 
complishment we are aided by an enlarged acquaintance with 
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the establtslied analo^es of nature, by the knowledge of ^ 
isling motive forces, aiicl by tlie observation of concomitaitt i 
circumstances known to be the appropriate accoinpaiunieots 
and characteristics of real motion, as distinct from that which 
is merely apparent. 

a03. The change of motion which is stated to be proppr- 
tionaL to the motive force impressed, may, when our attentkfa 
is.conBned to the same body, and when there is no alteration 
of direction, be considered as merely an increment or decre- 
ment of velocity ; but, in its most unrestricted sense, it is un- 
derstood, with reference to what is called quantity of motion, 
as measured by the velocity and the mass jointly. Mere a 
question occurs, which it requires some reflection to answer 
with satisfactory precision, What is meant by mass, or quan- 
tity of matter, and how are we to ascertain the ratio of one 
loass to another? What, in short, are we to adopt 9fi the 
measure of quantity of matter? 

303. Those masses of matter are considered as equal^ which 
the same force, the weight of the same body for instance^ ac- 
celerates to the same degree in a given time; or those may 
be considered as equal, which, in like circumstances, produce 
equal accelerations in the same body. Two aggregates of 
the former description, we may state, as possessing equal in- 
ertia j two of the latter as having equal motive granntaium i 
and, as those which have equal morive gravitation in the 
same region of the earth, are uniformly found to balance each 
other in like circumstances, we may stale them as possessing' 
equal weight. If, by the method first mentioned, we deter- 
mine a number of units of equal inertia, we shall find their* 
equality to be established by the other tests also ; and, the 
correspondence being once strictly ascertained, and no ex-~ 
caption discovered, we adopt weight as the most convenientt 
measure in all experimental researches, it being of easiesC 
determination, while in the case of those distant bodies wl]icl> 
are to us subjects of observation merely, and beyond th^ 
reach of our ordinary tests, we assume as the indication »' 
equality of mass the equality of absolute attractive power, o* 
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of Boodentloii produced in a particle situated at a given dis- 
tance. 

SM. In many of our future researches, it is necessary to 
consider mass and weight not absolutely, but in relation to 
▼olume. The mass of the unit of volume is called the denr- 
jfi^of a body, and the weight of the same, its specific gnxoity. 
Hence, if Q be the whole quantity of matter in any body, W 
its weight, D its density, G its specific gravity, and V its vo- 
lame, 

w w 

also Q == fT 

and2>== G. 
S8$. It is received as a result of observation and experi- 
ment, and meant by Newton to be included in the second law 
of motion, that the quantity of motion produced in a given 
time by any unbalanced pressure, is proportional to that pres- 
sure, and is the same, the pressure being given, whatever be 
the quantity of matter on which it is exerted. If we deter- 
mme the equality of inertia, or of mass, by the equality of ac- 
celeration produced by the same weight, and then state it as 
a law that the same weight produces, in the same mass, the 
same acceleration, we may seem, so far as this extends, to be 
stating a merely tautological proposition. On reflection, how- 
erer, we perceive, even in this restricted application of the 
law, an important generalization. The equality of mass is 
supposed to be determined by the equality of the change of 
Telocity produced by some determinate force, upon a body 
ha^g previously a determinate mechanical condition, and in 
a determinate time, while the proposition refers to any con- 
stant force, any previous state with respect to motion, and 
any given time. The law itself, in its most unrestricted sense, 
ss applied to the production or extinction of motion by pres- 
sure, affirms that, if a number of units of equal mass be as- 
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cei^tained) as above described, and any the same fojrce em*' 
ployed to generate motion, the force that, acting for a gireil 
time^ would generate, in the unit of mass, the velocity, or 
chtoge of velocity r, will, in a mass compounded of two such 
miits, produce the velocity or change of velocity ^i;^- in a 
tiutas composed of three, ^v ; and, universally, in a mass 



=== — units, a velocity or change of velocity = — t? ,- th« 

H "^^ fit 



change being always the same whatever be the previous con- 
dition upon which it is superinduced, provided always that 
the body be free, or that the resistance to the change arise 
from its inertia merely. 

When of the motions entering into composition two are 
in different directions, and one of them variable while the 
other is uniform, or both are variable but according to' dif* 
ferent laws, the resultant of the two is a curvilinear motion. 
In all such cases, indeed in all cases whatever in which this 
law is to be applied, the place of the body at the end of any 
assigned time may be found by supposing it to obey, for an 
equal time, and in any order, each of the forces impressed, 
successively. 

306. Explanation of the third. — When the mechanical con- 
dition of one body is altered by the influence of another, it is 
always observed that the influence is mutual. If A commu- 
nicates a velocity or change of velocity to B, and both bodies 
are unconstrained, there is always a velocity or change of ve- 
locity communicated to A. These changes are seldom equal. 
The action and reaction which, in the enunciation of the law, 
are stated as equal, are measured not by velocity merely, but 
by quantity of motion as above defined, (302.) The quantity 
of motion lost or gained by A is always equal to that gained 
or lost respectively by B ; so that the whole quantity of mo* 
tion belonging to the two bodies together, estimated in any 
given direction, remains unaffected by their mutual attrac- 
tion, repulsion, or collision. This law serves, as is observed 
by Maclaurin, to render the first law more general, and to 
extend it to any number of bodies ; for as by the first law a 
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dy perseveres in its state orrest, or of unirorm rectilinear 
motion, till some external influence aifect it; so it foUowa I 
from this law that " the sum of the motions of any number of 1 
bodies, estimated in a given direction, perseveres the same in 
their mutual actions and collisions, till some external inilii- 
ence disturb them." 

307. Having thus stated and illustrated the most general | 
phenomena of motion, we proceed to describe the subordinate 1 
resemblances that characterise its different species, so fat 
thej can with propriety be considered in an elementary 
course. Tliese resemblances, consisting in certain relations 
of quantities contemplated as measurable, may be demoustrar 
lively deduced from the general laws as exhibited in combi^ 
nation, or in various circumstances of assigued specific modi- 
fication ; and, when so deduced, and tabulated, will present I 
convenient means of reference in the classification of natural [ 
phenomena under the various denominations of force. 



^V Of Unifbrm Motion. 

^^ SOS. A motion is said to be uniform when equal spaces ar$ j 
described by the moving body in any equal parts of the time ] 
during which h continues. It has place whenever a body in 
motion is afiected by no unbalanced force; but in relation to ! 
us it Is, like the subject of a definition in pure geometry, rar J 
tber a conception of the mind, or ideal standard of reference, j 
than a reality, the existence of which we can in any case with j 
certainty recognise. 

S09. We adopt as the measure of veiocUjf in uniform m<v 1 
tion the space described in that portion of time which is takes 1 
as the unit, generally one second. 

310. With regard to the term Jbrce, we may observe thsf.l 
it is not unfrequent in philosophical discussion to adopt the I 
phraseology of common language, but generally in a restricji- \ 
ed or more definite sense. In common language, for i 
stance, we speak of greater force being required to put in mo*- 
lion two ]>ouuds of matter tlian to put in motion one, with the 
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same velocity ; and we say that it requires more 
velocity 10 feet per second, than to give the velocity 9, when 
the mass is the same. But we say this rather laxly per- 
haps, and without any very distinct reference to a mensure of 
force, la reference to our own efforts, we may mean what 
appears to us a greater exertion continued for the same time, 
or an equal or even less exertion continued for » longer time ; 
and we cannot pronounce with certainty that the exertions 
are in the one case as 2 : 1, or in the other as 10 : 9. In 
physical investigations, whenever the magnitude of a motive 
force is concerned, we adopt, after Newton, as its definite 
measure, tkt quantih/ of motion produced or expended in a given 
time. 

Men of science have occasionally used the term force with 
a laxity of signification very remote from the analytic preci- 
sion which distinguishes the philosophy of Newton, and in 
the language of the Leibnitzian school, it is employed with all 
the latitude of tlie word cause, or its correlative, effect. 
Force, they affirm, is to be measured by its effect. Now, re- 
ferring to a ixidy moving with a given velocity, as a standard) 
and considering that the same, with a double velocity, wUl 
rise in (^position to gravity four times as high, will pene- 
trate a given substance of uniform texture to a quadruple 
depth, or will, by a certain arrangement, bend four times as 
many spriugs of equal strength to the same degree, and view- 
ing these as effects, they state this body as possessing a quatl- 
rupte force. Here no account is taken of the time that elapses 
in the accomplishment of the effect, as is done in the Carte- 
sian measure adopted by Newton and his followers. It may 
be very proper to have a term to designate the whole of what 
is accomplished, without reference to time, in a particular de- 
partment of mechanical agency, by the expenditure of a given 
motion or mechanical power, whether it be simply space de- 
scribed or worlc performed. But we are always apt to be 
misled in our reasonings by the misty and ill-defined lan- 
guage that deals in terms of uncertain comprehension, and in 
the analysis of mechanical action, that of a stream of water 
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of giy^en dimensions and velocity, for instance, we must have 
a tenn to denote the quantity of motion produced or expend* 
ed in a given time, whether that is to be traced in its sawing 
effect, its grinding effect, its corn-thrashing, or its cotton- 
spinning effect. 

In cases of impact, where the production of motion seems 
to depend on a repulsive force o^unknown but variable inten- 
sity, according to the specific nature of the bodies concerned 
and the successive degrees of approximation, we seldom con- 
sider the progressive generation and extinction of motion, and 
we treat it as if it were, what it is to sense, instantaneous. 
Our measure of motive force impressed is, in this case, the 
quantity of motion expended ; and, on the authority of the 
third law of motion, we may state an absolute equation be- 
tween this measure of force, and that of the motion which it 
produces. But, if in speaking of the force the reference be 
to any pressure by which a certain velocity, now continued 
uniformly, has been produced, we can only state a propor- 
tional equation between such force and the riesulting quantity 
of motion. 

311. Let V denote the velocity of an uniform motion. 
S the space described. 

7 the time of the motion's continuance. 

Q the quantity of matter moved. 

F the motive force. 

And the relations of all the quantities concerned may be ex- 
pressed as in the following table : 



5 = 


rT=i 


FT 


r= 


s 

T - 


F 
Q' 
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S 

r - 
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F = 
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QS 
T' 
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V- 
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s 
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The space described in tlie unit of time multiplied by the 
number of these units 7* must be the whole spaice; whence 
iS = I'^T: and F being = QF, as above expluiuei], the re- 
maining equations are obviously deducible from these by di- 
vision and substitution, 

31S. The same are often stated as proportional equations, 
as i5 == VT, &c. and translated thus, " the apace is as the 
velocity and the time jointly;" or " the spaces are in the 
ratio which is compounded of the ratios of the velocities and 
of the times ;" S : a= VT: v t being, at full length, tlie ex- 
pression of an analogy for which S == VT is a convenient ab- 
breviation. 

313, Cor. If S = r, -j7 is constant, ••• T'ls constant; that 

is, if, in the comparison of any two uniform motions, the spacei 
described be as the velocities, the times of the description are 
equal. 



Ofuni/brmli/ varied Motion, or Motion depending o?i (Ae Agency 
of a Constant Force. 

311. A motion uniformly varied is one that receives equal 
increments or equal decrements of velocity in any equal times 
during its conliouance ; and the rate of the variation, that is, 
the velocity produced or destroyed in a given time, common- 
ly taken one second, is assumed as the measure of what we 
are to call accelerating and retarding force. Let this be de- 
noted by ip ; and, in a case of acceleration, let Fhe the final 
velocity acquired in the number of seconds T: then ^^ 

1. y=fT, ^ 

or the final velocity is equal to the velocity acquired in J^B 
second multiplied by the number of seconds employed in its 
acquisition. 

316. If V denote initial velocity, and p retarding force, t he 
same equation still holds, jT being the time of ^"s extinctaul 
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316. 2. s = J rr, 

or the space described during the acquisition or extinction of 
any velocity by a constant force, or by an uniform variatioQi 
of the motion, is the half of that which would be described in 
the same time with the final or initial velocity, respectively, 
continued uniform. 

In {he demonstration of this property of uniformly varied 
motion, it will be best to confine our attention at first to one 
of die two cases, suppose that of acceleration. Let the whole 
time of the motion then be considered as divided into a cer- 
tain number of equal parts, for instance seconds, and let s be 
the increment of velocity received in the course of each se- 
cond. If we suppose this increment to be received at the be- 
ginning of each second, the spaces so described will be all 
ffreaier than those which are described in the corresponding 
times with an equable and continuous acceleration; and if we 
suppose them to be all received at the end of each second, the 
spaces so described will be all less than the true. If the num- 
ber of seconds in the whole time be t, the final velocity will, 
on each supposition, be ts, and the space which would be uni- 
formly described in the same time with this velocity will be 
Ps, If iS be the space described from rest by .the continuous 
acceleration, we shall, therefore, have 

Site's ^s + 2s+Ss +ts:t''Sj 

but::;=-0+ s +2s [-{t—l)s:t% 

or S:t^s^{t+1)^ : ^«^,but^(^— 1) ^ • ^% 

or by reduction, 

Sit^s^l +'-:2hut z^p- 1 : 2. 

Now, as the change of velocity is equable and continuous, we 
niay apply the same process of reasoning, however small, and, 
consequently, however numerous be the equal times into 
which the whole time is subdivided : and as t the number of 

the moments indefinitely increases, — approaches to as its 
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U. lb 



may be said to be twice that of gravity. In general, 
9= mg^ then our equations in (314, 316, 317.) may stand 

1. v^mgt^ 

2. s=ivt9 

3. sszitngfj 

4. «= . 

2mg 

the force is to be determined and as a multiple of graTi^, 
i!) the quantity sought. 

326. Before proceeding farther in the science of motion, 
shall exhibit an illustration and proof of the laws already 
plained. For this purpose we employ a very ingeniously 
' trived machine, invented by the late Mr. Atwood, the 
ode of using which will be understood by the following oo&- 
se description. 

Let ADB (Fig. 123.) represent a wheel or pulley, the firio 
a of whose axis is as much as possible diminished ; to each 
id of a very fine silk line passing over this pulley, let a 
sight Q be attached : the two weights Q wiU of course be 
equilibrio. Let now an additional weight P be attached 
one end of the line. Motion will then commence, and 
ying out of view for a moment the inertia of the pulley, the 
eight of P will not have to put in motion merely the mass 
, as in tiie case of an unimpeded simple fall of P to the 
"ound ; for it cannot at present descend without causing its 
vn mass and that of 2 Q to move with the same velocity, 
ow, by what has preceded, the masses of bodies are as their 
eights, and the accelerative forces are directly as the mov* 
g forces and inversely as the quantities of matter. Hence 
c accelerative force in the circumstances supposed will be 

P P 

the whole accelerative force of gravity = -p — ^^ : -p 

P 

= p - ^^ : 1 ; that is, the accelerative force in our ex- 

P 

iriment will be p ^ as a multiple of gravity. But the 
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inertia of the wheel is not in practice to be disregard* 
its mass were all at the circumference, so as to be made to 
move with the same velocity as the descending and ascsoA^ 
ing maiises, we should only have to add Its mass to the d^ 

P 
nominator of our fraction -p — ^-^. The descendingwelght, 

however, acts with a mechanical advantage against those parts 
of the pulley that lie nearer to the centre than tlie circum- 
ference is, and they oppose a less resistance than if they vers 
all placed in that line. By an experiment to be afterwardi 
described under the head of rotatory motion, or indeed by one 
of the kind to be made immediately, we can ascertain what 
mass placed at the circumference would oppose an equiva- 
lent resistance to the moving force. Let this mass be W. 
Then the accelerative force as a multiple, or rather a Bub> 
multiple of gravity, will by the same steps as before be found 

P 

to be ,, — - V w : — • The machine is so constructed by ihe 
P+2Q+W ■' 

maker that, as in the one originally used by Mr. Atwood him- 
self, w shall be = 2 3 oz. or Y o^- Troy- To avoid troublesome 
computations in the experiments ^ oz. Troy is chosen as die 
unitof weight, of which consequently all the rest employed ore 
expressed as multiples or submultiples. This unit of w^gfat 
is called m, and the other weights are 4 its, 3 »t, ^ m, ^ n, j m- 
Each of the boxes or supports is itself = 6 m, and the equi- 
valent of the inertia of the pulley and its friction wheels 
= n m. Most of the weights used are circular, a few of 
them are rods, for a special purpose to be afterwards meli- 
tioned. 

Suppose then that we include 1 1 oz. or 19 m in each box; 
this with the box itself will make on each side 25 m, to whicb 
if we add the inertia of the pulley and wheels, the whole will 
be 61 »J ; add now a circular weight m to each box j and the 
mass to be moved is 63 m perfectly in equilibrio and (setdng 
aside the small remaining friction) movable by the IfiaSl 
weight, just as if the same force were applied to communi- 
cate motion to the mass 63 m existing in free space and Void 
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ivlty. Let the weight added be m ; and the accelerative 
= — of gravity. Taking this for m id 



force p will be = 



64 m 64 



our last series of equations, we have bythe 3d *=:3 /"in inches, 
so that the spaces described !n 1, 2, and 3 seconds will be 3, 
12, 27 inches respectively. We take \ g here as = I!)2 Inches 
to avoid a minute fraction, which in so small a descent could 
not be appreciated. If we now take the circular weight m 
from B and put it tipon A, the mass moved will still be 64 in, 
but the preponderating weight or moving force will be 3 m, 

and 9 = ^ of gravity. To make the moving force 2 m while 

the mass is still the same, let all the circular weights m be re- 
moved ; the mass is then reduced to 61 m ; add J m to each 
side, it is now 62 tn in eqiiilibrio ; then add 2 m to the box ji 

2 1 

and the mass is 64 m as before : but the value of (i is — = ^rrr 

64 32 

of gravity. 

The spaces described are measured by a scale of more than 
64 inches, with a small stage to receive the box A in its de- 
scenL 

The time is estimated by the beats of a pendulum which 
swings seconds. 

The mode of measuring the velocity is very ingenious. We 
cannot take as its measure the space actually described in a 
given time following the instant at which it is wished to note 
it; the space actually described being partly due to the fur- 
ther acceleration, which is continuous. If we could remove 
the motive force leaving the remaining mass in equillbrio, 
there would be no cause of further acceleration or retardation ; 
by the first law of motion the mass would proceed uniformly, 
and then the velocity which had been acquired would be mea- 
sitred by the space described per second. Now this may be 
done as follows ; Let the mass 63 m be in equilibrio as be- 
for^j but instead of adding a circular weight m add one in the 
form of a rod, two or three inches long: allow the box to de> 
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8C8|id widi a contmtial accelcfsdon a oertain nmiiber of inchei 
according to the velocity wanted, and thfsn let the rod m be 
intercepted by a circular stage in the form of a ring throogb 
which the box passes. After this interception the motion 
will be uniform if a few grains have been previously added to 
balance the retarding power of the remaining friction. 

The following construction of an experiment gives a greater 
range of illustration, the motion being slower : 

A B 

Itself 6m Itself em 

addse^m add 36 ^m 

+ |m 

42|i» 4- 42ims86jfi 

Inertia of wheels ss 11 m 

96m 

t» 1 im 1 

^==*^^ = 96^ = l92- 

Times. Spaoea* 

1 1 inch. 

2 4 

3 9 

4 16 

5 25 

6 36 

7 49 

8 64 

To shew the velocity acquired, remove the circular weight 
i m, and use the flat rod ^m in place of it. Let it be inter- 
cepted when the bottom of the box comes to 16 inches on the 
scale, or at the end of the 4th second. The mass having 
described with uniform acceleration 16 inches in four seconds 
is now according to the theory in a state, according to which 
it would describe 32 inches uniformly in that time, or, which 
is the same thing, 8 inches in each second. Therefore at the 
end of 
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C h will strike tlie square stage at 24 inches. 
««.*«........ S2 

7 .••... * 40 

B 48 

9 ..-.*.•*. . /be 

10 64 

Estperimmt on BetardoHm* 

Let 18 1 m be placed in J and 19 ^ m id B. Then 

^ with its load i^^4^n$^ 

B with its load = 25 ^ m. 
The snm is 50 m^ which with the inertia of the wheels is 61m, 
and the preponderance is m on the side of B. But let two 
rods each s m be added to Aj then the mass is 63 »t, and the 

preponderance is m on the side of ^, ^ = ~ ^, and by de- 

scending till the bottom of the box A reaches 26.44 inches, a 
velocity of 18 inches per second will be acquired. The cir- 
cular stage being so placed as to intercept the two rods, will 
leave the mass 61 ^ and a preponderance m on the side of 
B^ so that we shall have the mass e\m projected with a ve- 
locity of 18 inches per second in opposition to a retarding 

force = ;^ ^9 and the space described during the extinction of 

this mDtion ought to be 25.6 inches. The bottom of the box 
will therefore descend to about 52 inches before its motion 
be destroyed. 

In making the calculations for this experiment, we take for 
^g 193 inches, which is more accurately its true value than 
1929 because we cannot avoid fractions by using the approxi- 
mate number. 

Cfihe Motion of Bodies vpon Inclined Planes. 

827. In descending down a smooth inclined plane, the 
force by which a body is impelled being for each particular 



:..U -^-^ 



I^r 



w 



elevation a determinate part of the whole weight, may be re- 

' fvi^^ *"• garded as constant. Hence the laws of Dniform acceleration 

^^. ,y;and retardation are applicable to motions so modified, and 

4w t^'-ifrom the application some interesting theorems are deduced, 

.n„t(t<"^ Let k be the height, and / the length of an inclined plane; 

then —r is the accelerative force, or it is sg, s being the sine 

of the plane's elevation. In applying our general formulee, 
therefore, v = mgt, Stc. to this class of motions, we have only 

to substitute » or -j- for m, (825.) 

328. The velocity acquired by a body in falling down an 
inclined plane is as the square root of the perpendicular height, 
and is equal to that which would be acquired by falling ver- 
ticftUy through that height. 



It 






and vz=^2gk, orr =^/A. 
329. The time of a body's descent down an inclined plane 
varies directly as the length, and inversely as the square root 
of the perpendicular height, 

^_^ 2l^_ 2f 

~ "^9' ^.~ gh' 

S30. Q)r. The times of descent along incliiwd pbuM of 
the same vertical height ore as their lengths. 

SSI. The spaces described in the same time by • &«e dsr 
scent in a vertical direction, and along an inclined plnw m 
as the length to the height. Let S be the first of these wpueei 
and « the second. 

S:i = lgt':imgi':^\im = ltk. ■ 

338. Cor. 1. If JC (Fig. IS4.) be an iocliiMd pkm, «r 
which BC is the base and J3 the vertical hcigfat, mmI in 

.--■/■■ ■ '' ■ /'■■ ? :/ 
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S^wBD perpendicular to AC^ a body ivill fall from A to D 
in the same time in which it would fall vertically to B ; for 
S:8=:l:h = AC:AB=AB:AD. 

333. Cor. 2. If a circle (Fig. 125.) be situated in a vertical 
plane and chords be drawn from either extremity of the verti- 
cal diameter, the velocities acquired by falling down these 
chords will be proportional to their lengths, and the times of 
descent through any of the chords and through the vertical 
diameter will be equal. 

By (328.) v^= BD == AB. BD = BC\ and v = BC. 
By (332.) since ACB is a right angle, the time of descent 
down AC is the same with the time of descent down AB^ and 
the same may be affirmed of the descent down CB^ which is 
equal to that of the descent down BC when the figure is in- 
verted. 

On this property of the circle may be founded several ele- 
gant theorems or problems, some of which are usually pre- 
scribed as exercises. 

334. If a body fall down a series of inclined planes, and 
^0 velocity be lost at the transitions from the superior to the 
inferior, the final velocity will be that which is due to the 
>^ertical height of the whole. 

- The velocity acquired by falling through BE (Fig. 126.) 
= that acquired by falling through CE^ which has the same 
"Vertical height; (328.) and as, by supposition, no velocity is 
lost m passing from BE to EF^ the velocity acquired by fall- 
^ through BE, EF, will be the same with that acquired by 
filling through CE, EF, that is, through CF. For a si- 
uailar reason that acquired by falling through CF, FG, or 
•^£, EF, FG, will be equal to that acquired by falling 
Arongh JDG, or to that which is due to the vertical height 
fiff, (828.) 

335. If the planes BE, EF, &c. be so numerous, and their 
^dinations to each other so small, that their vertical section 
fiEFG may be considered as a curve, the velocity acquired 
oy SaUiag through any part of it will be that which h dtte to 
the vertical distance between its two extremities. 

M 
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To prove this, we must shew that the velocity lost by the 
continued change of direction is evanescent. 

Let ABj BC (Fig. 127.) be two inclined planes making a 
finite angle ABDj whose versed sine to the rad. 1 = *. Take 
AB to represent the velocity v with which the body comes to 
A This may be considered as equivalent to AE and EB^ 
of which the former is destroyed by the collision, and EB 
i*emains in the direction of BC. Consequently the velocity 
lost «' will be represented by AB — BE = ED^ which is the 
versed sine of ABD to the rad. BD; and t/ : © = « : 1, or i/ 
ssiv. If the angle become indefinitely small, 8 vanishes, and 
t/=0. 

Again, let CBF (Fig. 128.) be any given angle, and let CBE 

I 

he the — part of it; the sum of the versed sines of all the n 
n 

, «. (chord -EC)* n.(arc ECy . ' . ^ii«.arc* 
equal parts = — ^ — jj i-,^.— ^ — — L that is --il f^ 

CF* CF* 

that is -^ — jY^ But -yr- is constant, and hence n may be 

taken so great that — jy shall be less than any assigned quan- 
tity. The sura of the versed sines then of the angles whose 
number is w, or J's = 0, and consequently VJ*s = even sup- 
posing V to be the greatest finite velocity of all. 

Let AC and BC (Fig. 129.) be tangents to any portion of 
a curve, at its extremities, meeting in C, and let AC he pro- 
duced to D ; subdivide the angle BCD into equal parts BCE^ 
ECFy &c. indefinitely, and conceive successive chords of the 
curve to be drawn parallel to CE, CF^ &c. beginning from 
B, By falling down the polygon formed by these chords or 
down the curve which is its limit, no finite velocity will be 
lost; and the proposition is demonstrated. 

336. In falling down curve surfaces however the force de- 
rived from gravity will not be constant, as upon an inclined 
plane of given elevation ; and before we can exhibit the re- 
sults of a motion so regulated, we must treat of acceleration 
and retardation depending on the agency of variable Alices. 
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Of Accelerated cmd Retarded Motions defending on the Agency 

of Variable Forces. 

837. Let s and ^ denote any two successive values of the 
space described, t and f the corresponding times$ v and v' the 
velocities at the beginning and end of the increment of time ; 
then, for accelerated motion, 

y_ sT^v {f— t), but j^ If {f— t)t 

or -p — T ::^ v, but .^ v\ 
But as the cotemporary increments s^^^s and ^— / diminish, 
f/ i^pi*daches to t; as its limit ; therefore -p — -, whose value 
we have just seen is always intermediate between v and t/^ 

jQitrsthlcvet^ alto as its limit ^ 6t y--t:i^; whence 

dt 

ds = v,dt 

V 

For retarded motions the same investigation will suffice, if 
the symbols "p^ and ^^ be interchanged. 

SdS. Let the accelerative forces at the beginning and end 
of the increment of time be 9 and ^', and let t? and vf be the 
corresponding velocities ; then, if the accelerative force be 
incieasing, . . 

or -p— J ^^ f , but -*:^ ^ ,. 
but as the increment of time decreases f is the limit of f', and 



i-t' 



dv .^ 

dv:=:f.dt 
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dv ds 

339. — = dtzz --, (338, 337.) 

OT vdv=z ^dSj 

whence also ^=:-j-rfi7=z-r;< 

ds dt 

dd$,dt — ddt.ds dds 

*"* = Tp =rf^*^^" 

340. Our first fluxional equation, dti . 
the first equation under the head of ul . 
v^ftf furnishes a very concise demoi.. 
or 8=ivt; for 

d8:::=v.dt = ^Ldtj and s-= ,^i. 

341t As the investigations to whicl .' 
tions are adapted, are, by some di^.* 
among others by Newton, in his /'V^.. .< 
aid of a geometrical representation, .«:. 
ing farther, give the elements of thu. ..^ 



Lemma. {Prin. 

Let FS (Fig. 130.) be any cin— 
the rectangles AG, BM, &c. and *-''' 
circumscribed, as in the figure, tl 
If the bases AB, BC^ &c. be all o-*-^^^ 
vided by continual bisection, fli»>^ •*^- P* 
made at each, the sum of the intei"' ^^ '^^ i' 
tially exterior rectangles will e:>'-"^*^'r^' 
near area AFSE as a limit. > "* 

For the difference of the abf> •'■- " I'- 
OP, &c = DE.{ST+QP, &c.» r I - : 1 
diminution of its breadth become • ^ ^ 
or the sums of the two sets of t*-* '"• ' *^ 
each other, and consequently f- i^^^*^'^' i^ 
by any assigned difference. -- ••> 

It is not necessary to suppos:^ ■ «^^ ^ ^> 
we haye done, that the bases «i ' ^^- 131 



s than 



any 



of the other bases, the dif 
isty not ^ 



;rence of the 
DE.{ST-\- 



eums above-mentioned will be obvio 
QF, &c.) that is, not z^ US. 

342. Let the abscissa; of a curve JB, AC, &c. (Fig. 131.) 
represent the times, while the ordinates JE, BG, &c. repre- 
sent the velocities at the instants denoted by the points of the 
line of abscissffi where they terminate; the areas correspond- 
ing to any portions of that line, as their bases, will propor- 
tionally represent the increments of the space described in 
the times which these portions denote. 

In unilbrm motion s = vt, s'= v t, or s* — s = v [V — (}.- that 
is, the increments of the space are equal to the velocities into 
the increments of the time; or if, in any number of cases 
compared, we represent the velocities and the times propor- 
tionally each by lines, the increments of the space will be re- 
presented proportionally by the rectangles under the lines 
denoting the velocities and those denoting the increments of 
the times. Suppose then the velocity AE to remain constant 
during the small time AB, then to become BG, and to re- 
main constant for the succeeding small time BC, and so on : 
the increments of the space between any two points of time 
as A and B, B and D, will be represented by the correspond- 
ing rectangle AF, or sum of rectangles BH+CL. If we now 
suppose the moments of time during which the several velo- 
cities continue constant to he continually diminished, the in- 
crease or diminution of velocity will become more and more 
nearly continuous, and the rectangles between any two ordi- 
nates will approach to the corresponding area, bounded on 
one side by the curve as a limit ; whence the truth of the pro- 
position is obvious. 

343. If the abscissas represent the times as before, and the 
ordinates the successive values of the accelerative force, the 
areas will represent the increments of the velocity. 

For if D = (p / and i''= <ptf,<p being constant, v! — v — p {if — *). 
Therefore the increments of the velocity when the accelera- 
tive force is constant, may be proportionally represented by 
rectangles under the lines representing the accelerative forces 
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I 



;n the accelrfliW 



04(1 tiie increraents of tbe time. Suppose then t! 
£ivq forces denoted by A£:, BG, CK, tu continue conftant 
during the tiniRK JB, BC, CD, respectively, aiid, by coiuir 
during the times during which each value of p reiuaias nn- 
ohaiiged to be continually diminished, we find, as in the denioa- 
etratioaof the last pFopoeidon, the result stated iu the preaeiU. 

34.4i, If the line of abscisste represent the epace through 
which a body moves, and the ordinates the values of the ac- 
celerative force at the different points of that space, the areas 
will represent the square of the velocity generated if the radf 
tion begins from a state of rest, or universaUji, the increoieQt 
of'the square of the velocity. 

If w-=af« and r'-=3p<', p being suppoid constant^ 
ii''—rv'^= 2?(s'- — a) or v"' — V ^ f (i ^~ s), tiiat is, while th* 
aocelerative force remains constant, the increment ttf the 
s^oare of the velocity is proportional to a rectangle ander 
the lines representing tjie accelerative force and the tiKXSi 
ment of the space. Thus, if the accelerative forces AMt 
SG, &c. remain constant through the spaces AB, BC, &c. 
respectively, the rectangles AF, BU, &c. will represent the 
Buocessive increments of the square of the velocity, and the 
sunt of A^ and BH, tlie whole increment of the same iu pasat 
ing through the space AC. The rest of the demonstratitxi 
prooeeds as before, (342,) 

346. Cor. 1. If a body be pubjected to the same accelerfa 
tive or retarding forces at the same points of the apace der 
scribed, the square of the velocity will receive the same incret 
incnt or decrement in psissing through that space, wbatevet 
the previous velocity may have been. 

Cor. 2. A given decrement of the square of the velocity may 
be the result of a very small diminution of the velocity itself, 
and consequently attended with a very small loss of quaBtiQr 
of motion ; but tlie loss of force as measured by quantity of 
motion, is always equal to the force linipress^d. Iltti^e we 
iTtay understand how a musket ball may hi discharged throilg)> 
a screen or a thin board without oversetting (t. 

Cor. 3. If the ordinates in Fig. 131. tis coaitriu 
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reference to this proposition be each quadrupled^ the area, 
and the square of the extinguished velocity, which it may re- 
present, will each be quadrupled. Of course the velocity it- 
self which is destroyed in passing over the same space will 
only be doubled : In this way is easily explained, in confor- 
mity with the Newtonian measure of force, one of the most 
striking of the facts adduced by the adherents of Leibnitz in 
support of their measure. (See 310.) 

We now proceed to exemplify the equations above invest 
tigated, and the theorems just demonstrated, in their appli- 
cation to one of the most important classes of mechanical 
phenomena, that of motions depending on the agency of an 
accelerating or retarding force which is as the distance from 
tf given fixed point. 

346. Let a body begin to move from A towards C (Fig. 132.) 
under the influence of a single force whose intensity is di- 
rectly as the distance from C, and. 

Let AC = a, 

AB = X the space through which the body 

has moved, 
CB::za — ar, 
/= the value of the force at the unit of dis- 
tance. 
Tken/(a— a;) = its value at the dist a — x^ and as dszi dx, 

v.dv ^f{adx'-^xdx) 

or 1? = jy fj'itax — ar*. 
Cot. The square of the velocity acquired in moving from 
J[ to C is the half of what it would have been had the force 
which acted upon the body at A continued constant 
. For. t?«=5/(2 ^a>— 0?^) =/a« when x izlo^ :=ifa.ai now /a 
,ia the intensity of the force at -4, or at the distance a. De- 
note this by the symbol mg: then v^zzmff€U But had the 
force mff been constimt from A to C, we should have had 







Let ^ be the arch whose versed sine = — to the radius \f 
I 

and, as this expression for t is indepcntleot of a, the distana 
from C at which the motion begins, the time is the same whtt 
ever be the distance. 

318. In AC produced towards C take CA' = CA, and ^ 
body if free to pass the point C will continue its motion 
its inertia, (first law ofmotionj ,■ and its velociiy being i 
stroked according to the same rate by which it was produca 
it will pass from C to A' in the same time in which it more 
from A to C. At the point A' its velocity acquired at CI 
just extinguished, and it will return from A' to A, spend! 
in each of these transitions from side to side, which are calli 

oscillations, the time « —;=-. 

If there be any slight causa obstructing the alternate ot- 
CursioiM, the osQillations nil at last ceas^ and C will bestt^ 
sibly the point of final qui^cence. 

319. We shall arrive at the same conclusions by a geo- 
metrical representation thus : 

Let AB (Fig. 133.) represent the accelerative force at the 
point A where the motion commences. Join BC and draw 
BO parallel to AC, and if V be the velocity acquired in oxn^ 
ing from ^ to C by the constant force A3 and v the yeiotStf 
acquired in passing over the same space when the force is AB 
at first,- but varies as the distance from C; V* z v'=AOi 
ABC=:2 : 1, (341.) Now, if ^C = a, and ip rqmsent AS, 
V'^Upa, and therefore ('"= pa. '- 

'""Th&'velocity at any piHDt E is prqwrtionally Tvp n mattii 
by DEt the sine of the arch whose verstid^t^wiai^AdiafMn 
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described : For r* = ABHE. ^ABC-^ EHC\ =JC*—EC^, 
^D(?—EC* = ED. and r ^ ED. 

550. CcfT. On this scale the fin^ TtlocItT ▼:.. ->t f*;^>r«tvmv 
ed by die radios FC. 

551. The space AC may be coc^'A^T»:ii &« 'ditv-rS^ by a 
succession of increaaiae veioeine&. eacb cr>c*^^.7ii^ tfx^joA 
for a small space, if we coosidsrr tzse^ %MAe% a.t .t^i^&^jTjz.j 
diminislied. 

The time of descnbm^ D m wri -i^ r^yxJjr.r fC *j( /X,' Ii$ 
the same with that of dcscrili^ Z>^ ^.x- £* ».rjL *j:;jt t^y^if.j 
DE. Tot Dm: DC=Dd: DE. it t>i/^' ir:-*^^^^, './ 

5c ""/)£• 

But Dm axad D-f ir* 57a.:r^ t:ul iX tJiiC //A *-'-t prjy.^- 

tional to the TcLocfiics tIiI -•L->:L 'Ju^t^ tj^ 'itv-5-->«t^ : «yf, 
sJDoe the qoocyria ".t ir k,i.i^ c»itc -.7 'Jia Tt--y.-:'-#:« t-'^ 
equal, the tmes IT* er.ii- 315. 
SdS. Ccr. Tbi ±iJi :c i»?«.rr--j'.--^ ^<^" ••ri tiiA varlfcv-^ 

Tebchv is die a-T-g ■••.r:! :::LiC '.c -i*:*^,-' .v,;i*2 v:<t '. v*/; /fci^u, 

• ^ *■ 

Porr is i^ ccr r^r^ewnn iiicir-r.ii r^i*: ^t ii<; '/ ro* ff-f^^t 4J, 
brce 



tiOB^ifse V^'£»*yrr_'*^ faW^JitrriiU-'t ivM^ -.^ *i »«:;i *i* »iLA, *^*,i 



1(>S i.i.i 'I' V I- 



..•». 



1 



am'. .: *' 
» • 



;.'i z-zz, D and C, 
;3[7. Il;jvli8u .iL!«::t parallel to 

, I .i: h\ and let jFA' 

/ • y . . i-ii into i'^.ff perpen- 

J I' J^iii '- . . \, ' - 

• ^ . .cciion, or m that of 

I^^i ./'.,..!.. u ./' its force estimated-. 

a ./■* con:>idered as pres- 

, .iuy may represent also 

..I iiirection and down the 

.A": FG-FEi EB z: 

. therefore / = CD == 

i.i c' where the tangential 
{ A body describing a cy- 
V I L- lore be performed in equal 
. \;.^ressed, will be isochronous. 
- .i.'.v.uji parallel to the chord 
^ ;..:;: i), the tangent at ilfwiU 
riie whole force is there taii- 
..vj the force at the distance 

, .iij.»lcte oscillation is «•/ — ^, 

V .ho writers on the cycloid, that 

N jii equal cycloid. If we there- 

uiicc the two cvcloidal cheeks 

vjMCM»nted in Fig. 135. by JfC, 

. vl cifual to the base of the cy- 

lU- same thing, the cheeks hav- 

,. ill at 3/5 a flexible pendulum of 

.iv-Hv'i'ibe the cycloid CPC\ and, 



\ili»id described on each side of 

..;all, it will not sensibly deviate 

\x\ \\ith the radius L, Hence, in 

■ iv \ibrations will be sensibly iso- 
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(iupends tfatt applicauuit ot' 

. c- 1 ticks. 

:: :l si tuple p«:tiduiuxii vibrutiiig 
ii..^olvo the weight represeiiletl 
i in 1 ig. 13-1, (355. > and draw th« 
(A; 

'■ . / .' = CB : BDy (by siiii. triaDg.) 

.iii\u force is not here as the arch» but as 

f' tlioro be any number of arches the greatest 

•rv <ni:ill, they are nearly in the ratio of their 

'-. (if the forces, whence may be deri^nrd the sunie 

!.'i.-furc. 

: riquircd to find the time of vibration in u (iniCo 

ii arcli, as 2-J/i. Let the body, which is hrrtr coii 

v'.:i iis a i)article of matter, at the extremity of a ntraight 

: - (./>, =: /, without weight or inertia, or as fonniiif{ what im 

>inip]e pendulum, be at the ])oiiit // of it<i u^rmt 

.iju>;ii AB ; let ^iZ>= A, the height due tothr vchirity »it thi*. 

'West point, and AH zz z. The remaining vrlociiy whm \\u^ 

i 1^ at //, will be that which ih due to a vrrtind di'i:«:riii 

; ii Ji J)K, and .-. = J2g . J DK = J'4.{i.J Ah AK 

■ s'^^if . \ff^ — 7 ver. sin. z = ^)lfj . fjh - - ie /. ^in ' .[ a 4 

, , Ldz J I ff/j: 

ifwe takec* = -y, and c.sin. ^ = nin. i^r, *r«: %UA\ Imyr^ 

lit y 

It the even powerb of bio. t vjtj v, *.. *•/;//'/'.>/: v/ i^..,^ 
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the circle in 2>, CD the chord of the arc! 
FE a tangent to the cycloid at JP, and t 
DC, Let a body be on the cycloidal cu 
represent its weight. This may be reso' 
dicular to the curve, and FG in its di 
the tangent. Let F be the weight, an-, 
in the tangential direction ; as F ani 
sures have to move the same mass, \ 
the accelerative forces in the vertical 
curve respectively. Now F : f— 

DC :CB=AC : CD, or /= -^■ 

2 CZ>= arch CF= distance froi. 
force vanishes. The oscilhitions • ' 
cloid by its weight alone, will tht 
times, (347.) or, as it is usually i-^ 
356. As the tangent at /' i> ;ij 
joining C to the corresponding;: 
be parallel to AC^ or vertical, 
gential, and f:=iF—y. lit • 



- (• 



, i>cc.) 



' = AB^ the semi- 



i*.. 



. •->, 



.V( ■ IS not very small, 
-I rcudily obtained from 
Kdti\ dv CaL Int. 



1 = -7Ti7, and the time of :i 
CM 



.:ulcfinitely small and t = 



with sufficient approxima- 



(348.) 

357, It is demonstraU'il ' v 

the involute of the cvcli^id 

» 

fore divide our cycloid ai v , w.\\.\\ practice, the pendulum 
M(\ LC in the positiou v. - ^'t;itc through a large angle. 



MC. ( ( ' hiiiniz hor'./k 
cl.'^id, iA\ wiiich \i\v.:--\- 
'wvs ;i ' -ii'.'i-.-.iiW \ort\'.:'. 



i^^ ! 



L 



\n\ m a cycloidal or inde- 
iluit of falling through half 
. . ircuiiiference of a circle to 

" and if ,N'= }, I 



» ■ .^ r ■ 

• *.*■.. « . .1 : : 
l.in: .!.*v:J. .1.... 



/ 



V if 
v'li through any given anrie 



ITS 

lUill'*. 



- Ji ale vri)inL:uit> 



.:.iiiii> 'v*)u>c vitio 

z. ^"^ ^ = v^ 

: ■ ; i I! u c^*% tucu i i* /* Ik -^ 



uuiious weniay corr\i't llu* Im^iU 
i; ilocs not $wui^ »<'ivu(t^ r\iM'(l\t 

^ liMigth may nUo be loiiiul iiiorr ili. 

^/ - t{N^±n){N-u) 
i^ to l)C applied with IIm proprr <sI^/m Io /. Im 

. . i. It lias been fouml, tlini wliili^ n p* iwhiliMn in 
-Mn any ])arallel of latitiHli: ti/wnnU iIk* «/jtiitf<»r, Mr'- 
s vibration becomes longer, jri/|#r)»«<ri/l<r»fl/ 'rf Mf. 'J 

]^»:rature: arja&jncei-. ^ ^ amI ir./ f ■««!>. ^j* i^i >>,*- 

■'. .:.:fl tliough /;* c//ri^tArif, if /.-•'■**f ^^^ v/ "fr'- 'J.^' » 
:, ; ^' . The accti^rj 4^^ t ^ U/; 'a *A '•i'tt'^<f.> / ^ •■ ' ■ / 



;« ' 



^rt Since/ = -y-i, ('; 



\\ 

if/ be = I*, /is 39.139 English inches In the latitude of LoO- 
4^»lfHU^P'i± 386.2862 inches — the measure of gfavUy in 
Ant UtSiCMi^' It is the velocity produced by it in 1" *hett* 
Ae link ittltsisted : and hff = 193.1431 inches = 16,i, (e^ 
, IMitmJf the^^ction of an inch, is the actual fall in that tiioB. 
miia tlT^the most accurate way of determining the accelerative 
ftrW •(^'grtrt^y. From the isochronism of the pendulnm, if 
HI a^TCK Of^i^j^th part be committed in the estimation of the 
lOlgth of one oscillation, it will be easily appreciated, amount- 
XQgtO SO imit in 1000 oscillations. This ought to he re- 
nwAed M one of the means of insuring accuracy as for as 
Wfeervation or experimental research. Instead of 
(■''rtmple difference or error, we observe a gitfli 
multiple of H: and, this being estimated with all the precisian 
lltfctr4iMt''atitHKs and our instruments admit of, we redace the 
nmple error in the ratio in which we can increase the ranl- 
tiplft> Great use is made of this principle in astronomj'. 

S64. Cor. 6. The pendulum may be employed advanta- 
geously to prove that in any given place the accelerative force 
of gravity is the same in hU matter." We can shew, bymeaiu 
of s" common experim^it ^tb the eirpotiip, tbafbodie^ of 
whatever matter composed, descend with equal velod^ Mf 
vRcuo. There lUiglit, hbwever, be mitiBtk dLG^entte-bOttp 
be detected in tfaia way. It is provedvwith a prooisifta noA 
more satisfactory, by taking pendulmnt of tire samslei^Aj 
and composed of different materials, which, in vacuoj are al- 
ways foind to perforin their eScttlstioM thwtl|^ «<[tftf dtfoMi 
in equal times. In sutii experiments, it is obvious that we 
ctnuiot titnploy whftt is~ called a simple pendulum, the eiuat: 
etXi of which' ii ideal merely,' but must use onA cont^mMd 
tbnmghont of inert matter, possessing also weight vsrioofn 
disMblitied thfOQgh its whole length. An^ compomuf plat- 
dfiluRT, hotfeVer, (!an always, by calcnlatipn or e^writo^t, 
be reduced with sufficieitf lipproidiiHtion to 'aii'< 
simple one, as 'wQl be proved under the head i)f j 
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and, when the principle of this reduction is explained, i 
can employ, in such observations as have been alluded to, 
a fine wire with a solid or hollow ball, as may appear con- 
veuient, at its extremity. In the last experiment mentioned, 
it will be very convenient to employ the same hollow ball, 
filled successively with various kinds of matter. 

365. Cor.7. The pendulum may also be used with ad van tag* 
as a standard of linear measure. All our ordinary standards 
may be injured or lost ; but, so long as the constitution of the 
terrestrial globe remains unchanged, the length of a pendu-' 
lum that makes a vibration in a given time, as 1", will remain 
invariable in the same latitude, and subject to the same cor-* 
rection for difference of latitude. If its length be found by 
asb'onomical observation, and be divided into 39 139 equal 
parts, 1000 of these will give the length of the Kuglish inch, 
13000 of them a foot, and so on. It is, however, a matter of 
some delicacy to find the proper length of the seconds pen- 
dulum. The best method of doing it is that recently in- 
vented by Captain Kater, and will be described under thi 
head of Rotation, 

366. The time of an oscillation varying with the length, it 
must evidently depend on the variations of temperature to 
which the pendulum is exposed. A variation of 0.000909 
inch, which we may take as jji'^rr inch, in the length, cor* 
responds to a variation of I" per day in the rate. From the 
known expansion of a bar of steel, we find that in the going 
of a clock regulated by a pendulum whose rod is of that 
metal, there will be a variation of J" per day for every change 
of temperature amounting to 4° of Fahrenheit's thermometer. 
As clocks that shall go with extreme precision are necessary 
In the highly improved state of modem astronomy, no obser- 
vation that is not made with great accuracy being now of aJ- 
most any consequence, various contrivances have been em- 
ployed to prevent the irregularity occasioned by changes (f 
temperature. 

367. Of one of these the principle will be easily understood 
by^»s!iort_d«scription. AC and BD, (Fig. 137,) are two steel 
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rods, connected above and below by two cross bars, of the 
^me or any other metal. On the lower bar rest two otiief 
rods, of a more expansible metal, as zinc or some of its alloys^ 
These are connected at the upper ends by a bar GH^ from 
which depends the pendulum rod of steel KP, passing freely 
through an aperture in the middle of the lower bar at O, and 
carrying the ball P. Suppose AB to retain sensibly its 
position, the expansion of the two outer steel rods will lowei^ 
the bar CD9 and thereby tend to lower as much the bar GHf 
and the ball P, which will also sink still lower by the expan- 
sion of the rod KP» But the simultaneous expansion of the 
rods EGf FH, will tend to raise the bar GH and the ball P; 
and, if the expansion of GE or HF be equal to the sum of 
the expansions of AC and £P, the ball of the pendulum will 
neither rise nor fall. It does not, however, follow that the 
equivalent simple pendulum is neither lengthened nor short- 
ened. There is a new distribution of the matter of the pen- 
dulum which, as we shall afterwards see, may affect this a 
little, but the remaining irregularity will now be very small, 
and may still be diminished if the instrument be so con- 
structed as to admit of adjustment by trial. This is called 
Harrison's pendulum, from the name of the inventor, a Lon- 
don artist. It is also known by the name of the gridiron 
pendulum, an appellation derived from its shape. It has the 
name, now common to it with others, of compensation pen- 
dulum, from the principle of its construction. The same 
principle has been applied in various forms. Let CJ (Fig. 
138.) be a steel rod supporting a hollow cylinder partly filled 
with mercury, BEFD j and let CO be the length of the equi- 
valent simple pendulum. The expansion of the rod and cy- 
linder tends to lower the point O, but the expansion of the 
mercury raises it. By taking out or adding mercury, the 
quantity may be found experimentally, which being employed, 
there shall be no difference in the rate of going when the 
clock is exposed to great artificial inequalities of tempera- 
ture, and then it may be used with the greater confidence 
through the smaller range of the common atmospherical 
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chuiges. This is called Graham's compensation pendulum. 
The inventor was a celebrated clockmaker in London^ dis- 
tinguished by some other very ingenious improvements in his 
art 

368. Since a variation of xi^cq inch nearly corresponds to a 
dumge of rate = 1" per day, it is easy to regulate a clock 
by observing the number of threads in an inch of the screw 
below the pendulum ball. Suppose they are 25 ; then to cor- 
rect a variation of 10'' per day, which will require the pen- 
dulam to be lengthened or shortened yigg inch, = ^^^ inch, 
5 ^ X 37 iiich, the nut supporting the ball may be turned, for 
a first and very near approximation when the rod is light and 
the ball heavy, ^ of a revolution. By a proportion founded 
on the observ^ reduction of error which this produces, we 
niay find, with all requisite accuracy, what corrective adjust- 
ment is further to be employed. 

869. To the balances of the finer kinds of watches, called 
chronometers, the principle of compensation is also applied. 
The more the balance is expanded by heat the spring has the 
less power to turn it, and its vibrations become slower. When 
it is contracted by cold, again, all the parts are brought nearer 
to the axis, and the accelerative forces at all corresponding 
points of the range of oscillation become greater. The forces 
are still as the distances from the point of quiescence, and the 
vibrations are still isochronous, but they are not synchronous, 
as it is sometimes termed, with those of a balance unaffected by 
temperature. The compensation balance is often constructed 
thus. The rim is divided into three equal parts as in Fig. 139. 
each connected with the axis by a separate radius, as aby ac, 
ad The three divisions of the rim are perfectly similar, and 
each composed of two plates of metal closely united or sol- 
dered together, the inner of steel, the outermost of brass. At 
e,/and ^, near to the detached extremities of the three di- 
visions of the rim, are fixed three small knobs which screw 
into them, and which may have their positions shifted a little 
for the sake of adjustment. Suppose now the balance to be 
expanded by heat : The matter in the radii and in the parts 

N 
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of the rim adjoining to them will be carried outwards (^ 

ia 6o fav m depends on this, the watch will tend to go slowek'. 
But the exterior metal of the compound plate is more ex- 
pansible than the interior. This incurvatcs the rim, and 
throws the parts towards e,y and g nearer to the axis ; Mid, 
io so far as depends on this cause, the watch will go faster. 
Should the compensation want much of being complete, we 
may substitiiLe for e, yand g three other §crews with lat^r 
•knobs, and if it wants but little we may remove those which 
,we have a little nearer to the extremities to which they are 
adjacent, which will cause them to approach nearer still to 
tile axis, by a given increase of temperature. By cold, the 
radii and the adjacent parts of the rim will be contracted, or 
brought nearer to the axis ; but the brass contracting more 
than the steel will diminish the curvature of the rim, and 
carry the detached ends acd their screws outwards, h watch 
of this kind may be considered as perfect if it preserves an 
uniform rate; that is, if it always gains or always loses the 
same number of seconds per day : for when the rate is found, 
allowance can be made for it in calculation. It is however 
convenient that the rate should be small, and to accomplish 
this object, there may be three other small screws at h, c ami 
d, on the outside of the rim. When the motion is too qnick 
we unscrew these a little, and equally, so as to preserve the 
equipoise of the wheel. When it ia too slow we screw them 
down. The reason of this may be understood from what has 
been already stated, and will be still belter comprehended 
when we have considered the subject of rotatory motion. 
The weight of these comiiensation balances is considerable, 
and, when exposed to concussion, is apt to break the pivots, 
60 that they do not answer well in pocket watches. 

370. Before we leave this subject, it may not be amiss to 
show the way in which a pendulum or a balance spriug ia 
applied to the regulation of clock or watch movements. 

The toothed wheel, of which D (Fig. 140.) is the centret 
called' the su'ing wheel or pallet u-Iitcl, is the last in a train of 
whceUvurk driven by the weight or maintaining power. Tlie 
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eirooked lerer BAC^ with which the pendnlum rod AP is 
<ioiinected, so as to have the same angular motion, is termed 
die cratcli. Its arms terminate in two oblique faces at B 
and Cj called the paDets, on which the teeth of the swing 
wheel drop alternately. When the pendnlnm ball P is mov- 
ing to the left, carrying with it the arm AB, a tooth escapes 
from J9, and one drops on C ; on the return of the pendulum 
towards the right this tooth escapes from C, and another 
drops on B, and thus a tooth escapes from the crutch at every 
ftecond ^bration of the pendulum. There are thirty teeth in 
the swing wheel, and consecpiently it turns once round for 
6?ery sixty vibrations of the pendulum, that is, in one minute. 
On the axis of this wheel, projecting a little through the dial 
plate, the seconds hand is fixed. Knowing the weight which 
pats the train of wheelwork in motion, and the radii of the 
different wheels and their axes or pinions, we can find what 
force is exerted at the extremity of a tooth of the swing wheel 
in the direction of its motion. Let this be JP. Draw EG 
perpendicular to the surface of the pallet, and let fall upon it 
die perpendiculars jD£, AG: let the radius of the swing 
wheel from D to the extremity of a tooth be called JB, and 
let ^ be the pressure exerted at E or at G, considered as 
having a rigid connection with the pendulum, and F' the tan- 
gential pressure at P. This is the maintaining power which 
prevents the gradual diminution of the oscillations that would 
result from the resistance of the air and other obstructions. 

It may be estimated as follows : F.R = F\DE or 2^= 'J^ * 

F AC 7** Tt AG 
F.AGz^F'.AP.ov F=z -^^, = ^-g^; where jP,i2and 

AP are constant. 

When a tooth of the swing wheel escapes from C, to which 
it hafi been for some time adding motion, the one that drops 
on B is, by the obliquity of the pallet, during the remainder 
of the pendulum's excursioil to the right, pushed a little back- 
wftrds. The same thing happens in the opposite vibration. 
When a tooth escapes from jB, one moves forward through 
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a small space to drop on C, and, by the remainder of Cs mo- 
tion to the left, is forced backwards through a smaller space. 
Hence this escapement, which is pretty generally used in 
common house-docks, is called the recoiling ^MMpemenL It 
may be known by the motion of the seconds hand being al- 
ternately forwards and then, through a smaller space, back- 
wards. When this escapement is used, we have seen that a 
pressure resulting from the weight is applied to the pendu- 
lum, in the way of acceleration or retardation, throughout the 
whole extent of its vibration. Now, unlesa this additional 
force follow the same law as the cycloidal modification of 
gravity, that is, be as the distance of the pendulum from the 
lowest point, or nearly as the sines of its small deviations 
from the vertical, which it is not, the isochronism of the os- 
cillations will be disturbed. Hence the recoiling 'scapement, 
though quite sufficient for ordinary purposes, is unfit to be 
employed when great precision in the measurement of time is 
of importance. 

371. Could the motion be maintained by an instantaneous 
impulse communicated to the pendulum ball, at the lowest 
point 2), (Fig. 141.) the isochronism would not be disturbed. 
The ball having descended from -4, would commence its 
ascent through DA' with the same velocity as if it had de- 
scended not from A but from some higher point B, and if the 
impulse restore the velocity which would be lost from the 
resistance of the air, &c. in descending from B to X>, and 
communicate about as much more, it will ascend to the cor- 
responding point B\ 

372. To approach as near as possible to this state of things, 
is the object of what is called the dead ^scapementy or deadheat 
escapement^ the invention of the ingenious Mr. Graham. 

BAE^ (Fig. 142.) represents the crutch, CD and GF the 
pallets, which are oblique planes as before, BC and EG cy- 
lindrical surfaces, whose common axis is a straight line pass- 
ing through A perpendicular to the plane of oscillation. 
When a tooth escapes now from the pallet on the right, one 
drops on C, and during the remainder of that excursion of 
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i^tilmn it occasions very little obstruction to the mo- 
tion, only thiU which arises from the viscidity of the oil, and 
a very slight friction as it slides from C towards B, along the 
hard and well pollshetl cylindrical surface. On the return of 
the pendulum, it can give it no impulse so long as it slides 
from B to C ; for the pressure, being always peipendicular 
to the surface on which it is exerted, is directed to the axis 
A. The only impulse during this oscillation is communicated 
by a pressure exerted for a short time, near the middle of the 
vibration, as the tooth slides along the oblique plane CD. 
Another then drops on G, slides from G towards E, and back 
to G, along the concave cylindrical surface, and (iually com- 
municates its impulse in sliding from G to F, near the middle 
of the following vibration. It is from each tooth remaining 
still, or without any angular recoil, during the time of its 
sliding along the convex or concave cylindrical surface, that 
this escapement has got its name. The seconds hand of course 
has no recoil. 

373. Let JBD {Fig. 113.) represent the balance of a watch, 
and c the termination of its axis or verge, ca and cb the pal- 
lets, making an angle of about 95°. These are small planes, 
situated as in Fig. 14.4, and are represented in Fig. 143, as 
seen when we look to the verge in the direction of its length, 
or as projected on a plane perpendicular to the verge. When 
the plane of the balance is horizontal, the axis of tlic wheel 
which communicates to it the maintaining power is also hori- 
zontal, or the plane of its motion is vertical. BD represents 
the projection of a part of its rim on the upper side, with 
its teeth inclining to the right. On the lower part of the rim 
they will of course slope towards the left, when seen from 
above, and efg represents one of them in that situation. In 
the figure the tooth A of the crown wheel has impelled the 
pallet ca to the right, and is just ready to escape. As soon 
as it has escaped, the tooth efff drops on the lower pallet eft, 
but, the balance continuing its excursion for some time in the 
direction BDA, the pallet «&will draw the tooth e a little 
backward. When the balance stops, by the influence of the 
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^{ji ing, and ihe pressure of the tooth e, it immediately be^ioft 
to return, and the tooth e exerts its mainaumng power hj 
prt^^dliig the pallet cb round till it escape from it^ when thft 
tooth d will drop on ca^ and the former motion will be ra- 
(juated. When the recoiling 'scapement is thoa applied to ft 
watch, whose balance must be light, that it maj not bi«ak 
the fine pivots on which it turns, the inequalities of the main^ 
luiiiing power, and its deviation from the law that regulatoi 
ilie action of the balance-spring, occasion much greater 
atious in the rate than the corresponding ineqnalitiea do 
tlic same sort of 'scapement is applied to a dock. The 
uf momentum in the balance, arising from the amallnew c^ils 
mass, and its proximity to the axis, is partly conqieBsafeed bgf 
«riving it a considerable velocity, and by an imitittinn q^ or 
an iiiiprovemeiit on Graham's invention. In what are called 
(I'.iaclicd 'scapcmeuts the balance is subjected to the actioB of 
: !iL mainspring during a small part only of the vibratiaB ; aad 
\\\\6 is I'ound to be a great improvement. 



Of CoUUion, or of the Laws oflnqmhe as a MoHm Smet. 



:>74. In treating of this subject, bodies may be divided into 
'uird, soft, and elastic. 

.V perfectly hard body is conceived as one which suAsrs no 
.vuiiprcssiou, or change of form, by any force applied to it. 

V perfectly soft body is one, the parts of which, on the ap- 
.icatiou of any force, however small, su£fer compression; 
III, taking a new arrangement, exert no force to regain their 

filial position. 

V pcL-fccLly elastic body is one whose parts snfier com- 
.>.oa i)r dilatation, and exert the same force to recover 

:'i)i uier state as they exerted in opposition to the change 

■i ill. 

'hs:.^\: ilciiuitious may be considered as marking the ideal 
i' i'ciiuiii observed varieties in the constitution of bo- 
lu: being actuaUy found which is either perfectly 
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hBfdf paxttcHy aofly or perfectly elastic In some bodies, 
faowever^^as glass, ivory, and hard-tempered steel, the degree 
€f elasticity is very great, approaching nearly to that which 
19 defined as perfect In other bodies, as lead or clay, it is^ 
m the ordinary ways of. trial, scarcely sensible. 
?j 9Mf5. All bodies; appear to possess a repulsiye force, >thei 
sphere of which extends to a very small and generally 
imperceptible distance around them, but which, increasing 
very rapidly as the distance decreases, is sufficient to prevent 
absolute or geon^etrical contact . When ^, moving faster 
than B^ overtakes it, or appears to do so, this mutual repui* 
^i6n begins to act, and continues to take something from. Jts 
vdoci^, and add something €o ^s, till the two velocities are 
€qnaL -The effect of ^^s greater velocity before this equality is 
attained, is merely to keep the two bodies within the sphere of 
each other's influence, so as to prolong the action of the repul- 
sive force ; and, if the bodies are either perfectly hard, or per- 
fectly soft, they will sujBTer no smisible change after the common 
velocity is attainedi; But if they are perfectly elastic, they will, 
during the change just described, compress each other, and 
the external particles of either body will be repelled inwards 
towards those next to them, until thje elastic or repulsive force 
which these exert to prevent a nearer approximation is in 
equilibrio with the repuh>ion teerted against the other body. 
Thus two spherical balls of ivory will have, in their state of 
nearest appifo;dmation» not a point but a surface of apparent 
contact, the base of a spherical segment in each. Two balls 
of day will also flatten each other. In the same way ; but, the 
clay buying no ^sfensibl^ tendency to recover its form, there is 
no cause preserving the action of the repulsive force ; where- 
as, in elastic bodies, there is such a cause,- the elasticity of tlie 
compressed interior particles in each body repelling the ex- 
tfirior particles ^w«rd9 the other ; and if the elasticity be con- 
sidered as perfect, there will be the same force mutually ex- 
erted, and the sama changes made en the velocities of the two 
bodies, respectively, during the recoil as during the com- 
pression. 
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It follows, from what has now been observed, that it 
be sufficient to consider bodies as divided into two elasses, 
dastic and unekutici and we begin with the latter, as present- 
ing the simpler problem, the solution of whidi moreover na- 
turally conducts us to the solution of that which is presented 
by the other. In what follows the bodies are supposed to be 
sphericaL 



CoOkbm of Uneladic Bodies. 

876. Suppose the body A moving with the velocity a to 
overtake B whose vdocity is d, and that it is required to find 
the common velocity after impact Let this be called ;c ; theii, 
a— a? = velocity lost by -4, 
^..fr = velocity gained by jff, 
J(^a — a;)= quantity of motion lost by A^ 
B(x — d)= quantity of motion gained by B. 
A (a — x) = B{pii — b)r by third law of motion, 

Aa^Bb 



whence x = 



Aj^B 



B(a — b) 
Cor. Velocity lost by -4 = \,n > 

velocity gained by J5 = \.n • 

The changes of velocity, then, depend solely on the relative 
velocity^ or velocity of approach, and on the ratio of the 
masses. 

377. Suppose A to meet J3, and to have the greater quan- 
tity of motion. 

The velocities being denoted as before, 
a — a? = velocity lost by -i, 

b+ xzz velocity gained by B in the direction of A^s 
motion, 
^(a— a:)= B{h+x\ by third law of motion, and 

Aa — Bb 
"^^ A-\-B • 






1- --- -^. _ 

"' -•itl bv the r«iA. 

"" ' " ""■■■*•— i 

. - .»-..."■■■'■ ~ - 

■'"r .^i...T ... - ■-•■--- •-...■j«_- ._ ^ . 

'" ' "" ^1 '-^e use of a double 
Vclocitv I-: :y j ^ ^^6; 

velociiv z^'-^'-i 'oT 5 ^ -'^ (a =?i A) 

A third case, when 5 is at rest vk-^jx . . 

cpnarate solution, aa wc mav a^^^ , i , 

separate v accommodate the aJ-ir>v*t r/^nj^- 

tioDS to that case b v supposing =ir 4 ^ ^^ 
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37a The result in this ease w easily found hy rw,l>rr.,.{jr 
what was stated at the outaet, that ihe chanjreV.f v-lonty .^i 
eadi bodj is doubled by the recoil. 

ifs velocity after impact =r a i^ "r ^ * 

^s relodty after impact = — -jz^ =^ ^^• 

J79. Or. 1. The relitlTe v^Icctty r^ferr.alr.t .r,rt.^^.y/-^. ,u 
K^iectofqinnti^s b^ ^ *'?° ^'^ chanjr*id '-,7 rJ-.** ..r.;/*/.t, , ,/, 
oAer words, the Telocity of aptiT'^r.ri \^fM*'. 'h* ■r'.*'/*/^ 14 
eqnal to the Telocity of reecii aftitr It. If ff xtA // ^^ •K- 
fsloQties of -i and -*i n^pecti^-tlT, af^r •i*<^ /--yy,.!, « ^ // - 

Tliij may be prored by fihf^i/,t:r;7 >^t ▼•rt^yjf/ f^''«» /^' , 
15 dcecrmiiied abore, or «.'li wwr-: t:»7>*r, lyy tifi* i-JH\%uUf^, 
^ that snc^ during iLs -wnjrrett, by a iniUra/^^i^/^i ^//*/i 
ATckwtT and an additkn lo'-fiTt, the reJativ* v<;l//<;iiy J» 
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destroyed, or the actual velocities made equal, the equal nra- 
tual action during the recoil, taking as much moie from' J^ 
and adding as much more to B, will reproduce the same dif- 
ference as before, but in a contrary order. 

380. Car. 2. In the case of perfectly elastic bodies^ not 
only the products of the quantities of matter into the velod-' 
ties, estimated in the same direction, remain, as in all othef 
cases of collision, unchanged ; but also the products of the 
same into the squares of the velocities, for, 

A {a — c^)zzB {b'zsp. b\ by third law of i^otion, 
and a + fit' = 6' =i= 6, Cor. 1. 
.-. A (a«— o'O = B {V*— 6*), 
or Acfi+Bl^ = Ae^+Bb^. 

381. Cor. 8. If A strike B at rest, or if * = e, 

A—B 

A's velocity after impact = ^ ^ av 

2A 

Rs velocity iafter impact = . ^ o. 

Thus, if -4 = 8 jB, 

1 

-4's velocity after impact = — a; 

o 

4 
JB*s velocity after impact = -^ a. 

AndifJ3 = 2J, 

-4's velocity after impact = — — a ,- 

^s velocity afi«r impact =.— as 

1 

that is, A is reflected backwards with — of its previous ve- 

2 

locity, and B is progressive with — of the same. 

It is obvious from the formula that in this case the striking 
body, if the less of the two, must be always reflected. 

382. Cor. 4. If ^ and £ be equal, and A strike B at resti 
A will remain at rest after coiUmon, and £ will proce^ wiA 
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sectiiig FG in C and join CBj A must be mpdied in die line 

AC. The demonstradon i^ obvious. 
S88. Prcb,^ LetJ and £ (Fig. 147.) be two equal jphericai 

balls, and let A^ moving in the direcdon and with die velocity 
AG^ strike B obliquelj ; it is required to find die modon ot'each 
after impact. With the centre B and radius BG = die tnm 
of the radii, i. e. in this case 2BLj describe a circle, and !ec 
the direcdon of A's modon meet its circumterence In G. 
Take AG to represent A's velocity and resolve it into ^Lfl, 
EG perpendicular and parallel, respecdvelv, Co die tanirenc 
plane DLF. Then, 1st, If the bodies are pertect;7 eiahLc, 
the vjelocity AH will be destroyed, and B will proceed .n :iie 
line BC, with a velocity represented by ^tff, and A will move 
in the direcdon GK, with a velocity represenced oj GA", = 
EG. 2dly^ Let the bodies be unelaadc; B will idll cak-i die 
direcdon BC, but now with the velocity ^ AIL A v.i^ r^ 
tarn the velocity ^ AH in that direction ; and, if we ouuie a» 
before Gi^ = i7G, and draw KE perpendirular Cij It, ami 
^^AHj the path and velocity oi A after impact will be re^ 
presented by GE. 

If both the spheres be in motion when they m^^r, w^ r^^^ 
qnire the soludon of the following; preliminary prooK^m. 

889. Prcb. 3. Having given the radii of two *pr»«r^ mr»v- 
ipgso that their centres are always found in xJcifi )arr.e p;.vi^, 
their velocides, the directions of their motion^ ar^d two f/^ 
temporary posidons of their centres, to fifid their po^iti/zn u 
the moment of impact, and that of d^e plane whir.h a *i»eir 
coauDon tangent at that instant. 

Let the spheres be A and B, Fig. \^H., let >*/> i'/«i ^^>- 
scribed by ^ and BG by ^ in the ^arr.e drr;';, if r/jO'« iri;^ <i:..;i. 
tennptedly; complete the parallelogr^i.Tj AliCO^ 'y/,u C'(}^ 
^ let it be cut if possible in a point // hy a lir:^ hi/ :=. tin: 
sunof the radii of ^ and iS. Complete t^ie parailelo^runi 

Then BCiBG- FH: FG, or 

AD:BG=ED: FG, 
and AD'.BG^AE: BI\ EucL v. HI. 



-V*-**/ ,:-■,,;.,> .. .^.v! ■;.;.. .. ..■\ <>-> .V^ri .illj (11. ^l^-4l>HT-.i*ii.tT!» 

3:1 |-^-- I av. From this a curious consequence is deduced. 

If tbt) progression be a decreasing one, the velocity will in- I 
crease, and the quantity of motion will decrease, both wiA- | 
'(MCUaut; and, if the progression be an increasing one, die 
Telodity will decrease, and the quantity of motion increase 
irltiiBtit limit. 

' SSikl Cor. 9. A perfectly elastic ball is reflected from an im- 
notatile plane so as to make the angle of reflection equal to 
the angle of incidence. 

'l.'X.et it be considered as a physical point or single pat^ 
tide; and resolve the velocity of incidence ^^ (Fig. 145.)S)fr i 
AD, DB. When the particle strikes the plane DE at B, 
the velocity' 2>£ =: J7£ continues undiininish^'and .i2)or 
FB is destn^ed, and, as far as our senses can distingiiiiii, 
inttarUiy reproduced in the direction BF, and ^ TelocilNS 
BE, BF will, by composition, produce BC = AB, making 
the angle CBF = the angle ABF. 

2. If 5 he a ball whose radius is sensible, let i>^ be drt 
reflecting plane, and, having drawn DE parallel to it^ at ■' 
distance = radius of B^ and on the side on which the bocif 
approaches it, let JB meet this line in B, and proceed as bo- 
fore. 

387. Pnb. 1. Let ^ and £ (Fig. 146.) be two sphericd 
balls, of which A is perfectly elastic, and FCt a plane sof^ 
face considered as immovable, it is required to find in what 
direction A must be impelled so as after refiection from the 
plane to strike B. I,et FG be parallel to the plane F'G / at 
a distance =: the radius of A, draw BD perpendicular fo FGi 
and produce it to E, making DE = SD. Brew AJB iitfei- 
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secting FG in C and join CB, A must be impelled in the line 
AC. The demonstration is obvious. 

388. Prob.2. LetJand-B(Fig.l47.)betwoequalspherical 
balls, and let A, moving in the direction and with the velocity 
^<7, strike £ obliquely; it is required to find the motion of each 
after impact. With the centre B and radius BG = the sum 
of the radii, i. e. in this case 2 BL, describe u circle, and let 
the direction of A's motion meet its circumfei'ence in G. 
Take AG to represent A's velocity and resolve it into AH, 
HG perpendicular and parallel, respectively, to the tangent 
plane DLF. Tlien, 1st, If the bodies are perfectly elastic, 
the velocity AH will be destroyed, and B will proceed in the 
line BC, with a velocity represented by AH, and A will move 
in the direction GK, with a velocity represented by GKy = 
HG. ^ly, Let the bodies be unelastic; B will still take the 
direction BC, but now with the velocity i AH. A will re- 
tain the velocity \ AH in that direction ; and, if we make as 
before GAr=//G, and draw KE perpendicular to it, and 
^ ^ AH, tlie path and velocity of ^ after impact will be re- 
presented by GE. 

If both the spheres be in motion when they mnet, we re- 
quire the solution of the following preliminary problem. 

389. Prob. 3. Having given the radii of two spheres mov- 
ing so that their centres are always found in the same plane, 
their velocities, the directions of their motions, and two co- 
temporary positions of their centres, to find their position at 
the moment of impact, and that of the plane which is their 
common tangent at that instant. 

hex. the spheres be A and B, (Fig. U8.) let AD be de- 
scribed by A and BG by B in the same time, if moving unin- 
terruptedly; complete the parallelogram ABCD, join CG, 
and let it be cut if possible in a point if by a line DH= the 
sum of the radii of A and B. Complete the parallelogram 
ZtHFE ; 

Then BC:BG = FH: FG, or 
^^ ADiBG=ED: FG, 



^ 
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ThfereEbn since JE and BF are in the ratio of tbe velocities, 
they are spaces described in the same time, (313.) and £ and 
Ji" will be coteniporary positions of the centres of the spheres ; 
)3atEF\s =jDi/=thesum of the radii, and the spheres must 
touch each other when in this situation. Take EO = the 
radius of the sphere A, and through O let a plane pass at 
right angles to EF, tliis will be the tangent plane required. 

TTiis elegant solution is to be fouud in the commentary on 
Newton's Principia. Wood has also given it in his Mechanics, 
To find the motions of the spheres after impact, we mast find, 
as in this problem, the tangent plane common to both at ^e 
instant of the impact ; resolve the velocity of A into a per- 
pendicular to that plane, and a' parallel to it, and the velo- 
city of B in like manner into b and b', the former perpeadJ- 
cnlar, the latter parallel to the same : then, by the formule 
already given for bodies elastic or unelastic, as the caSi msy 
require, find by the quantities of matter, and the velocities a, 
b, what will be the velocity of each body after impact, and in 
what direction ; these compounded with rf and 6", which re- 
main undiminished, will give the new motions. ' 
' S90. iDtreatingofimpulsetrehavehlthertbeoaaAdefedcMiIy 
the simplest caies, in all of which, the line of eflfetStire di^ 
nion JiftBses thriragh the centre of gravity. But evtib *hei^ Che 
motio* of the one body is directed towaHa the othefBr cenfre 
of gmrity, the impulse may not be communicate 'in tSut £- 
Tection. It will not be so directed if the pftrpendicolar V> tbe 
oAmmon tangent plane at the point of impact do not pitte 
through the centre. Thus CE {Fig. 149.) being the tangtAt 
plan^ and A'a velocity, AD, being resolved into JE, ED, 
the body B will be struck with what is lost by .^ of the tjilab- 
taty of motion A.AE, and in the direction DH, nbt ^aBsiilg 
through the centre of gravity G. The resnlt is now itiss 
simple than in the former case ; and, before it can be idxplafo- 
ed, we must demonstrate some dynamical properties ot tiie 
centre of gravity, and the laws of rotatory motion. 
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<y(fc J&A« of the Centre qfGramty. 



HR'891. If C (Fig. 150.) be the centre of gravity of the mosses 
A Hnd B, they are kept in equilibrio, as has been formerly I 
demon strited, by a pressure equal to the sum of their weights j 
RCting in the parallel and opposite direction CD, (43.) This 
force then applied to the centre of gravity, is so distributed as 
to oppose an equal and opposite pressure to the gravitation of 
every equal particle; for the equal tendency of each to de- 
scend is just counteracted. Were the weights oi A and B 
suddenly annihilated, the inertia of each equal particle would 
oppose the same resistance to motion, and the whole would 
begin to move in the directions in which they are pressed, 
that is, in parallel directions, and with the same progresnive 
velocity. 

If we consider impulse as a case of pressure arising, as for- 
merly described from the action of repulsive forces, it will 
follow that when a body is struck so that the whole efficient 
force is directed to the centre of gravity, every particle will 
have an equal progressive motion, so that there will be no 
tendency to rotation. 

Or, if we consider impulse as a motive force sui generis, wo 
May still demonstrate the same thing, by the aid of a dyna' 
nicat axiom analogous to the third in Statics : " If two equal 
quantities of motion be applied perpendicularly to the extre- 
mities of an inflexible physic.il straight line, they will be ba- 
lanced by a quantity of motion equal to their sum, applied in 
a contrary direction, at the middle point between them." 
Taking this for granted as a contingent truth, agreeable to 
universal experience, we can demonstrate a series of conse- 
quences relating to the lever and its modifications, as affected 
by impulsive forces, or the quantities of motion that mea- 
sure them, exactly similar to those proved in statics in rela- 
tion to pressures ; and thus we show that there is a centre of 
jparallel impulses, as well as of parallel pressures, and the pro- 
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lo those which obtain in the other. Conceive a body M^H 
descending so that every particle, has the same progresfflJS" 
velocity, in parallel directions, and that a quantity of motion 
equal to Its own is impressed in a vertical line passing tbrongh 
the centre of gravity, tlie velocity of each particle will be an- 
nihilated, and the force which accomplishes this would have 
impressed upon them all equal and opposite velocities] had 
those supposed not previously exitited. 

3!>2. If any uniform motions whatever In parallel direc- 
tions be impressed upon a number of unconnected bodies, their 
common centre of gravity, or of position, as it should rather 
in this case be named, will either remain at rest, or its motion 
will be uniform, rectilinear, and parallel to that in which t||» 
motive forces are applied. 

Let the parallel lines HD, IE, and LC, (Fig. \S>\.\\ 
ther lying In the same plane or not, be perpendiculafji 
plane whose projection is RS ; and let tlie bodies A, J9, C, 
whose centre of gravity is G, have such motions impressed ou 
them that they describe the spaces AD, BE, CF, uniformly 
in the same time; draw Gf perpendicular to RS, and there- 
fore parallel to the directions of the impressed motions ; , the 
centre of gravity shall always be in this line. For let aplane 
pass through KG, and, taking KM any other line in that 
plane, draw IN parallel to it, and the planes MKG, NIB will 
be parallel. In the same manner planes may be conceived 
lo pass through HD and LC parallel to the plane MKG. 
While the bodies describe AD, BE, CF, they remain in those 
parallel planes, and their perpendicular distances from the 
plane MKG will be constant, as also the momenta or pro- 
ducts of the masses into those distances. Now the sum dS 
these momenta = 0, when the bodies are in the positions 
A, B, C ; for the plane to which they are referred passes 
through the centre of gravity; and as the sum continues =0» 
the centre must always be ibund in that plane, (50.) In the 
same way it may be proved to continue In any other plane 
passing through KG ; it must, tliercfore, be always in KGji 
line of common section. 
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site^ will not affect the state of the centfe of gravity; that is, 
if any forces whatever be impressed upon any parts whatever 
of a system of connected bodies^ the motion of the centre will be 
the same as if the bodies were free, and the same as if these 
forces were directly applied to itself. 

398. Cor. 6. In eccentric impact there is combined with 
this progressive motion a motion of rotation about the centre 
of gravity. 

G (Fig. 152.) being the centre, and GOQ a right angle, let 
OQ represent the force impressed jF. Bisect OQ in ii; sO 
that OE and MQ, may each represent ^F: take G£= GOf 
and suppose the forces BNj BPy which are each = OJB, to be 
applied at By in opposite directions ; then, as BN, BP balance 
each other, the body will have the same motions whether the 
single force OQ be impressed, or the four equal forces OR^ 
RQy BNf BP be applied to it simultaneously. Now the effect 
of BP and OiZ, whose resultant is = their sum^ sz JP, and 
passes through 6, will be to produce an uniform progressive 
velocity in the whole body, while BN and JSQ, with a mo- 
mentum = BN. BG + RQ. GOy = jF. GO^ conspire in pro- 
ducing a rotation about G the middle point between them. 

Note. — This reasoning will apply to pressure as well as im- 
pulse. 

399. Cor. 7. Though the eccentric impact produces both a 
progressive and a rotatory motion, the latter adds nothing to 
the quantity of motion estimated in any given direction. 

Let FE and CD (Fig. 153.) be two planes passing through 
the centre of gravity, and let their intersection be the axis of 
rotation : let GA be a straight line perpendicular to the axis, 
AC perpendicular to GA^ and AB to GC. Then if v be the 
angular velocity, GA,v is the absolute velocity of the particle 
Ay and A.GA.v its quantity of motion in the direction Se- 
this is equivalent to A, GA,v. cos. BAC =. v. A. GA, cos. BOA 
= v.A,GB parallel to FE^ and A.GA.v. sm. BAC = v.A.GA. 
sin. BGA = v.A.BA parallel to GC. Therefore J A.GA.v or 
v/A.GA is equivalent to vCA.GB and vfA.BA^ in the di- 
rections of two rectangular axes, dinAj^A.GB = ^S^jA.BA = 0, 
(50. end); whence the truth of the Corollary is manifest. 
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402. Cor. 1. Thus we see that a body resists the commu- 
nication of angular motion not merely in proportion to ils 
inertia />, but also in proportion to tbe square of its distance 
ftom the axis : for the resistance to angular motion may be 
considered as proportional to the force required at the unit of 
distance to impress a given velocity there ; and this force, we 
have just seen, varies a? Ajrr. i<' at the distance (f is equi- 
valent to Fd at the distance I, and 

Fd = fprr when « is given. * 

r «iDfc^>»i?ir ii- i»Hedi-<hoagh wot p«>h<ifl> N l' l lk''WW^ tl W l 
ytyrirt^/thBnwwaiiiMr^aiwWit. ^'- ' ••■^ 'A.-'if \-iih^ : Min< 

,.40S. Cor.^ When J*d!iBgiTeit,(iiainnMdyu /Iprrt-lilft 
«m be constant when that is constant, and' greatest when that 
is least. "* 

404. Cor. 9. A point may be assigned such that if all die 
matter of a body m were there concentrated, a given force im* 
pressed at a {pven distance from the axis woald produce tiie 
same angular velocity as it does with tbe matter In its natural 
form. 

We have only to suppose wA' sryjprr, 

or A = jlUJL . 

and any point at the distance & from the axis will have tbe 
property mentioned. This point is called the Centrei^Gyra- 
tian, and we may call the distance k the Radiia qf Gyration, 

405. Cor. 4. It is often convenient in calculation to assign 
the mass m' of equivident resistance to be placed at a given 
distance from the axis, for instance the distance df at which a 
force is applied : then 
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Nde.^^F may then be considered as impressed upon m' in 
ihe way of direct impact, and the velocity at the distance dy 

•■■ F 

= — ;^ will be known; hence, too, the angular velocity is 

given, and the absolute velocity at any assigned distance. 

406. Prop. U. Prob, Let there be a system of l^odies Aj B, C, 
Sec as in Prop. /, and let a pressure F be applied in a direc- 
tion to which d is the perpendicular distance ; it is proposed 
to find the accelerative force at the point of application. 

From the connection of the parts the velocity communicated 
in A given time to any particle, or the measure of its accelera- 
tive force, must be as the distance from the axis. But the 
accelerative force is also as the pressure applied to the unit of 
mass. Let p then be this pressure at the distance 1 from tlie 
lotis: 

At the distances a, &, c, &c. the pressures 
on nnits of mass are ap, bpi cpl &c. and those on 
the masses J, A, C, &c. A aj/, B bp\ C cj/^ &c. 

Tie corresponding pressures at the distance d to produce 

these will be — j-j — j — 5 — 3— 5 

, AaY BVp CcY _ 

•• rf + ~d~+ rf ""^' 

and//= — , 

^ fprr 

or pd = w • 
J prr 

NowjSd^ being the pressure on the unit of mass at thedis- 
tance d, is a measure of the accelerative force at that distance. 

Note. — If the pressure be assigned in terms of the weight 
□f the unit of mass, thi$ formula gives the accelerative force 
as a multiple or submultiple of gravity. 
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Fd 

407. Cbr. 1. ^ir~ZZ 9 w the angular accelerative force. 

fPrr JPg 

408. Cor. 2. If w' = ^^— li — » — 7- is the accelerative force 

at the distance d. r , '' ,. 

409. When a body is connected with a fixed axis, if a 
force impressed be such as to make it strike that axis, the re- 
action will affect the motion of the centre of gravity. \i% 
therefore, in any case, the motion of this centre be both in 
quantity and direction the same as if the body were free, it is 
a proof that no force is, in the nascent state of the mo tion^ 
exerted by the axis, and that the body so struck would bqprin 
to turn round the same geometrical axis in free space. Aline 
in that situation is called the Axis qf Spontaneous JBatation^ 

410. Prop. III. Prcb. To find the axis of spontaneous rota- 
tion. 

Let a force F be impressed at O, (Fig. 154.) so as to make 
the body whose centre of gravity is G to revolve about an axis 
passing through C This force may be impressed in a direc- 
tion perpendicular to CO^ and the incipient motion of the 
centre of gravity G g will then be in the same direction, whe- 
ther the body be considered as free or as connected with the 

fprr 

axis. Also the mass of equivalent inertia being m' = ^^STST"* 

F F.CO^ 

(405.) the velocity of O will be — r = -7: , and that of G 

M fprr 

= — ^--^ . Ifm be the mass of the body, — is the velo- 

fprr ^ m 

city which the centre of gravity would have were the body 
free, and CO, when possible, will be determined by the fol- 
lowing equation, 

F.CO.CG F 
fprr "" w' 

fp r r 



or CO = 



m.CG 
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411. Cbr. 1. Letyp ry represent the momentum of inertia 
for an axis parallel to the former and passing through £r. 

Now, U>T the same axis *^^ is a constant quantity, and 

CO = Yr7^ ; so that when GO is indefinitely small CG is in- 
definitely greatyand if O coincide with G, there is no axis of 
spontaneous ooiiveri^on. This is agreeable to what has been 
previously demonstrated otherwise, that when the line of ef- 
fective impulse passes through the centre of gravity, the whole 
mass has an equal progressive motion, without rotation, (391.) 

412. Cor. 2. It is evident (397.) that the rotation about an 
axis passing through C determined as above is momentary. 
The continued rotation is about an axis passing through the 

centre of gravity, and CG rr*^^—^ is the distance at which 

the absolute velocity of rotation is equal to the progressive 
motion. Every point of the axis passing through C is af- 
fected by two equ^l and opposite velocities, and therefore 
momentarily quiescent. 

413. Cor, 3. If an unelastic body whose mass is Mj mov- 
ing with the velocity F, strike in the direction FO (Fig, 154.) 
a body whose centre of gravity G and centre of spontaneous 
rotation C are given, the motions produced may be determin- 
ed thu/s: 

' The velocity comipon to the body and the point struck af- 
ter impact will be 

MV MV.CO^ MV.CO" 

fprr ''^fprr+M.CO*''fn.CG.C0+M.C0^'' 

C^-irM to' ^'^^^ ^^^"^ *^^ velocity with which O will 



[3«»i.|i>Mh»<»lle«t»-<l|ii.ii4rijlwliinl»llllM >^||(,iW««i-i 

jrF.co 



Tjad^nr id itowloay of C|i iclMliwiilrtiwiilwlft. 

" ';■.' ' ■' ' ' —Mr ■'• • "■■'' '%"•" ^ 

■f^'W C. will giv«^ (M+»0CG+M.OO '■'" ""= ""S"'" 
Tatbeitr^'ai revolutions and parts of a revolution per second. 

:>tl^ There is a certain point in ev*;ry body revolving about 
Wtudi^ to which if a fixed obstacle be presented, the body 
b'iriiig itnick it shall remain in equilibrio, or without n ten- 
dMKgftD revolve about it in any direction. This pouit is call- 
ed the CeiUre of Percussion. 

•&. 'ili.'fVtop. IV. Prob. To find the distance from the axis of 
\ motion to the centre of percussion. 

■ fUa C jTig. 154.) represent the axis, and O the centre to 

:, bcrfbniid. If the angular velocity be v, the absolute velocity 
'of j1 in the direction AB, perpendicular to CJ, \b JCv, and 
its quantity of motion A.AC.v^ This considered as appUetf 
at B and estimated perpendicular to CO b A.AC.v.K.a.Bs 
A.AC,v.tia.CAD t: A.CD.v, .*. The momentum with re- 
ference to an obstacle at O considered as in edge or line 
parallel to the axis is A.CD.OB.v^ A.CD.v {CO~CB} 

CO-~-7Tjj}i and, by the conditions of the pro- 
blem, the sum of these momenta =0: that is, J'A.CD.COf 

or COfA.CD~rA.CA\ Whence CO =■^4^='^^^^ 
"^ '' /A. CD mXa 

If the revolving body be a straight line as CJB, (Fig, 155>) 
or any surface or solid of uniform density constructed sym- 
metrically with re»pect to tbat line, Ibr example, a rectangle 
bisected by it, an ellipse or ellipsoid of which it is an 
axis, &c. the point O, determined l^ the distance CO fonnd as 
abov^ will be the centre of percussion, in other cases, the 
sum of such momenta as HB.v.BD, that is, v/BB.BD wiA 



' DTVAMIC8. 20} 

net beeqQal on emdi side^ and there will be a tendency to 
rotaCi(Hi about CRj or the centre of percussion will not be O* 
but some other point & at the same distance from the axis. 

416. In the case of any body revolving about a fixed axid 
by its weight alone, there may be found a point at which all 
the matter of the body being collected, and there also acted. o)a 
by its weight alone, the angular accelerative force shall, at 
any given deviation from the vertical, be the same as before. 
This point is called the Centre of OscUlaium. Could the mat- 
ter be actually concentrated, as supposed, it would evidently 
constitute a simple pendulum, oscillating through any given 
anigle in the same time as the body to which it refers does in 
its natural form. The distance from the axis to the centre of 
oslcillatioti of a pendulous body, we shall occasionally call its 
equivalent simple pendulum. 

417. Prop. V. Prob. To find the centre of oscillation of a 
body turning round a fixed axis. 

Let «r be the weight of the body, m its mass, G (Fig. 154.) 
the centre of gravity, O the centre of oscillation to be founds 
and ^ the sine of deviation of the line CG from the vertical. 
In the actual form of the body the weight or motive force 
may be considered as acting at the centre of gravity, and the 

angular accelerative force as a multiple of gravity is -pr^ , 

Jprr 

(407.) Again, when the matter is all collected at O, the an- 
gular accelerative force is, by the same rule, — ira- = — r^. 

Hence, by the conditions of the problem^ ^-jr- — = — -Q?f 
and CO ^^^^^^ 

418. Cor. L GO^^^^, (411.) 

419. Cor. 2. It appears by the last corollary that the dis- 

/ « r'r^ 
tance from G to the centre of oscillation is equal to "- — 

. . . M 
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divided by the distance from G to the axis. Let then an axis 
parallel to the former pass through Of and the distance from 

G to the centre of oscillation will now be f^ky .But CG 

= *^^p^ , (418.) Two parallel axes then passing through C 

and O may be called conjugate axes of oscillation. To each 
as an axis of motion the centre of oscillation is in the others 
This property has lately been ingeniously employed by Ci^ 
tain Kater to find the length of the equivalent simple pen- 
dulum, and thence, by observing the number of its vibra* 
tions in a given time, the length of the pendulum that swings 
seconds in the same place. 

420. Cor. 3. For die same body, and axis parallel to a line 

/ v t't* 
given in position, — — — Ls constant, and CG varies inversely 

as GO. Therefore while CG is constant GO is constant, 
and consequently their sum CO remains of the same length. 
That is, if a circle be described from the centre G at the dis« 
tance GC in a plane perpendicular to a line given in posi* 
tion, the body will oscillate in the same time through what- 
ever point of its circumference the axis of oscillation pass, 
provided it be always parallel to that line. 

421. Cor, 4. As the rectangle under CG and GO is con- 
stant, their sum CO and the corresponding time of vibration 
will be a minimum with reference to the same set of parallel 

ft) r'r^ 
axes when they are equal, or when CG^zz. —^ . 

In every other case there will be^bwr points in the line CGO^ 
the oscillations about parallel axes passing through which 
will be performed in the same time. In finding the length of 
the equivalent simple pendulum by Kater'^s method, care 
must be taken that those selected shall be conjugate to each 
other, 

422. Cor, 5. The distance from the axis of suspension to 
the centre of oscillation may be found experimentally, where 
extreme precision is not required, by taking a small spheri- 
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gal ball suspended by a fine wire or thread, and lengthening 
or. ahortening it till it vibrate in the same tinie as the bodyi 
and for the greater exactness applying a small correction, to 
be afterwards explained (434.) ; or, considering the length of 
the seconds pendulum as ascertained, we may cause the body 
to vibrate, and count the small oscillations as long as they 
are perceptible; then supposing JV to be the number per 
minute, the distance to the centre of oscillation, or length of 
the simple pendulum whose vibrations would be synchronous^ 

. y 140900.4 .^^^. 
18 L= — j^ — ^,(360.) 

• 4SS. Car, 6. Hence yjirr ox fyi^r' may be found experi- 
mentally. M as measured by weight may be found by a ba- 
lance^ CG as in (120.), and CO by one of the methods just 
described; then 

m.CG.CO-fprr; 

m.CG.GO=fprr'. 
iSilL Cor. 1. Let k be the radius of gyration ; that also may 

be found experimentally; for k^^dlH, (404.) = CG.CO. 

425. Cor. 8. Wlien a pendulum has completed the semi- 
arch of vibration, so that the centre of oscillation is at the 
lowest point, its velocity, or that of any other point in a line 
drawn through it parallel to the axis, is that which is due to 
a fall through the versed sine of the arch described ; a pro- 
perty which does not belong to any point at a greater or less 
distance. 

The first part is obvious by a comparison of the motion 
with that of the extremity of the equivalent simple pendulum ; 
the second by recollecting that the velocities of different 
points are as the radii of the arches which they describe, 
that is, as the versed sines of the semiarches of vibration, 
while those due to falls through the versed sines are in the 
subduplicate ratio of the same, (320.) 

486. Cor. 9. L<et a body be composed of several parts whose 
mdsses in,'m', m% &c. are known, as also the distances to their 
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respective centres of gravity A, h'f k'jScc* and the 

to their centres of oscillation /, /', t'j &c. and let L be the 

distance from the axis to the centre of oscillation of tbe whole; 

427. Cor. 10. Let m, h and / denote as before, and let a 
small sliding piece fA be attached to the pendulum rod, the 
variable distances from the axis to whose centres of gravi^ 
and oscillation may be always accounted equal, and each = X; 

Hence L will vary with the position of fjky that is, widi the 
variation of X, and the sliding piece may be employed to re- 
gulate with precision the time of vibration. Considering L 
and X as variable, we derive this fluxional equation^ 

tt Jl/ — 7 i~~; TikZ • tf X« 

(mA+AfcX)« 
When the numerator of the coefficient is positive (or /aL\:p^ 
^m'^h^ + mfihl — wA, that is, X a little greater than ilj) the 
signs of c/X and dL will be the same, when it is negative they 
will be opposite. 

For a detailed and perspicuous statement of the effect 
in different positions as deduced from these premises, see 
WhewelFs Dynamics^ § 92. 

We shall now show how to find by calculation /]p r r in 
some of the cases of most frequent occurrence, on the supposi- 
tion of uniform density. 

428. Let s' represent the increment of the required sum 
between two distances from the axis of which r is the less 
and R the greater, and m' the increment of the mass, 

s' is ::^ r^ 7/^', but .-^ E' m\ 



or — is ::^ r^ but ^^ W 
m 



but r^ is the limit of R\ and consequently of the quantity al- 



5 



ways intermediate —, while the time of the cotemporary in- 
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ds 
erements is continually diminished : and -j- is another ex- 
am 

pression of the same limit. •% 3- = r*. <f « = r*c/»i. 

am 

and ^-s^fprr-TLft^dm. 

429. Let the length of the physical straight line CA (Fig. 
156.) = 11, CB = X; the mass of the unit of length being 
taken as the unit of mass, a and x may denote quantity of 
matter as well as length, and dm = dx. Hence s ^fo^dx 
= J ir5=z J a . aS when ^ = a, = ^ m a«, m being our general sym- 
bol for the mass of the body, so that for any very small cy- 
linder or prism we may conceive the effect of inertia to be 
4e same as if one third of the mass of the body were placed 
at the extremity, and the rest annihilated. 

Cw. Let ABED be a rectangle whose length ADzza and 
breadth AB = 6, and let CF^ parallel to AD^ bisect AB in 
C. Then 

(a.) If the rectangle revolve about the axis AB^ 

8=:^m.a\ 

(J.) If it revolve about the axis CFj 

8-=^ ^^m.lf. 

(e.) If it revolve about an axis perpendicular to its plane, 
passing through its centre of gravity 6, 

s^^^m{a^+¥). 

A'ofe.-^This will also serve for a parallelopiped whose mass 
ism, and whose section perpendicular to the axis of revolution 
is the rectangle ABED. 

(d) If it revolve about an axis perpendicular to its plane, 
^ passing through C, 

(e.) If it revolve about an axis perpendicular to its plane 
^d passing through one of the angular points, 

« = im(a*+6»). 

jVofe. — The last two formulae will equally serve for a paral- 
lelopiped whose section is the given rectangle revolving about 
the laine axes. 
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430. Let ADE (Fig. 158.) represent a physical circle, 
or thin cylindrical lamina, revolving about an axis passing 
through its centre and perpendicular to its plane. Let r be 
the radius of this circle, and let x be the variable radius of 
the dilating concentrip circle H^G^ by whose circumference 
we may conceive the area of the given circle to be generated. 
m for this circle izs*^, dm:= 2crxdXy and 9^=^f29rafidXf 

= i «r j;*, = ^ «-r*, when xzsr ; 

or if=ziflrr'.r' = ia»r*; 

so that the resistance to angular motion is the same' as if one 

half of the mass were placed at the circumference and the rest 

annihilated. 

Cor. 1. The result will be the same for any solid revolving 
cylinder of uniform density, whatever be its length. 

Cor. 2. For a hollow cylinder the exterior radius of whose 
section = r, and the interior = A, 

« = i ^r^ — i^k\ = ^ «r (r*— A4), 
= i^(r*— A*).(r«+A') = ii»(r*+A*). 

Cor. 3. From the result above stated, we have an easy 
method of finding s in reference to a diameter of the circle. 
Let AB and DE (Fig. 159.) be any two diameters of the 
circle at right angles to each other ; let CH represent the 
distance of any particle from the centre, and draw HF^ HG 
perpendicular to AB and DE ; then CIP— HF*+HG\ and 
fprr=fp.CH\^fp.Ht^+fp:HG% =2/p.^/^, and 
since fp. CIP = i «■ r\fp. HF^, or its equal /p.HG^=i w r* 

Cor. 4. From this result, again, we have an easy determi- 
nation of y/) r r with reference to any axis in the plane of the 
circle or parallel to it, as MN^ at a given distance d from the 
centre; for by the last corollary and the property of the 
centre of gravity (86.) it must be 

I w r^+m flP = w (i r^+d^) ; 

and if MN be a tangent to the circle, it is | «• r^. 

Cor. 5. Let ABDE (Fig. 160.) be a cylinder revolving 
about an axis CF passing through its centre of gravity G; 
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lei FB ss Of and LK:s by and c' = the area of a section as 
KIL Also let the variable line GL =. sc. Then, with re^ 
Setvoce to KM as an axis of rotation, for the area of the seo 
tioQ %zz\ i?h\ {Cor. 8.) and therefore with reference to the 
pftmllel axis CGH it will l?e J c* 6'+c* a^, and for a very thin 
lamina whose thickness is da:, it will be l^^b^dx+c^a^dx, 
the integral of which, when 07 = 0, is Jc^i'a+ jc^o', or 
J TO (1 6* +i a*.) To this adding its equal for the other half 
of the cylinder, or as we sometimes express it, integrating be- 
tween the limits x is a and ^ = — a, we have for the whole 
cylinder 

48L Some of these deductions may be simply and ele- 
jgantly enough verified by suspending cylinders and parallelo* 
{ripeds of given materials and dimensions, and causing them 
to vibrate horizontally by the torsion of wires. It is easy to 
construct our experiments so that the ratio of the times of 
their oscillations, as deduced from the above data, shall be 
known. 

432. Let ADBE (Fig. 159.) now represent a sphere, and 
AB, DEf the projections of two of its great circles, at right 

angles to each other : jp r r with reference to their intersec- 
tion as an axis = A? . HF^ +J*P • ^^ = ^J^P • ^^ as be- 
fore, these sums being now taken with reference to the planes 
of which wijB and DE are the projections. 

Let JDBE (Fig. 161.) be a sphere, of which JB, DE are 
great circles as before, draw FG perpendicular to the radius 
C£, and join CF. Then CG being denoted by a*, and FG by 
y, dm = ^^ dxy and ^, for the matter on one side of the plane 
ABy^fTfj/^x^dx^ ^ vf {r^ — xl^)x'^dx, = ijjrrs, when 

a?s r. Hence for the whole sphere in reference to this plane 
it is 1^ flrr^, and in reference to the axis coinciding with the 
intersection of the two planes 

jj= /ycrr^ = f.t crr'.r^ = Smr% 
or ij is equivalent to two-fifths of the whole mass accumulated 
At the extremities of its equatorial radii. 
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43S. Let ADBG (Fig. 162.) be an oblate spheroid, gene- 
rated hj the revolution of the semi-ellipse ADB abont thf 
less axis AB ; let CE or CA = r, and CD = a. JT/ffbeiiig 
supposed parallel to CDy 

and, the sphere and spheroid being conceived as composed ol 
corresponding circular laminae whose radii are all as r : a, and 

J'p r r for such laminae being as the fourth powers of their 

radii, (430.) 

r^ : a^ z= ^^ vr^ : s, for the axis AB of the spheroid. 

It is obvious from what was proved in the investigatioQ for 
the sphere (432.) that one half of this, or /^ ira^r, will be 

= /j3 . HF' or ^J^p • HG^ in reference to one of the ellip- 
tical sections passing through the centre of the sphercnd, that 
is in reference to ADBG in any one of its positions. Let us 

next find A? • jHTJP or J*p . HG^ in reference to the equator. 
If CK = a, and HK=p, 

r^ I a^ — r^ —w^ I y^ ^ -^ (r« — ««), 

and as y* for the sphere would be = r* — x^ and ^ ffr* =r 
fp . HF^ for the same on each side of a great circle, it will be 



a« 



here -^ . tV ^r r^, = A «• a^r^ ; and for both sides or Ibr the 



whole spheroid iV ^ra^r^. 

Cor. When the spheroid revolves or librates round an 
equatorial diameter, the value of s, in reference to that dia- 
meter, will be i^jTra^r + j\ra^r^j =z ^ira^r{a^ + r«), 
= J m («« 4- r^), equivalent to two-fifths of the mass, nearly, 
placed at a distance which is a geometrical mean between the 
two semi-axes, when their diiFerence is small. 

434. To find the centres of gyration, oscillation, &c. is very 

simple when y^rr has been investigated. Thus suppose k 

the distance to the centre of gyration ; 
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l^or a very slender rod or physical line, k^ ^-E. , = 

m 

-^— , = J a« / and i =5 f a, neiufy 

For a circle or cylinder, A* = , = i r"; andi = f r, 

Mtrly. 

For a sphere, A« = ^' , = J r« ,- and A = t\ r, nearly. 

The distance to the centre of oscillation of a very slender 
rod, or of a rectangular surface revolving about a side, 

To find the distance from the axis to the centre of 03cilla- 
tfon of a spherical ball, of uniform density, suspended by a 
fine wire or thread whose quantity of matter may be disre- 
garded, let (>, (Fig. 163.) represent the axis of oscillation, 
projected on the plane of the figure, to which we suppose it 
perpendicular, and let G represent the projection of a line pa- 
rallel to the former passing through the centre of the ball. 
fpt'r'^ in reference to 6 as an axis of rotation, we have found 
to be ; 9irS (432.) Therefore if CG be denoted by i; and O 

be the place of the centre sought, GO = 'zr'n^ ^ — 7^' = 

If the pendulum be very long compared with the radius of 
the bell, we may consider O as coincident with G. 



Composition of Rotatory Motion. 

435. A motion of rotation about the diagonal of any paral- 
lelogram, with an angular velocity represented by that dia- 
gonal, may be considered as compounded of motions of rota- 
tion round the sides which meet in one of its extremities. 
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with angular velocities represented by those sides req^ 
lively. 

Let the rotation about CY'(Fig. 164.) tend to depress, and 
that about CZ to elevate a point S, situated in the plane of 
these axes, and within the angle YCZ ; take Cfl'and CD, as 
in the figure, to represent the angular velocities of rotation 
about CI' and CZ, or the lengths of the arches at the unit of 
distance described in a certain given time, complete the paral- 
lelogram CDEH, draw the diagonal CE, and produce it to 
M : the rotations about CY and CZ shall by compositiM 
constitute a rotation about CM, with an angular velocity re- 
presented by CE. 

1. If ff be any point in the line CM, and ROf^R'S^ii 
drawn perpendicular to CY, CZ, it will be depressed with the 
absolute velocity Ii'0,CH and elevated with the veloci^ 
BR'.CD, and these being equal, by (45, Case 2d.) the whole 
line CAf will be at rest. 

S. If A be a point in the plane of the axes, and not in the 
line CM, draw RO, RB, RA perpendicular to CY, CZ and 
CJl/, respectively. The motion of i2 being perpendicular to 
RO and to RB, and therefore to the plane of the sxeSf will, 
ctmsequently, be perpendicular to RA, uid its velocitywiU 
be BO.Cit^BB. Cii^AR. CE, when R U within Ae 
angle ^CYj but if it be without that angle the velocity will 
be R0.CH+.BR.CD=:AR.CE,i4,!i, Cdte Sd.) ' Uvnceit 
is obvious that any particle whatever in the plane of the axes, 
and not in the line CM, is in a state of rotation aboot that 
line, with the common angular velocity represented by CE. 

3. Let P be any point not in the plane of the axes ; draw 
FR perpendicular to that plane, and, having drawn RO, RB, 
RA as before, join FO, FB, FA. The planes FOR, FBR, 
FAR are all perpendicular to the plane of the axes, (Eucl- xi. 
18.) and CO, C^B, CA, which are in that plane, and perpendi- 
cular to the common sections RO, RB, RA, are perpendicn- 
lar to die planes FOR, FBR, FAR, and therefore to FO, FB, 
FA, respectively. The velocity oiF, as revolving aboat CYin 
a circle of which the radius is FO, is FO. CB, in the Erec- 
tion IS a tangent to that circle, and, as revo1vio|; kboU Ci, 
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BP. CD, in the direction S'F a tangent to the 
circle whose radius is BF. Tbe velocity FO.CH in tiie di- 
rection FS is equivalent to velocities in the direction of PR 
and of a line parallel to RS, of which the former will be 
i^.C/f.cos.SJ^fl=(sinceOi^Sisa right angle,) fO.Cif. 
. FOR = RO.CH; and by this and other similar re§olii- 
s we have as follows, 

T.« ^ rx ■ . {RO.CHva direction FR, 

FO.Cffeqni.^\ent to {^b .CH psrM.X t^RS , 

DPZ-n ■ I ,. f fiff - CiJ in direction flf, 
BF,CD equivalent to | j^^ ^^ p^^„^, ^^ ^^ . 

i recompounding in a different order we have flO. Cff^ 
BB. CD = RA. EC in the line FR ,- and as Ra or AR pro- 
daced makes the angles SRa, BRa equal to BCE and JDCE 
respectively, /"ii . CH parallel to RS and FR. CD parallel to 
RB are equivalent to FR.CE parallel to AR. 

Lastly. The velocities at F, RA . EC in the line FR, and 
FR. CE parallel to Ra, will produce by composition FA.CE 
perpendicular to AF ; so that F is in a slate of rotation about 
A, with the absolute velocity FA . CE, and consequently with 
the angular velocity CE. 

To avoid the necessity of drawing another figure, or of 
making this one t€>o complex, we may demonstrate the Ia«t 
step thus: Let the resulting velocity =: r, the angle which the 
direction of the resulting motion makes with FR = % and 
.^FAR = a: 
^^' Then RA.EC- cos, a. FA. EC 

^V* FB.EC= sin. a. FA. EC 

^r r' = FA' . EC' (cos.' a + sin.' a) = FA' . EC 
^V r = FA.EC. 

|... ............ 



I 
4 



cos. d = 



FA . EC 



.-.6=: a; 
by adding ^^ AFR to each it will be obvious that the re- 
sulting motion is at right angles to AF. 

486. Cot, 1. A motion of rotation about the diagonal of any 
laraltelopiped, with an angular velocity represented by that 



M 
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tlis^nal, may be considered as compounded of motions of KH 
tatioa about the linear sides which meet in one of its extremi- 
ties, with angular velocities represented by those sides, re- 
spectively. 

437. Cor. 2. In the composition of two motions of rotft- 
tion, the angular velocities of revolution about any two of the 
axes are reciprocally as the sines of the angles which these 
axes make with the third. 

■138. Cor. 3. In the resolution of a given motion of rota- 
tion, of the positions of the new axes and the angular veloci- 
ties of revolution about them any two being given the other 
two may be found. 

We shall now illustrate the utility of the principles ex- 
plained under the head of Rotation by eome important appli- 
cations of them. 



Tlieory of the Ba/listk Pendulum. 



d^P 



43!). This is the name given to a machine, invented h 
ingenious Mr. Robins, for measuring the velocity of military 
projectiles. 

It is composed of a. large square block of wood, OPRQ, 
(Fig, 165.) suspended by a strong iron rod, on an axis MCN, 
about which, supported on knife edges, like the beam of a 
balance, it may oscillate freely and with very little friction. 
Let a ball be discharged so as to strike the block of wood in 
a direction perpendicular to the radius, let the distances from. 
C to O the centre of oscillation, and to / the point of impact^ 
be given, and the angle through which the pendulum rises ; 
we can then find the velocity /'with which the point/ begins 
to move. Instead of observing the angle directly, Mr. Ro- 
bins measured, by means of a piece of tape AB drawn, with a 
resistance merely sufficient to keep it sensibly straight, 
through a slit on a fixed support at B, the chord of the arch 
described at the given distance CB. AB being known by 
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tfaist or any preferable means, the calculation may proceed as 
fiiUovs. (See4S5.) 

CB:CO= JB:DO = "^jg^ : (Fig- 166.) 

DO^ JB*.CO 



E0 = 



2CO~ 2CB' 



velocity of zz j2gjS5 — ^^JJTCO : 

t 

where both g and CO are to be in feet if the velocity is to be 
etpreised in feet 

Hence velocity of I = F, = ^yj-. ytb sIq • C'O, 

Again, if we know the weight of the pendulam m^ as repre- 
senting its mass, and CG the distance from the axis to the 
centre of gravity, we can find the mass of equivalent inertia 
which may be conceived as substituted at /. Tliis will be 

^^ ^CGXO (4,05,423.) 

Let B represent the weight of the ball, and x its* velocity. 
By the doctrine of rotation the problem is now reduced to this 
simple statement : there being given the velocitjr F communi- 
cated to a given mass M^ existing in free space, by a ball of 
given mass jB, which lodges in it, it is proposed to find the 
▼elodty of the ball before impact. By third law of motion, 

Bx^{M^B)V, anda;=(^+l)r, 
im.CG.CO , X CI AB -_-. 



Theory of the Torsion Balance. 

440. If a cylinder be suspended by a fine metallic wire, 
and the wire be a little twisted, it will spontaneously untwist 
itself and the oscillations will be isochronous. Hence the 
force with, which the wire resists torsion is as the angle of 



/ 
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this principle has been employed with great 
[. Coulomb of the French Academy, for the ac- 
curati ation of very minute forces, particularly to as- 

certaii .w of electrical and magnetical actioD. 

The result of M. Coulomb's investigations in relation to the 
principte and construction of his balance is, that if F be the 
force of toi oo, A the angle of torsion, D the diameter of the 

, „ . AD* ^ mAD* 
wire, ai its length, F = —=— , or F si — j — ■ ; where w 

II T lOF wires the same material and tes- 
ten le are iilferent. 

ere t le investigation of this for- 
ime very simple instance of 
re by experiment. 



Steel Wire. Qr. 

No. IS. we^ht of 6 feet . S 

7 14. 

h &6 



BrBSS 'Wire. Ot. 

No. 13. weiglu of 6 tett . fi 
7 18.5 



I. iroKiW^. ""■ 

Length of wire m S inchei. 

Cylinder of lead tt 19 lines m diameter, and 6^ lines in 
height; weight ^ ^Ht. 

Experiment ). No. 12. SO oscillations in ISO" 

8. . 7 4S 

S. . 1. wire not stretched. 



Cylinder of lead — height S6 lines— diameter as beforo-- 
wdght s a lbs. 

i. tto.ix. scr' 

«w . I. ..... . 9t . 



II. Bran Wirt. 

Cylinder as in EiqierimentB lit, fld, and JiL 

7. N<k 12. Mr 

a . 7 57 

9. , 1 

Cylinder as in Eiqperimeiits 4di, dcfa, and 6di« 

la No. 12. 44X' 

11. . 7 110 

12. . 1 



Brass wire No. 7. Cylinder = 2 lbs«; length of wire sr 35 
inches. 

13. . . 20 oscBlations in 222^. 

NowletfibethelcvceoftxH^kni^as measnred by tbe weight 
in pounds which at the extremity of the cylinder woold hecp it 
in equilibrio, at the distance of 1 line from the pofition of 

qmescence ; 

yjp r r = I IK rS equivalent to I ai at the cirounference of the 
cylinder, or at the distance at which we conceire n Uj \t^ a(>- 
plied. If ^ be the acceleratiTe tangential force at the extre* 
mity of the radios, 

and if ^ be the time of one complete oscillation^ 

- r' M , m 

and M zs • =5 — * 

&re g s= 4348J324 being the measure of the accelerativit 
force of gravity expressed in lines or 12tb parts of a Frencli 

ioch ; for by the investigation of the equation t = ir/ — , 1 and 

^ aie in the same denomination'irf' measure. 
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torsion; and this principle has been emplo; 
success by M. Coulomb of the French Acadei 
curate estimation of very minute forces, pai 
certain the law of electrical and magnetical ad 
The result of M« Coulomb's investigations ii 
principle and construction of hb balance is, 
force of torsion, A the angle of torsion, D the 

wire, and L its length, F == --=r-, or -F = — 

is a constant number for wires of the same m 
ture, but different when these are different. 

It may be useful to give here the investigp 
mula, as a good and at the same time very s 
the scientific interrogation of nature by exp 



Experiments* 

Steel Wire. Or. I T. 

No. 12. weight of 6 feet . S I No. 12. v 
1 66 



tl 



T. ''* 
1. 



I. Iran Wire.' 

Length of wire m 9 inches. 
Cylinder of lead ik 19 Encs in di 
height; weight ;= |J[i>. 



He 

jk • 

S • 

I. . 

4 . 

Experiment 1. No. 12. 20 ( 

2. . 7. . >fcii 

3. • 1. wir< 

■*. - • «i 1^ ( 

Cylinder of lead— height 26 I' 
weights 8 lbs. --'k.- 

4. NaT« 



^ # V. ■ ■ 



wtm 



ill 



j^'- 






i/t 



■ , ,v f\,'- "' . 

•. ,f each 1-'', .,,..,/ 

; ... ->"«^r\ ':\.. ■ 

-•■■■> ^'■•*^*^''"";, for .'•*•" ■"^''■' 

... an •=*'*'"5" ' 0..-. <•"•'" 
...•h of V" •»" ^■»"--^' ' ^ 
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right angles to a radius of the cylinder at its extzemity, h§& 
lances, in the given circumstances, a torsion of 1^ On^ pounds 
French measure^ is 7660 grains English, and the force above 
investigated will be ;i.^;s grain. 

By doubling the length of the wire, the fierce balancing the 
torsioa of l"" would be about li? grain. But balances ftr 
esiceediog this in delicacy, and which are used for detecdng 
very minute degrees of electrical eydtarion, are formed by 
suspending a fine needle by a fibre of silk as it comes from 
the silkworm. 

Biot in his TraitS de Physique^ tome ii. p. 351, mentions 
an experiment of Coulomb, in which a small circular plate^ 
five lines in diameter, and weighing 8^ grains, was suspended 
by a silk fibre four inches long, and made one oscillation in 
45''. From these data, it is easily fi>und, that the force re* 
quisite at the distance of one line from the axis to balance 
the torsion of 57^.295, &c. or the angle whose intercepted 
arch is equal to the radius, must have been only ^vKv %TBia. 
In perusing what Biot or Coulomb has written on this sub- 
ject, the student will observe, tliat if w, as in our invesdgar 
tion, be the force at the extremity of radius r, when the arch 
= one line, it will he nr for arch = r lines to radius r, or 
arch of one line to radius 1, and the force equivalent to 
this (or the force giving the same momentum) at. the dis- 
tance 1 = w r^. 

441. In illustration of what was observed in (431.) let n be 
the force of torsion at the unit of distance for the angle whose 
measure is the radius, and let the body suspended be a cy** 
linder whose mass is m and whose radius = a, the line of 
suspension being the axis produced. The mass of equivalent 
inertia at the distance 1 is \ma^\ hence the accelerative 

force at that distance, as a multiple of gravity, is ^ g-si 



-^ — 3-, and if < be the time of an oscillation tzzir / ^^ 
In the same manner for a very slender rod, whether cylin- 

4 



roTprismatical, whose lengtli is So, and which k eus- 
peaded by the middle, we find t=r /^^. 

Bl either case, we may from known values of m, a and /, 
Uie value of 7i and then, retaining the same wire, or others 
constructing the experiments so that n may remain the 
^me, we may employ diHerent values of m and a, and com- 
pare the calculated with the observed values oft. 

In either case, considered separately, if m and n be given, 
that is, if we employ the same, or perfectly similar and eqna! 
wires and append equal cylinders of different radii, or equal 
rods of different lengths, ( = a, or the number of vibrations in 
a given time will be in the one case inversely as the rftdiuSt 
in the otlier inversely as the length. 

If the body suspended be a cylindrical rod of considerable 
thickness, the mass of equivalent inertia at the distance 1 is 

»(«*+ 1 6°) (430.) ; for it is always lEll at the distance d. 



V Zgn 



Y'htew d= 1. Hence 

I the same manner for a parallelopiped whose length 
%fi and breadth=:3i^/prr = 4in(oHi')(429.c.),attd 



le Accelerative Force of Cylinders and Spheres rolling down 
Inclined Planes, 



. Before the invention of Atwood's machine, experi- 
s on the laws of uniform acceleration were often made 
by means of inclined planes. By diminishing at pleasure the 
plane's elevation, the experimenter could reduce the space 
described in one, two, or three seconds to a measurable quan- 

tbutf with a small elevatiou, all motion is prevented by 
o, unless tlie descending body be made to roll, for which 
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purpose it is made cylindrical or spherical. In SQch experi- 
ments, though there is then no sensible retardation from 
friction, the spaces described in given times are considerably 
different from what we should expect, taking into view mere- 
ly the measure of gravity as modified by the slope. Tlie 
reason of this we are now in a condition to explain. When 
a cylinder rolls down an inclined plane without sliding, the 
velocity of rotation at its surface is equal to the progressive 
velocity of the axis ; and a part of the pressure in the direction 
-of the plane's length is employed in producing this motion of 
rotation. Let ADB (Fig. 167.) represent the body rolling down 
the inclined plane EGy m the numerical measure of its mass 

EF 

and weight, and s = -tws* = the sine of the plane's elevation. 

If the body be a cylinder, the motive, force may be con- 
sidered as divided into two parts, the one of which has to 
accelerate the mass m down the plane, and the other has to 
do what is equivalent to an equal acceleration of the mass ^m, 
the equivalent of the inertia when referred to the circum- 
ference. The accelerations being equal, the parts of the 
whole motive force employed in them must be as the masses, 
and therefore as 2 : 1 ; or | « m will be the motive force em- 
ployed in producing the motion of translation and ^sm that 
which produces the rotatory motion about C. 

Or we may arrive at the same result perhaps more perspi- 
cuously thus : By the composition of the progressive and the 
rotatory motion, the cylinder is in a state of rotation about 
the horizontal axis represented hy A; J^prr^ for an axis pass- 
ing through C, is ^mr^ and for the axis A it is ^mf^+mr^= 
Imr-^ (86.) and this is equivalent to i w at C (405.) where 
the motive force sm is applied. Hence the accelerative force 

at C is ^ — =• I 5 as a multiple of gravity. 

For a sphere it will be — ^^ — = f «> (432.) (86.) 

The force in each case being constant, the spaces will be as 
the squares of the times, (317.) ; but for a cylinder their ab- 
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sflliite values will be |, and for a sphere f of what they would 
btve been without friction or rotation. 

To produce a rotation without sliding when the plane has 
OQDnderable elevation, or even when the descent is vertical, 
a dnead may be lapped round the middle section, and the 
body rafiered to fall by unrolling. 

L^ ABD (Fig. 168.) be a cylinder, or, for the greater ge- 
nendity, a cylindricid groove cut upon a body of any shape 
and dimensions, having the middle of its geometrical axis 
coiiiddent with the body's centre of gravity, and let it unroll 
mtically by means of the thread A q lapped round it, and 
b the first place fixed at q. Let m denote the mass and 
vei|^t of the body and t the tension of the thread. (By 398, 
'Wofe.) it appears that the descent of this body will be verti- 
cal, and that the tension t is propagated, in its proper direc- 
tioDi to the centre C, so that the acceleration of C, as a mul- 
tiple of die natural acceleration of gravitv, will be 1 — — . 
^Hiis will also be the acceleration of A round C, another ex- 

P'ettion for which is —^ = — ^, k being the radius of gyra- 

tioQ, and a the radius of the cylinder. Hence 

t to? , mk^ 
• 1 — — = — 7=, or r a= a . .« ; 

t €? 

^ die acceleration of C = 1 = -rrna" 

When ABD is a cylinder t?= i a\ (434.) Hence the mea- 

•we of the accelerative force is in that case ^ i g r= f, gra- 
vity being denoted by unity. 

Suppose now that the thread instead of being fixed at q 
passes round H small fixed pulley, whose inertia may be dis- 
regarded, and has a weight p suspended as in the figure, t 
being the tension of the thread, the acceleration of C down- 
wards, and of A about C from this cause, will be, as before. 
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I 

I—* — .* also the acceleration of p downwards, and of ^ roand 
C from this cause^ will be 1 •— — . Therefore, 

m p mk* 

2pnit? 

'''^ = pd'+im+p)k*' 

acceleration of C= 1 -1,.=£^^=£)^*, 
acceleration of © =: 1 ^— — , s ^^ ; ) — r^-faf 



OfRotaHve Machinery in a SUOe ofOmsUeni Jccekratiam. 

443. Lejt ADB represent a fixed pulley, or ^linder, free 
to move round the axis C, and let there be two weights p 
and w suspended by a line passing round it as in (Fig. IM.) 
of which p exceeds w. 

If the inertia of the machine be disregarded, as well as the 
friction and other resistances, the accelerative force will be 
p — w 
p +w^ 

If the weight of the pulley or cylinder be m, then, taking 
into account the inertia, we shall have the accelerative force 

p+w + i m 

If C represent an axis passing through the centre of gra- 
vity of a body of irregular shape, or whose density is not uni- 
form, and if m be the weight representing its mass, A the dis- 
tance from the axis to the centre of gyration, and a the radius 
of a groove ADB round which the rope passes, the accelera- 
tive force will be t—- — r-i — -t9* 

{p+w)ar+mk^ 

171 A' 

If the mass of equivalent inertia — 5- be unknown, it may 



be fomid experimentally ttiiis : Soppoie it to be x. Then 

tlic accelerative force i» ^~ , ^ * Allow the weiirfiLt to de- 

scetid and observe the space s described in f\ 

(p— w)iflF^_ 
p+to+x "■*' 

and ^ = ^^—2s ^+*^)' 

If diere be no weight ia, 

X s- tlf p. 

Suppose p = 30 grains Troy weighty 
* = 3", 

8 = 38^ inches ; 
. X = 1323 grains = 2 1 oz. nearly. 

This is the experiment referred to in the description of 
Atw.ood's machine, (326.) 

Noie. — The friction arising from the weight of the pulley 
j^ht to be balanced. 

Let FGH (Fig. 170.) represent a wheel and axle; let 
AC^a^ the mass of the machine, represented by a weight, 
s 91, the distance to the centre of gyration = £, and let there 
be various grooves to which by a thread lapped round them 
the power p may be applied, to raise the weight w appended 
to a line which is lapped round the axle ; a^p^w^m and k be- 
ing given, it is proposed to find the radius of the groove x 
to which p may be applied most advantageously, that is, so 
as to produce the greatest acceleration in vfs motion of ascent 
in a given time. 

. The part of p which is balanced by w is , and the 

moving force at Z> = p — , 

^~^/^ ^ (px'^tvax)g 
acceierauvc lurcc ai x^ = ^f,2^a' - pa^^+mK'+wa' 

^ x^ air 
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I The accelerative force at A, or the velocity acquired by t^ 
ascecdiniF weieht in the unit of time, = ^ - , -, .a . % ■ 

That this may be a maxiraum, we must have — ^ — rj^; — 3 

0X for the sake of abbreviation — - ^ ■ - ., a maximum. 

.-.pdx {pii^-^f) = 2pxdx{px — d), 

p^ii? — 2dpx=pf, 

p^a? — 2dp ar+rf' = rf*+p/, 

px—dz=Jdd+pf, 

, _ d+n/d'+p/'^ au}+,^a''w' +p m k'+ ptna' 
*- - p ■ 

If the inertia of the vrheel be disregarded^ 

ar = -- im-^Jw*-irpw). 

If the body whose weight is w, attached to the same axl^ 
is to be dragged along a horizontal plane without friction, 
the term containing w in the numerator of the value of the 

accelerative force disappears, and x= / ( \, 

Let AHB (Fig. 171.) represent a movable pulley, to which 
is attached tlie weight w, and let the weight of the pulley it- 
self be m ; let a force, represented by a weight p, act up- 
wards at k, and let it be required to find the accelerative 
force of ascent at h. 

We may consider the pulley as in a state of momentary 
rotation, about A ,- and the point B having a motion com- 
pounded of the velocity of the pulley's ascent and the equal 
velocity of rotation, will have the velocity of *'sasc«it.y)»rr 
with respect to an axis at A is ^ntr'+flir's | fflr'=: f mtj', 
where r = AC, and d = AB. The resistance of the pulley the& 
is equivalent to that of | m at B, or at k. Again, the inertia of 
W9XCia -equivalent to iwd', or \waxB otk. Hence die 

accelerative force of *'s ascent = - - l j ' . 1 • 
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If the string pass over a fixed pulley, whose weight is also 
m, ks ihiertia is equivalent to i fli = | m at F, and the acce- 

Zerative force of o's descent will now be -^^r^- .1 as a 

multiple of gravity. 

. Let JE and HB (Fig. 172.) represent two wheels, of which 
the former tarns the latter by the pinion whose radius is CF^ 
and p applied at J raises a weights; attached to the axle DG, 
LfCt S and S' be the centres of gyration of the two wheels 
with their axles, and let 

CJP=ft, DG = b^ I ^ 

Z! = ^'9 

while the masses of the wheels are denoted by m and m. 
The inertia of the wheel and axle HB together with that 

ortae mass », is equivalent to — f- +"T2' = -tt" + ^ ^/ > ^t Z 

^ a, f*/ (1/ 

in the circamference of that wheel or of the axle which im* 
pels it with the same absolute velocity. Again, this inertia 
at P, together with that of the wheel and axle AE, is equi- 
valent to — y + ( — ^ + tt? nM— 2 at A, and the moving force 

there is p — '- = p — w nn,. Therefore the accelerating 

force at A is 

p — wnn, 






This multiplied by — x — ^ =8n n, gives the accelerative force 

at 6. 

444. We shall conclude this part of our subject with a 
short explanation of the regulating power of what is called 
a Fly. 

8 



ffUt KuuiKinni or nmmumy^ mighahigb. 

irfdcli acqpqpanies h ; W to restore any port of jljhe i^io^^ 
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that oGcnr, whilst at the sw^ time joiore worf^ ia.noj^ fiepff. 
formed than if the motion were at a mean ra^ a|i4 imifbrq^ 
To regnlate a motion which would otlMnRiae ba :iiilgefe( to 
variation or recipracatiom as ii» th^ ^({^Ucatioiis of ithe ftrpap. 
engine ujfy is used. It is a heavy mass of mattaTf. m^i^i^l^gfifl 
as to balance itself connected wiA the machinery . mit |||rn« 
ing round tli« same axis with a part of it Its emot l^epcqida 
on the momentnin. of Insrtiai drapt^ l^.t^ fVmbRk/flfMb 
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crease of angular velocity, or lose a considerable monwtatiup 
with little diminution of that velocity. It thus beconms a/.i 
ceptacle for the sui^lus energy of the power niien it 
with most intensity, or when the resiftanoej in leasts and prc^- 
serves it for future demand. If, by a diminution of sesisti- 
aoc^ QT «n increase of power» the machjpery would otht^ 
wise be considerably accelerated, the motive fiorce is in s 
great measure expended upon the fly, in which it geneM«a 
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Bibly retarded, the momentum accumulated in the fly con- 
tinnes the motion with little diminution of its own velocity, 
at least if the interval of reciprocation, or of unequal resist 
ance, be short. 

When a more powerful regulator is wanted, we should in- 
crease the momentum of inertis of the fly by enlarging the ^ 
diameter rather than tlie muss, because we thus produce the 
same eflect with less weight, consequently with less trans- 
verse strain upon the axle and supports, and less friction. 

The nearer the axis of the fly is to the position where the 
angular velocity is greatest the greater will be its dominion 
or regulating power, cattria paribus. 

AH rotative machinery, particularly that whose parts ore 
massy and of large diameter, will obviously net as n fly in r^ 
gulating its own motion. 

445. The principles that have been explained in relation 
Ij^the motion of machines are still Insuflicient to give us a 
Ainplete knowledge of the actual performance which is to 
be expected from them. Large and complex machinery in 
never sensibly accelerated for any considerable time, but soon 
arrives at a state of apparent uniformity. The chief causes 
of this seem to be, that with an increase of velocity there is 
generally an increase of resistance, and at the same time, in 
e of the most common mechanical agents, a diminution 
f.efiiective power. The effect of the former of these causes 
isy be illustrated by observing what happens when a boat 
I dragged along a canal. It displaces with a certain velo- 
city a portion of the water. Let its velocity be now doubled ; 
it must displace twice as much water in a given time as be- 
fore, and with twice the velocity ; so that from the inertia of 
the water alone there will be a quadruple resistance and re- 
tardation ; and, universally, the retardation fVom this cause 
alone may be expected to be as, or nearly as, the square of 
the velocity. Besides this there is something analogous to 
friction in overcoming the viscidity of the water ; and, what 
^^K'of greater consequence, the water in front exerts its whole 
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pressure on the prow, while that which is behind has to fd- 
Iqic the boat, and acerts upon it a less force. Suppose a man 
then, who drags the boat to be capable of increasing his ve- 
locity, still exerting a constant pressure, this pressure will at 
last be balanced by the coutinuaily increasing resistance. 
The retarding and the accelerating forces wUl be equal, and 
the motion which is the result of the previous acceleratioiis 
will become UDiform. 

In fact, however, the man who drags the boat and accele- 
rates his motion is incapable of exerting the snj^posed con- 
stant pressure, and there is a certain velocity which would 
expend his whole energy in simply continuing his own mo- 
tion. This must aecelerale the attainment of the state of uni- 
formity ; and a similar cause operates whenever the mecha- 
nical agent employed is an animal, or a current of water or 
air. 

The resistance occasioned by the inertia of the air itself, 
though a rare iluid, and not sensibly dimmishing a very slow 
motion, may produce an angular velocity seusibly unilbrm. 
When a clock begins to strike, the descending weight would 
soon accelerate the motion of the wheels to a considerable 
degree, in consequence of which the strokejs wogld not occur 
at equal intervals, and, which is of more coosequence, tl)^ 
momentum acquired would be such as to expose the parts.to 
a violent strain, and destroy the wheelwork by the shock, 
when the motion is suddenly stopped, . were there not means 
employed to prevent the acceleration from passing a certain 
limit. Upon the axis most remote from the weight, in the 
train of wheelwork which forms the striking port, is a small 
plate of metal, the leaves of which make aboiit 4d revola- 
tions for every stroke, and the resistance which it meets with 
from the air in this state of rapid rotation, is sufficient to 
balance the acceleration of the descending weight, agaiost 
which it acts with great mechanical advaot^e,. so that the 
motion already acquired is simply continued. Similar to ibis 
is the resistance you meet with in turning a corn-fan, which 
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y<m find it impossible to accelerate beyond a certain degree. 
Here, however, both the causes above mentioned operate, 
"which is not the case where the moving power is a weight. 
It will farther illustrate the subject if we consider what would 
happen in the case of a clock striking a number of times suc- 
eessively, without the employment of the fly, and on the sup- 
position that the parts are strong enough to withstand a con- 
siderable force. A part of the impetus of the descending 
weight is expended at every stroke in lifting the hammer 
against the force of the spring which makes it strike. Sup- 
pose this expenditure constant and to be less than the force 
acquired by the descending weight in the interval between 
the strokes. There will of course be an acceleration ; the 
strokes will occur more frequently, and there will be less in- 
termediate acceleration of the weight, till at last it will be 
sensibly equal to what is required for raising the hammer. 
There will then be a small acceleration still visible during 
each interval, but destroyed at the end of it, and none 

Otftfi&fe. 

- To the causes producing uniformity already mentioned, 
may be added the effect of friction. Though the mere in- 
crease of velocity in a machine does not, according to the 
best experiments, sensibly alter the friction, which is in each 
case a determinate part of the pressure, yet whenever the 
increase of velocity is accompanied by an increase of resist- 
ance, the friction must increase in the same ratio. 

446. This circumstance of the speedy attainment of uni- 
formity in the motion of machinery performing work leads 
to a very important principle, which tends greatly to simplify 
our investigations respecting its most advantageous perform- 
ance. As long as the power or force actually impressed, as 
it would be measured by the dilatation or compression of an 
ihterpiosed spring, exceeds the statical counterpoise of the 
resistance estimated in the same manner, the machine must 
accelerate ; and, consequently, when it arrives at a state of 
uniform motion, the power and the resistance then actually 
exerted upon it effectively, are such as would, by its interven- 
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lion, balance each other when at rest. Now it htti been for- 
merly proved, that powers which so balance each other are 
reciprocally proportional to the velocities with which tbey 
begin to move in their respective lines of action, and, in the 
case of rotalive machines, contimie to move when put in ino>- 
tion. Hence, if the power and the resistance be estimated 
by weights, their quantities of molimi will be equal. But the 
performance of the machine is properly estimated by the 
quantity of motion of the Tesistance, or the product of the 
resistance into the velocity with which it is overcome. It 
will therefore be measured by the equal product of the 
effective power into its velocity or that of its point of ap- 
plication ,- and, when this is a maximum, the performance of 
the machine will be a maximum. What is now, then, chiefly 
wanted is to ascertain experimentally with respect to our or- 
dinary mechanical agents as men, horses, wind, streams of 
water, &c. according to what law their elfective energy varies 
with the variation of velocity. If this be discovered, we shall 
know what velocity of each agent gives the product of thftt 
velocity into the corresponding pressure a maximum; and 
then also we may be assured that we shall have the effec 
the machine the greatest possible. 

44T. Let V be the actual velocity of one of the above* 
tioned mechanical agents, and let a be that which puts^lF ' 
end to all effective pressure. The greater » is, or the less 
O — 1', the less is the effective pressure which it can exert. 
Suppose the effective pressure then actually exerted to be p, 
and that exerted when v=^Q, and which may be considered 
ea wholly effective, P ,- and that 

P 
P:p=a": {a — vY, or p = -^ {a — v 

The measure of the performance will be ^!J= — (o — »)■. 

and this will be a maximtun when v = —7-7; and consequea)^ 



im ; and 
fve^lH 



ly 111. 




U31 

^Jd the case uf a stream of water impelling ihe HuHtboard 
Ba millwheel, v is the velocity of the floatboartl, and a i 
HpC of the stream, and it has been supposed that the impulse 
BPtbe stream is as the scjunre of the relative velocity, that is, 
= {« — v)'. In the case of men employetl as mechauical 
agents, Dr. Hobrson found the efiective pressure to vary so- 
eording to the same taw. Here tlien n ~ 2. The veloci^ 
wbicli gives tbe greatest effect is ^a, in the case lirst men- 
tioned ^ of the velocity of the stream, and ()ie gretitest effect it- 
self «V Pa, that is, jV of what it would be if we could combine 
the two extremes, the pressure that excludes all velocity wilfa 
the velocity that excludes all pressure. In the case of horses, 
he found n to be more nearly [.7, or the maximum perform- 
ance about ii Pa. 

44B. M. Coulomb estimates the energy of men, as mechft^ 
ntcal agents, in a different way, of wliicli the ibilowing may 
serve as a specimen. 

A man is supposed by him to weigh at a medium TO ebi^ 
logrammes, each chilograrame being about 2/^ lb. avoirdu- 
pois; and, in carrying a weight up a declivity, his most ad- 
Tantageous action, or that which gives the product of the 
weight carried into the velocity the greatest, is when he is 
unloaded or supports merely his otcn weight. It is then 205 
igrnmmes raised one chilometre in a day, which is sup- 
ig him to ascend 2.928 chilometres. 
ft — The chilometre is, as the name indicates, 1000 metres 
: 3281 English feet nearly. 

When he is loaded with 68 chiiogrammes, the nieaiiure of 
bis energy is found to be 

tl09 chiiogrammes rallied one chilometre ; 
that the load 68 diminishes the energy by 96 chiiogrammes 
iSed one chilometre. 
Coulomb considers the diminution in the effect thus mea- 
ted as proportional to the load, so that if P be the load 
1;96 = /': 1.41 P=t\\e diminution of the maximum of 
perforniance occasioned by the load P. Hence if A be the 
height ascended through, 
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(70 +P) A = 205 — 1.41 P, 

M5--L41P 
'^ 70+P ' 

and f A=^^^^~];^^^ = the measure of the useful ef- 
fect This is a maximum when P= 53 chilogrammes, and 
the effect is then equal to 56 chilogrammes carried one chi- 
lometre in vertical height The work, it is siq^posed, may 
be continued from seven to eight hours jkt dimu 

We shall find the maximum effect here not to differ much 
from that which would be assigned by the other formola,- 
(447.) on the supposition that ii = 2. 

The velocity which excludes all additional wdght here be- 
ing 2.928 chilometres per diem^ if we combine this with • 
force equal to that which a man can exert in raising a weight 
from the ground while he stands still, and which, by a num- 
ber of trials with Regnier's dynamometer, may be estimated at 
130 chilogrammes, we shall find the product to be 380.64 ; 
that is, 380.64 chilogrammes raised one chilometre in a day, 
and /y of this is about 56 chilogrammes rmsed one chilometre. 
The formula itself, however, it must be observed, gives a dif- 
ferent value of the pressure which extinguishes the velocitf* 
and which is obtained by supposing the useful effect = 0, or 
205 = 1.41 P. 

When a man of 70 chilogrammes travels horizontally un- 
loaded, his action of thsU; kind is a maximum, and he can 
continue his travel about 50 chilometres ^kt <item, for several 
successive days. This is 3500 chilogrammes carried one 
chilometre. 

When his load is 58 chilogrammes additional, the measure 
of the action is found to be 2000, and the reduction, of course, 
1500. Supposing, as before, that the reduction is propor- 
tional to the load 1\ 

58: 1500 = P: 25.86 P. 
1 .et d be the distance travelled with the load P, 

(70+P) d = 3500 — 25.86 P, 

.vK e P./= P (3500 - 25.86 P) 

70+75 
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419. It is impossihie to obtain by machinerj the osefiil 
dfect which is sooght withont snhmitting to a paitialy and 
tfaitt often oonsidenUe expenditure of power, fixan resist- 
ances the overcoming of which makes no part of our primary 
object, and which, consequendy, it most be oar aim to dimi- 
nisk as much as possible. One of the most oansidetaUe of 
diese^ which are sometimes denominated passive forces, is 
fnctioii, or the resistance arising fix>m the asperities of the 
surfiioes that slide or roll upon each other. Several valuable 
series of experiments have been made with a view to asoer- 
taia the laws of this resistance as opposing the conunence- 
ment of motion, and retarding or preventing the acceleration 
of motion already conunenced, but by ncme on so la^ge a 
Scale, or so successfully, as by the jnsdy celebrated philo* 
sc^her last quoted. Coulomb. His memoir on the subject 
obtained a prize from the French Academie des Sciemxs in 
X781, and has been printed separately at Paris in 1809. A 
'^ery foil abstract of it is given by Prony in his JrckUeeiure 
-^ydroMgrne^ and a short sunmiary by Venturoli in his £fe» 
^aiealf ofPrcuHcal Mechanics* 

A measure of the force of friction in given circumstances 
^^3iay be obtained in different ways. Coulomb used sledges 
>*esting upon a horizontal surface, and observed what weight 
it was necessary to suspend from a string, connected with the 
sledge and passing horizontally over a pulley, in order to 
commence motion. With the same apparatus he could ob- 
serve what weight was sufficient to continue, with uniformity, 
a slow motion already begun. This weight of course would 
be a measure of the friction accompanying the particular ve- 
locity which was communicated. If the weight of traction 
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ovcrboiaiiced ibe friction ol' the body in motioa, it might bt^ 
learned from the circumstatioes of the motion witether theat^ 
celerative force was constant or not ; and, if it appeared ta 
be constant, the space described in a given time would a&rd 
a measure of its value. If the spaces describi;d be as tJie 
squares of the times, it is a proof of the constancy of the ao- 
celerative force. Coulomb divided the whole space describsd 
into two equal parts, which we shall denote by the symbols 
I^N, L being that which was first in order, and observed) 
by a pendulum swinging half seconds, the time of describing 
each half. Suppose t to be the time of describing L,, and T 
that of describing L ^ N, or T — t that of describing N,h» 
would have in a case of nniform acceleration, 

T*:i«=2: loi- T:t = J'2: 1, 
or T—t:ti=j'2 — \ : 1 = 41 : 100. 
And thus, if the time of describing N was about ^Vg of that u) 
describing L, he considered the accelerative force, which was 
the excess of gravity above the friction, as constant. But the 
former may in all such experiments be regarded as constant, 
therafotveatntlHscaMBMistbe Uie lattw,. < The»t»fiiMl.tbs 
mtatare of tbt &icti(Mit w being tite w«igbt lltat mwiAimk'the 
ft)TW'Of traetion, WHbaXi eC the sledga aod Ita lead* mlii* 
«eightoftfaepBU*y«silMaanriiigitsinerti%abduPd«friCllaDi ■ 
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lined plane has also been used to find tbe value 
^ Mid affords a very ready meaiiii of doing it. Let v> be tb* 
veigbt of a body which rests on an inclined piano, raise the 
plane slowly till you find the elevation i at which the bodj 
just begins to slide. Then w sin. S is the force tending to 
make it slide, w cos. 9 is tJie pressure exerted perpendicularly 
Ml tbe plane, and/w) cos. 6 the friction. Hence/ to cos, C => 

, . sin. 6 
10 sm. S and/= = tang. H. 

In this way, too, we may find by the rate of acceleration as 
compared with that of the relative gravity, the friction of the 
bo«iy when in motion. 

Tlie following ate some of the most useful and Interesting 
results which have been discovered in one or other of these 
ways. 

450. Friction, in like circumstances, is proportional to the 
pressure, and if this be fV, it will be —fW: but there are 
many circumstances a variation in which is accompanied by a 
change in/the coefficient. 

451. Friction is generally greater as measured by the force 
requisite to begin a motion than as measured by that which 
is suflicient to maintain one already produced. The case of 
metals rubbing on metals, however, presents an exception to 
this, tlie friction being in both cases sensibly the same. 

452. The force necessary to overcome the friction of a body 
at rest increases In many cases with a continuance of the con- 
tact. 

In the case of wood resting on wood, or metals on metals, 
the time of attaining the maximum is very short, a few se- 
conds, or at most a minute or two ; but when wood rests on 
metals, it is sometimes four or five days. 

453. The coefficient of friction varies with the change of 
the substance or the polish of the surfaces in contact, and is 
very much diminished when a layer of some unctuous sub- 

fce is interposed. 
>4. It depends very little on the breadth of the surfaces, 
■^ - t 
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if one of them be not so narrow ns to form a point or edge suf- 
ficient to penetrate the texture of the other, and to produce a 
sensible abrasion. When the surface is of considerable 
breadth, and the pressure small, there appears to be an in- 
crease in the value o^f. This is thought to arise from a force 
of adhesion making a part of the resistance usually ascribed 
to friction, and which being constant for all pressures to which 
the same surface is exposed will most affect the ratio of the 
resistance to the pressure when the latter is least. 
We shall here add a specimen of Coulomb's results. 



455. In commencing Ttwtiaa, when ivood is drawn over wood, both 
surfaces being polinhed, but without mictuosity, andtheJibrM 
ofbot/t swfaces in the same direction. 



For oak resting on oak . 
oak ... fir . 
fir ... fir . 
elm . . , ielra . 



/= 0.43 
0.65 
0.56 
0.47. 



JVhen thejibres cross each other at right angles the friction is 
considerably reduced. In that case, 

- FOToakirestkigQDoak .- : . /sc'0.S6. 

For 



iron resting on oak . . 


. /=0.20 


brass . . . oak . . 


0.18 


iron . . . iron. ., 


0.88 


iron . . . brass . 


0.26. 



HicHoa t^Sadiee m JUblwfi, aUding. 

For oak sliding on oak . . . /= 0.105 

oak . . . fir . . . 0.158 

fir . , . fir . . . 0.167 

elm . . . elm . . . 0.100, 

and no sensible dependence on the velocity. 
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For oak sliding on iron • . . /=:0.08. 

oroae, 

tl^e former of these values being found when the velocity was 
insensiblei the latter when it was one foot per second : so 
that in the friction of wood on metals there is an increase 
with an increase of velocity. . 

« 

iFAefi a coating of some consistent unctuous substance is intsT" 

posed. 

For oak sliding on oak • . • y = 0.035 
iron • . . oak . • . 0.028 

brass . . . oak . . . 0.021 

Friction of Bodies in Motion^ rotting. 

When a cylinder rolls along a plane, /is, ctBteris paribus^ 
inversely as the diameter ; but is in all such cases extremely 
small and scarcely worthy of consideration. 

When a cylinder of lignum vitae of 6 inches diameter rolls 
on a plane oiookifzz 0.006 ; and when on a plane of elm, 0.01. 

The friction of axes is also found to be nearly proportional 
to the pressyre, and does not depend sensibly on the velocity. 
When a polished iron axle turns in a box of brass, /*= 0.164 ; 
but if it is covered with a coating of tallow, it is 0.09. When 
the axis and the box are of wood, the coefficient is still less. 
Here y denotes the coefficient of the friction reduced to the 
axis : or as it would appear if the power applied to balance it 
had no mechanical advantage against it. 

456. The momentum of the friction of an axis may be di- 
minished by supporting it on friction wheels. 

Let ANK^ BML (Fig. 173.) be two wheels whose axes are 
equal, having the radii DR^ES^ with D^E in the same hori- 
zontal line; and let there be two others, exactly equal and 
similar in every respect, so placed that the axle C of a pul- 
ley PQT may rest upon the four horizontally. Having joined 
CjD and C,jE, complete the parallelogram CDGE. Suppose 
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liKto be the weight of the puUey PiiTvrith its load, and/to 
be, as above, the coefficient of friction ; the value of the fric- 
tion, if the axis of the pulley rested on a horizontal plane, 
would be J" W. Let this be represented by CG ; it may be re- 
solved into CD, CE, pressing the wheels in the lines of the 
cenlres at A and B. The pressure, and conseqnerrtiy the 
friction which is proportional to it, are therefore, by this 
transference to the axes of the wheels, increased in the ratio 
CGiCD+CJE-CF:CD = AH: AD. But the points of 
the axle of the pulley which are in contact with the wheels 
obtain a mechanical advantage against it in the ratio of 
AD : DR. Hence the resistance to the motion of the axle is, 
extequali, diminished in the ratio AH: DM, which, if the 
centres are near, is nearly — AD : DR. 

457. The effect of friction in the case of sliding bodies, as 
sledges, may be diminished by making the line of traction 
oblique to th« horizon; and the line which gives the greatest 
advantage in this respect is that which makes with the hori- 
zontal plane the angle whose tangent is the coefficient of fric- 
tion. 

I'Qt W(Fig. 171.) be the weight of the bpdj^ md let tp be 
S weight equal to the force of traction in the line SA, which 
nt»kAB-wttll the horizontal plane MN the angle it. -Theforoc 
w is paf tiy efitj^yed in diiBJnJBhing the dowBWKrd: prestnn 
of W^- and partly in drawing it horizontallyi Th« ditnimtien 
of pressure iswsin.^, the remaining weight fF^-^wsin.^ 
atuj .the friction =/'{W^— If am. jr), the force of AoruwHftil 
traction which is supposed to be just ready to overcome the 
friction is w cos. x. We have therefore 

to COS. X —/{ W"^ w sin. ») or 

„= /^ 

COS. ce + /sin. ** 

and, /If being regarded as constant, V} will be least when 
COS. X +/sin. X is greatest, that is, when, , 

— rfii;sin.a:+/d*cos. ir=0 or/= '■ — = t«ing.x " 
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Thus for oak resting on oak, to commenca motion x should 
be 1^"" 16' 1 but when motion is once begun, it should be only 

45% If a given force is to be overcome by means of a rope 
<»Ued round » cylinder, and if the length of the rope in con- 
Ufit with the cylinder be made to vary in arithmetical pro- 
gression, the force required to produce the state bordering on 
motion will vary in geometrical progression* 
. I^t ikfi 4rcb. of ^ circular 9eetion of the cylinder embraced 
by the rope be JD^ (Fig. 175.) and let it be stretched by the 
forces W and Q. If Q be s* {^ they will, independently of 
firiction, balance each other. Construct the figure as formerly 
fi>r ohHque forces applied to the pulley, and if M be the r^ 

WJJl 
8ultaQl» pf Q and W, Witt^AC.AD^otRjs^ ~^ = 

AC 

Wa 

when the arch is indefinitely small, a being the arch and 

r the radius. But in this case jR is the force with which an 
elementary part of the rope is pressed against the cylinder ; 

Wfa 
consequently the friction thence arising will be — - — which 

■ 

suppose ^nW. In the state bordering on motion then Q 
must be= JPr+nJF=:(l + it) W* Suppose now the con- 
tact of the rope and cylinder to extend to £, so that DE = 
AD = a, which though here represented as large must be con- 
ceived as indefinitely small, and that a force P is applied 
tangentially at jEJ, sufficient to produce the tension Q, or 
(1 + «) J^at Z>, P must, for a similar reason, be = (1 +n)Q^ 
= (1 + n)* W : and by pursuing the same mode of reasoning 
the truth of the proposition will be obvioui^ 

Cor. Let the arithmetical progressioi^ of the arches be 

0,a,2a, 8a-'--i9ia9»^, 

and the corresponding geometrical progre^sicm of the ten- 
sions. 
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w, bw, vw,b'ir- 



log.A 



• '°K- -jp Of log- 



P .i\og.b 



but log. 4 = log. (1+ ») = log. (l +-^ =-^ 

very nearly for the Neperian logarithms, because a is inde- 
finitely small. Hence 



log. 



IV- 



— — := ^— .- or if c be the radix of the Nepe- 



uy I. !S> 

i 



rian system, T^=e' ia\AP=We^ ■ 

If A be expressed in terms of the circumference to the ra- 
dius r, or by 2 AT r ?, i* = TVe ^'-^^ . 

Siipposey= )f, and q to be expounded successively by I, S, 
3, 4, 8 ; P will be equal to 

8.121 tV 
65.943 W 
^ . 535.192 W 

4348.473 W 
and 18,909,817.000 W, respectively ; 
so that when the rope passes 8 times round the cylinder the 
force fFwill not yield to one less than nearly 19 mil],ions of 
times itself. 

It is most convenient to employ in this calculation Ibe 
common logarithms. Let the symbol of Xeperian or hyper- 
bolic logarithm be I and of common logarithm L. Then since 

l.~ = Zw/g. 

P 
L . ^=! S *fq X 0.43429446, &e. 

P 

or £.-=>. = 0.909584 q when/=: |. 

- That a prodigious advantage is thus gained in oppo«ii^:a 
small force to a great one is well known to many «^ srp -a^ 
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acquainted with the principles by which its amount is ascer- 
tained. The seaman, for instance, often secures his ropes in 
this way. 

In our calculation the slight disadvantage under which one 
of the forces may act from the spiral form of the coils, (168.) 
is disregarded, as well as the force required for the flesrure of 
the rope. 

459. Friction, while to a certain extent it prevents or de- 
•troys motion, is favourable to the maintenance of equilibri- 
um. In the use of the wedge or the screw for compression 
it is generally sufficient to secure the advantage already gain- 
ed, without the continued exertion of active power. Without 
it nails, screws and bolts would be useless, and no machine 
or permanent structure could be formed of parts once dis- 
joined, no animal on a horizontal plane could exert any force 
but in a direction exactly vertical, nor could a body be trans- 
ported from one place to another unless by the action of a 
fluid, or a tendency downwards never to be reversed. 

460. Ropes of any considerable thickness occasion, by their 
rigidity, a further diminution of power. When in the use of 
the pulley or of the wheel and axle the power prevails, and 
the weight begins to rise, the curvature of the part of the 
rope applied to the instrument, combined with its stiffness, 
throws the vertical line of the power's action as it were below 
the pulley or cylinder, or a little nearer to the axis than the 
extremity of the horizontal diameter, and the other side of the 
rope is made to project a little outwards, so as virtually to in- 
crease the horizontal lever by which the weight acts. The 
resistance arising from this cause is found to depend on va- 
rious circumstances, not easily subjected to calculation ; for 
instance, upon the newness of the rope, or the degree in which 
it has been used, on its texture, and the degrees of torsion 
employed in its formation ; but, cateris paribusy it is found to 
be inversely as the radius of the cylinder to which it is ap- 
plied, in the direct sesquiplicate ratio nearly of its own radius 
or diameter, and directly as a sum composed of two terms, 
the one constant and the other varying as the tension. 

11 
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Oftite Parabolic Theory of Prq/ectUes, 

46L Prqp. L Theorem. If a body be projected in a direc- 
tion not perpendicular to the horizon, and under the future 
influence of no force but that of gravity, its path will be sen- 
sibly a parabola. 

The elevation of a projectile at the highest point of its 
flight is so small compared with the earth's radius, and its 
range so small a part of the earth's circumference, that we 
may here, as in our statical investigations, consider gravity 
both as a constant force and as acting in parallel directions. 
On this supposition the path of a projectile, in vacuoy when 
not vertical, will be accurately a parabola. 

Let tj T be the times of describing JBy AC^ (Fig. 176.) 
with the uniform projectile velocity V^ and of descending 
from rest through AE^ AF by the force of gravity ; complete 
the parallelograms AG^ AH; then 

JE: JF = t' : T^ (317.) 

AB'^ : AC^ = t^ : T' (311.) 

.-. AE : AF=z AB^ : AC = EG^ : FH^, 

and the locus of the points G, H^ &c. is a parabola of which 
AL is a diameter, A its vertex, and EG a semiordinate. But, 
by the second law of motion, the projectile will at the end of 
the times f, T, &c. be found in the points G, JET, &c. Whence 
the proposition is manifest. 

462. Cor, 1. The direction of the projectile motion is a tan- 
gent to the curve, because it passes through the vertex of a 
diameter, and is parallel to its ordinates. 

463. Cor. 2. The velocity in any point of the curve is that 
which is due -to a fall from rest through a space equal to a 
fourth })art of the parameter^ or latits rectum, belonging to the 
diameter which passes through that point. 

I^et AF be the height due to the tangential velocity at any 
point yl, which may be the point of projection. Then AC or 
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FH = 2 AF^ (816.) and, P being taken to denote the para- 
meter, 

P.AF-FH^:=i4^AF*: 

or AF=: iP= AL, 

LR being the directrix. 

464. Car. 3. The velocity is least at the vertex of the axis, 
and equal at equal distances on each side of it 

465. Cor. 4. If the projections be made in different direc- 
tions with the velocity acquired by falling through LAy and if 
a circle be described from the centre A, with the radius AL, 
its circumference will be the locus of all the foci. 

466. Cor. 5. The time of describing any arch, as -4G, is the 
same with that of falling vertically through the abscissa AE^ 

/ 2 JBG 
or Its equal BG, and is therefore = / , (320, Eq. 8.) 

if 

2V^ 
467- Cor. 6. P= . For i P is the height due to F, 

y2 
(463.) and therefore = -^— , (320, Eq. 4.) 

468. Prop. II. Problem. There being given the position 
of the point from which the projection is made, that of an ob- 
ject in the same horizontal plane, and the velocity of projec- 
tion, it is required to describe the parabola in which the pro- 
jectile must move to hit that object. 

The velocity being given the parameter is known, (467.) 
Let AB (Fig. 177.) be this parameter placed at right angles 
to the horizontal plane AM in which is situated the object F 
which is to be hit. On AB^ and in the plane BAF, describe 
the semicircle BHA, of which let the centre be C s draw 
FED perpendicular to the horizon, and, if possible, cutting 
or touching the semicircle. If it cut it in E^ it will also, 
when produced, meet it in another point D. Join A^E and 
j|,2>, and let a parabola be described of which BAN may be a 
diameter, A the vertex of that diameter, BA its parameter, 
and to which AE or AD may be a tangent in A ; this para- 
bola shall pass through F. 
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Draw FL piurallel to AE or to AD^ according as the for- 
mer or the latter is chosen as the direction of the impulse; it 
will be in the direcdoo of an ordinate to the diameter AS. 
Join BE or BD. Then, taking for demonstration the case 
when AE is the line of projection, we have by the similar 
triangles BAE^ AEK, {EK being perpendicular to AB^) 
BA,AK^ AE:, or since AK = EFz= AL and AE =z LF 

BA.AL (= P.AL) z:zFL^, 

wherefore jF is in the parabola ; and by Pn^. L and its CWv 
1 and 2^ it is evident that if a body be projected with the given 
velocity in the direction AfS or AD it will describe this para- 
bola. 

AF is called the horizontal range or amplitude, FAE or. 
FAD the elevation, and ^ AB the impetus. 

•^d. Car. 1. If F coincide with £r, the pmnt where the ver- 
tical tangent of the semicircle meets the horizontal plane^ the 
problem admits of only one solution, and it is evident that the 
corresponding direction AH^ or an elevation of 45% is that 
which gives the greatest range with a given velocity* 

470. Cor. 2. Let AF or EK = A, and EAF the angle of 
elevation = E. Then EBA also = JS, and ECA = 2 £ ,• 

Hence AF= KE, = i P sin. 2 -E, 

, ^ V^sm.2E 
or 1. -4 = ; 

9 

2. sm.2£=-^/ 

3- ^ = /-%• 

V sin.2jEr 

17 1. Cor. 3. Since the vertical velocity = Vsin. E, the time 

• ■ 'a '11 1 ^ .sin. x2r __ . •• ■ . 

ut liestroyingit will be , (320, Eq. 1.) and the Ume 

ot destroying and reproducing it, or the whole time of 
2 V. sin. £ 

iliola, — . 

9 
Oi/ierwise thus^ the time of flight is that of describing A,E 
unilbnuly with the velocity of projection, and consequently 



» t 



>E 



• .» .^ ■»!?. -»1 t'^f""**"" '^" 






nn T i» «-•- ......... .. .. --^ ^^. 

*r nriui^iii — -i. --^ ..... 

ens /£^ ./' i:z:-.^ -^ r . jr 



-n. . 


.r 


1. • 


"i» 


Li r-- 


•;".L. 


^ ^^^ 


i:-. 


^= ^U^ 


« . ■ 


.« 


i-r 


necr. c 


■ . ^ * 


.-i-'. 


1 


tif-ii : 


A-.- • 


* «w- 


, .4 


*- 


» ■ 


M ..^ 




CLf- .,.• 


-: 


« k_t 


■". -i*" 


K. 









ar y -= -*. 






,. . . » 



d . -« • . 1 • k 



»- ■ — 1 

■ - 1* 



•^ fc .1 • ■ 



246 ELEMENTS OF THEORETICAL MECHANICS. 

The parameter is known as before. Let AB (Fig. 179.) 
be a vertical straight line = P, and describe on it a segment 
of a circle which may contain an angle = FAL^ the supple- 
ment of the zenith distance of the object Of this circle let 
C be the centre. Draw FED parallel to AB and, when 
possible, cutting the circle in E and Z), or touching it as 
GH: join A^ E and A^ 2>, and describe a parabola, as in the 
preceding problem ; it shall pass through F. Join BEj and 
draw FL parallel to AE, 

^^ BEA = ^^ FAL by construction, = .^ AFEy 
and ^ BAE = ^ AEP. 
.-. A BAE is similar to A AEF^ 
and BAiAEzzAE: EF, 
whence BA.EF=^ AE^y 
or P. AL = LF^. 

.\ jP is in the parabola ; and by Prop. L and its Cor. 1. and fL 
the projectile will describe this parabola. 

476. Cor» 1. When F coincides with G, the point where 
the vertical tangent to the circular segment AHB meets the 
tangent to the same at the point of projection, the problem 
admits of only one solution. 

477. Cor. 2. Let -^ BAM = 2; ^ BAE:=:z, and ^ EAM 
= E. Then 

AB : AE zz sin.Z : sin.^ 

and AE : AF = sin.Z : sin.z, 
.% AB : AF = sin.* 21: sin. £. sin. 2:, 

2r« 

or : A = sin. - Z : sin.£.sin.0, 

9 

, , . V^ 2 sin. ^. sin. 2 

whence 1. A=: — • t-tz • 

g sm.^Z 

2, y^^ Agsm.^Z 

2 sin. £. sin.Z* 

3. 2sm.E.sm.z = —^-f^ . 

But 8sin.jB.sin.2; =: cos. {E — z)— cos. (fJ+z) = cos. {E—z) 
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«— COS. Z. Hence E — z and E+z are both known when A, 
Z and V are given, and therefore E may be found. 

478. Cor. 3. The velocity of projection V may be resolv* 

V sin z 
ed into a velocity — r — rr- in the direction JF and a ve- 

^ sm. 21 

locity — ^^ — ~- in the vertical direction. In the half of the 
^ Bin. 2; 

time the space described in the direction AF will be i AFy or 

the body will then be at the vertex of the diameter to which 

AF is an ordinate. Its motion, being in the direction of the 

tangent, will be parallel to AFy so that the velocity *. ^ 
has just been destroyed. The time of destroying this ve- 
locity is — *~~'~^i ^^ consequently the time of flight is 

8r.sin.Jg 
g%uuZ 

AE 
(kherwise thus ; the time of flight is = -p-, or that of de- 
scribing AE with the velocity of projection, and for AE may 

, P.sin.Je 2F« sin.^ 

be substituted its value — ; — =— = • -; — =. 

sin.2> g sm. Z 

479. Cor. 4. When the projectile is at the vertex of the 
diameter to which AF is an ordinate, and consequently is 
moving parallel to AF, it must be at its greatest height above 
that line ; but in that position it bisects the subtangent which 

is = 4 EF. Hence the greatest height J7= \ EF = ^-A — rr- 

sin.* Z 

_ r« sin.^g 
""2^^* sin.«2;* 

That the value of EF is here truly assigned is manifest 
thus : The triangles EAF and EBF were proved to be simi- 
lar, {4,75.)^EBA=z^!-JSAF=iEy mA^BEA^^EFAzuZ. 

Hence AB : AE =z sm.Z : siiuJ?, 

AE : EF= sin.Z : sin. £, 

.-. ABiEFzz sixL^Z : sm^E. 

480. Cor. 5. Of the two directions that with the same im- 
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petus give equal ranges upon the inclined plane, the one i» 
as much above the line bisecting the zenith distance of the 
plane as the other is below it. 

This is evident by inspection of the figure, where the arches 
HD and HE must be equal ; or by considering the value of 
A in Cor. 2. where since E and z make a given sum Z, we may, 
when they are unequal, change E into z and z into JS, and 
thus have two different divisions of Z the products of whose 
sines shall be equal. 

481. Cor. 6. With a given velocity of projection the greatest 
range upon a given plane AF will be when the direction of 
the impulse bisects its zenith distance. 

Since .^^JEAF = ..^ EBA^ AF is a tangent to the circle, as \% 
also GH. Therefore GA = GH, and ^ HAG = ^ GHA = 
.^^ HAB. Now AH is the direction which gives the amplitude 
AG. 

The same conclusion may be derived from Cor. 2. by con- 
sidering that since for each plane E + z is a given 8um» 
sin.2J.sin.z will be a maximum when jB=z=:^Z. This 
may be proved, for exercise^ analytically, or by a very simple 
geometrical demonstration. 

482. Cor. 7. The greatest range A' upon the plane AF 

For A^ = ^' '^"'' g ^ :^ -P' ^^"'' ^ ^ 

sin/'' Z 4 sin.^ \ Z cos.* J 2* 

Or thus : if we draw a line GO perpendicular to AH^ 

AK . sec. i S, or i P. sec. I Z^ AH, and AO. sec. J 12, or 

iAH. sec. ^Zz:: AG. 

483. Cor. 8. While the velocity of projection is constant, 
but the directions different, the points of greatest distance 
that can be struck are all in a parabola given in position. 

For the parameter being constant, (467.) the points Hare 
alt situated in the same line CK^ which is drawn fi'om the 
centre bisecting the parameter as a vertical chord of the circle, 
and GH, perpendicular to CHy is always = GA. Hence if 
a parabola be described with the focus A, and directrix CH, 
it will be the locus of all the points G, or the limit of ampli- 
tudes for planes of all different elevations or depressions. 



DYNAMICS. 249 

As the foci of both parabolas are in the same line GA^ and 
GH is perpendicular to the directrix of each, the straight 
line bisecting the angle AGH will be a common tangent of 
both. Hence the two curves touch each other in G ; and it 
is obvious that they do not meet in any other point, for to 
reach any point of the limiting curve, the direction of the pri- 
mitive impulse must always bisect its zenith distance. The 
direct geometrical proof of this last statement is very simple, 
bat would require an additional construction. 

This elegant Dynamical theorem we owe to Torricelli, the 
dtsdple of Galilaeo. 

484. The formulae investigated as corollaries to the two 
preceding problems may be easily found without reference to 
the parabola. 

That a projectile discharged from A (Fig. 180.) may strike 
f on the same horizontal plane, the direction AB must be 
SQch diatit would reach the points by the projectile impulse 
in the same time in which it would fall vertically through 
^F. Suppose .^^ BAF to be denoted by jB, and AF by A : 

^S zz ^> the time of describing AB uniformly with the 

COS. JIj 

A A^ 
velocity V=Tp =, and the square of this time =:-t7z s^. 

Again, BF = — =-, and the square of the time of describ- 

cos. J^ 

ingitwith uniform acceleration = ^5 (320, Eq. 3.) 

A^ 2A.sm.E 



and Azz 



' F^cos.^E "" g.cos.E' 

2 F«.sin. E.cos.E T^.sin. 2 E 



9 9 

If B is the object to be hit, we must make the discharge in 

^e direction AC^ determined by this condition that the body 

^hall describe CB by the force of gravity in the time in which 

*^ ^ould describe AC uniformly with the motion of projec- 
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tion. If we now denote AB by Ay and the angles B^Sfand 
BAC by 2^ z, and JB, respectively ; / 

A,%m.Z A.%m.E 

AC =: • — : 9 BL IS — ; y 

sin. z sin. z 

^«.sin.«2 2^.sin.-E _"'?:. 



F*sm.*2: ^sin.z 
-.TTi ^ 2F® sin.-B.sin. 2r 

Whence A = • : — r-r; — . 

g sin.* 2i 

The relations of the same quantities may be otherwise in- 
vestigated and stated in a form somewhat different} thus, 
(Fig. 181.) 

Let AK = a, FK = b^ the co-ordinates of JP the point to be 

struck ; -^ DAM = e, ^ — = if, the height due to the velo- 

city of projection ; t = the time of describing AB ss Jr hori^ 
zontally, or BC = y vertically, 

V cos. 6 = horizontal velocity, 

x^ x^ 

X = tV COS. C, ^*= -T -— , = — == -— ; 

' v^cos.^e* 2gHcos.^ e ' 
y = X tang, e—lgt^ (323.) 

x^ 



or y=a7 tanor.e — 



A^Hcos.^ e 



For — ^ substitute 1 + tang.^ e (= sec.^ «), 



cos.^e 

X 

By substituting a and h for a? and y, e will be found. 



, . ^ 2 iy=±= J^H^-^-^Hy — X'' 
and you have tang, e iz — 



The double sign indicates in general two values of e, either 
of which will answer. But if ^iH^ — ^Hbzua^^ there is 
only one solution. 

If the point F be in the same horizontal plane with the 
point of projection, 4 Hb = 0, and then if a^ = 4 H^ or a 
== 2H^ the problem admits of only one solution. 

When in this case a is :::::^ 2 Hor in general a- 7::^ 4 H- — 
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tbf tlie value of tang, e becomes imaginai-y, aiul the pri>- 
blem impossible. 

485. The author of the parabolic tlieory of projectiles was 
Galiljco, the founder of the mechanical philosophy, who pub- 
lished it in his Dialogues on Motion in the year 1638. As one 
of the first examples of physico-mathcmatical science, it 
claims attention in every academical course of Dynamics; 
and, were no force concerned in the modification of projectile 
motion but that of gravity, the deductions of this theory might 
be safely confided in as applicable in practice. But mililflry 
projectiles must move through the air, and cannot do so with- 
out displacing a portion of it. To this they must communi- 
cate certain quantities of motion, and in doing so must them- 
selves lose equal quantities. This occasions a very sensible 
retardation to bodies specifically light, and exposing a con- 
siderable surface, even when discharged with very moderate 
velocities, A ball of cork cannot be thrown to any great dis- 
tance. A sharp-edged fiat plate of stone or metal may be 
thrown to some distauce while it proceeds edge foremost ; but 
if it happens to turn the flat side foremost, it descends in a 
path much incurvated, and sometimes almost perpendicularly. 
Philosophers were long aware of the existence of this force 
before they were disposed to allow it much effect in retarding 
the flight of military projectiles, which are always composed 
of matter which has great specific gravity, as lead or iron. 
The effect being then confessedly small in the case of slow 
motions, they did not sufficiently attend to its very great in- 
crease when the velocity is such as that with which military 
projectiles are discharged. Did the resistance depend on the 
inertia of the air alone, it would be as, or nearly as, the square 
of the velocity : for a ball of given diameter whose velocity is 
doubled or tripled would remove double or triple the mess of 
air formerly displaced, and that with a velocity the double or 
triple respectively of its former velocity, so that its loss of 
quantity of motion and therefore of velocity, the body being 
the same, would be in tlie one case four times, in the other 
nine times what it was at first. But in addition to the resis^^ 
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ance from inertia, there is an unbalanced pressure on the an- 
terior surface, whicli in the case of a velocity of 1300 or 1400 
feet per second will in the lower regions of the atmosphere 
amount to between 14 and 15 lbs. avoirdupois on the square 
inch of the hemispherical base. In the use of cannon and 
musketry, then, the parabolic theory of projectiles is of little 
or no value, but as leading the way to a more accurate know- 
ledge of the effect of the air's resistance, of which it may as- 
sist us in obtaining a measure. 

The reason that artillerists were so long in detecting tbe 
true cause of the deficiency of this theory, as a foundation of 

practice, was the want of an independent method of estimat- 
ing with tolerable precision the initial velocity communicated 
by a given charge of powder. We have formerly proved that 
if a ball is discharged at an angle of elevation E through an 

unresisting medium, F= /— : — o~F> ^ be"ig the amplitude 

upon a horizontal plane ; consequently E being given and the 
amplitude measured, it is easy to find what must have been 
the initial velocity, if the body has moved through such a me- 
dium. But, since the air resists the motion, the amplitude 
will be thereby diminished, and will become equal to one cor- 
responding to a smaller velocity in vacuo, A velocity inferior 
to the true one will of course be deduced by this method. 
Could the artillerist have accurately estimated the velocity of 
projection by any method independent of the parabolic theory, 
he would soon have perceived that the amplitude was much 
inferior to what, on the principles of that theory, it ought to 
be ; and would thus have been led to appreciate more justly 
the amount of the air's resistance : but it is evidently impos- 
sible that he should detect any inconsistency between the ini- 
tial velocity and the actual range, so long as the amount of 
the one was inferred from the extent of the other. 

486. About tbe year 1742 Mr. Robins, an ingenious Eng- 
lish mathematician, laid the foundation of a complete revolu- 
tion in the science of gunnery, by the discovery of two me- 
thods of estimating the velocity of shot, which are both de- 
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serving of our particular notice. The first was by finding ex- 
perimentally, as accurately as he could, the initial force of 
newly inflamed gunpowder filling a space of given capacity, 
and the law according to which its pressure decreases by ex- 
pansion, and thence calculating the velocity which it must 
cemmunicate to a given body impelled by it through a given 
space* The second, and most perfect, and, on different ac- 
counts, the most useful, was by a machine of his own contri- 
vance, already described, the ballistic pendulum, (439. ) 

487. The elastic force of fired gunpowder according to Mr. 
Bobins^s experiments with an airpump, and subsequent cal- 
cdlatiohs, is, at the first moment of explosion, equal to 1000 
tunes the pressure of the atmosphere, when the barometer 
stands at nearly 30 inches ; and the elasticity of the generated 
fluid varies as its density, or inversely as the space occupied. 

Mr. Robins in calculating, from these data^ the velocity of 
shot, employs the geometrical method of representation ex- 
plained in treating of variable forces, (344.), proceeding thus: 

Let AC (Fig. 182.) represent the length of a musket barrel, 
AB that of the chamber occupied by the powder ; take BD 
to represent the weight of the ball, and, making BD to BG 
as the weight of the ball to the initial force of the powder, let 
LGM be the curve whose ordinates to the line of abscissae AC 
represent the accelerative force, or which is here the same 
thing, since the mass impelled is constant, the pressure of the 
powder on the ball at the different points of the line BC. 
Then \( DE be drawn parallel to SC, and v and V represent 
the velocities communicated to the ball, in passing over a 
space = BCj by its own weight and by the elastic force of 
the inflamed powder, respectively 

BCED : BCMG = v« : r^, 
now «*= 2g.BC (320, Eq. 4.) and is known, therefore V* will 
be also given, if we can find the ratio of BCED to BCMG. 
But the force of the powder being inversely as the space oc- 
cupied, win be, in a cylindrical barrel, inversely as the length 

occupied. Tlierefore NQ == -ttt > or ^Q • ^^ ^ -^-^ • ^^9 
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and the curve is an bjrperbola, whose assjrmptotes are AH 
and AC. The ratio of the spaces above mentioned then k 
given ; for we know the ratios BC : AB and BD : BG^ there- 
fore the ratio compounded of the two^ viz. BCED : ABGF ; 

AC 
also the ratio ABGF : BCMG = 1 : hyp, log, ^oj whence V^ 

and V are given. 

488. As an exemplification of our analytical formulae, we 
may also solve the problem thus : 

Let a body be impelled from B to C, (Fig. 183.) by a 
force which is inverselv as the distance from Aj and let it be 
proposed to find the velocity communicated, on the supposi- 
tion that the force at the distance b is f and that AC = a 
ABzzb and y are given. 

bf hfdac 

Let AD = X; the force at D will be — , and vdv-^i 



X X 



(339.) 



Hence, v" = 2 bf. log. a:+ C, 
= 2 6/. log. 6+C, 
and v^ = 2bf. (log.a: — log.ft), 

or v =r J^bfAog.^y when x^a. . 

To apply this more particularly to the case under consi- 
deration, let us adopt the following symbols, used by Dr. 
Hutton in his Course of Mathematics. 

d = diameter of the ball in inches, 

c zz 0.7854 area of a circle to diameter 1, 

m = 230 oz. avoird. = pressure of air on 1 square inch, 

n : 1 the ratio of the initial force of fired gunpowder 

the pressure »i, 
w = the weight of the ball, ) in avoird. 



■. 



p i^ half that of the powder, j ounces. 

This latter element is introduced into the calculation of th^ 

uccelerative force, on the principle that, in impelling the balM 

the })owder must move its own mass with the half of the sam - 

velocity as estimated by that of its centre of gravity, whic'^ 
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die same force as if it had to moTe half its ovd aam^ 
with m vdoci^ always equal to that of the balL 

Hencc/=^'""'''^ 



p+w * 



J /2gbmnciP , a 



p+to b 

Is denotes Neperian or hyperbolic logarithm. If liic 
common logarithms are used, we must introduce the factor 
24M)8585. If o is to be in feet, ^ = 32^, and & must be in 

tlie same denomination, because in the formula r</r = 

ix and consequently x and b must be in measure of the same 
denomination with r. 

489. This calculation, when we take n =: KKK), which is 
below its true value, is sufRcient to show the great excess of 
the initial velocity of shot above what had been contemplated, 
and the total insufficiency of any theory in which the resist* 
ance of the air is disregarded, as a guide in artillery practice. 
But the number n in our formula is not to be ascertained 
with much approach to accuracy in the way employed by 
Mr. Robins, and his second method of measuring the velo- 
city of a ball is greatly preferable to this one. When v is 
ascertained by the pendulum, the formula above investigated 
^tIL give the value of n ; and in this way Dr. Hutton general- 
ly found it to be at least J of the value asssigned by Mr. 
)lobins. 

490. In order to put to the test the received opinion respect- 
ing the resistance of the air, Mr. Robins charged a musket 
three times successively with the same allotment of powder, 
aud with a leaden ball | of an inch in diameter, and about 
1^ lb. avoirdupois in weight, and discharged it into a ballistic 
pendulum placed successively at the distances 25, 75 and 
125 feet. The velocities with which it reached the pendulum 
in these situations were found to be 1670, 1550, and 1425 
feet per second, respectively ; so that in passing through 60 
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feet of air with the mean rate of 1610 feet, the loss of velo- 
city was 120 feet per second. The time in which this velo- 
city was lost, or that of passing through 50 feet of air, must 
have been about ^ of a second ; and in this time a retarding 
force equal to the ball's weight would have destroyed only 
one foot per second of the velocity. The resistance of the 
air, then, to this ball moving with the velocity above stated, 
a velocity often equalled or exceeded in practice, most have 
been 120 times its weight, or equal to about 10 lbs. avoirdu- 
pois. Thus in the parabolic theory the deflecting force ne- 
glected greatly exceeds that taken into account. 

491. Hence it follows that the curve actually described will 
difler greatly from the parabola. In describing the latter, 
the horizontal velocity is constant and the same with that at 
the vertex, and the ascending and descending branches are in 
every respect equal and similar. But in moving through the 
air, the horizontal velocity is continually diminished by the 
resistance of the medium, and the vertical velocity due to 
impulse and gravity diminished both in ascending and de- 
scending ; the descending branch of the curve will, therefore, 
supposing it to terminate at the extremity of the horizontal 
amplitude, be shorter and more incurvated towards the axis 
than the ascending branch, the vertex will be nearest to the 
farther extremity of the range, the motion will be slowest not 
at the highest point D (Fig. 184.) but a little beyond it, as at 
E^ where the horizontal velocity at Z>, already much reduced 
below its original value, is still farther diminished by the air's 
resistance, and not yet compounded with any considerable 
velocity of descent. The point of greatest curvature too, will 
for the same reason not be at the summit, but a little beyond 
it, as at i\ and nearer to it than E. Without the resistance 
of the air the greatest range upon a horizontal plane would 

be with an elevation of 45° and = — . A musket or cannon 



ball, a piece of cork, a feather, and the finest cobweb, pro- 
jected at that elevation, with a velocity of 1600 feet per second, 
would range to the very same distance, about 15 miles, where- 



as we know tba: ii. m:}'::'.^ t!:rouri iiie air ibe lighter budii's 

mentioned wonid reaci. ic ai. exc-*rrc.:.:r y small distanct-, tlie 

musket ball do: mt.ch a:»:^- *: i,h.: l y...:^. aud a 2i lb. caiiiiuii 

ball to little more i::ar :vc inijr:. Tri*: rea'son wjjy iIh; cnii- 

non ball ramre* ffcr.ijr: v-'u. ::■*: ^-ti.*: )}rn'y,f:\\(jn tijafj llu* 

musket buijei i*. :iia: iiit Tr^.-j it. :*'_•: :o \ii*: fonner, tliou^li 

much greater iba^: zul' : 'r^e::>r: :•. :!i*: iaii'rr. i-s a U^'^a pm- 

portionai part of n? wrr.'i::i"-. Tnt fMVrTJi of iljfr raii;r«: i|,.- 

pends not so 'immeCiSL'.^ } in. lut :*r^l^:4r.:i'_«: a* on tin; pari of 

it that falls lo iijt i:.ti:"r .»•' rac:. evi.L. par.i'.i*: of lli<; uiovin/^ 

body, when equai-^^ Ci-iri'jir.ei-. :i.i:: Jt.. ou the retarding fortr, 

.... F ^ , 
the measure of vi^aiL -^ -■ . i ^t.:.^* lut re&i&Uiiit«:, and (I \\\v. 

quantity of matter, if utii*- o: cifier*fn! dia!n«-t«rr!> bir cast of 
the same neia- or ut ofe'jua. d*:ij>:ty. th#- retifclanof will In- 
nearly a» the sunacfc. or a.- ".ijt srjL!ar*r ol'ihif dianjirii-r, whiit; 
the quantity of matier v :i. ot a- itfc cubt. 'I'hat is, Ki^tarda- 

tion = -r = —^r- == -^ . '.>? '.:it f f.a!Ca'..oii will U: iuvA-ifcc-iy 
Ci ■ d d ^ 

as the ball's diaraeter. If "iit bfc-:s art of r.A\^\itu\ j'jatttr. Jet 

# 

f denote specific gTaritv. or '.ii*: ^^*i.^'l\ ij\ th*-. uf.^t of volumt : 

-..</- 1 1 , 

then. Retard LtiOL =f ,. -- , ..' v Lt:. 4^ it ^illvti;. 'li-t 

specific gravity of cbs! \r*jii \j*::ui: '.o il.at of cork a^ Ti'^j to 
240- if two baji^ of :!!<.>*:!?. alt 'M-.-i at.d of »:'j';<il d:a:j:trtr 
were proiecied wjtij eouai vir.o'.i'.y. \u*: ba . of cork w'.'j!d 
in passincT thro'j:ri' -Nt sairit vi! a'. >r'fc'«r .'o^•r ::.ort thar: 3 J 
times as much velovi'v a^ ti»e bai: of iro*.. 

In practice trie ar.cfi*: of ei*rva*.:of ^.'iv:?-;/ \}iiz ;^r»:a^«r«T vir^;:^ 
is fouTjd to dfpenti or. ^i:!^ou^ c.:fc';:?;^ta!.':'*:r. It ::::iv It 
near! V ^'' for the lieaviest «-hot and ^rr^aiit*! v»r.'<>c:::frf : b-: 
for the smallest shot disc!!tir;.'»rd w:t!i 'Jie j^rtate^t \t!ot!:y :*. 
is not above 80'. and it ruav b*r. accordir:^ to varvir?jr circ-:::- 
stances, any one between t!i*:se liruit^. According to Borda's 
calcalation, by an apyjroxirf;at;ve formula, we have for a 24 
lb. ball the following table of angles giving the greatest ra.'^ge 
correspond inpr tf> the initial velocitie*- opposite to them. 





in' 9 raxum miL 

«L -v^xn -ifniaa veiKX:^ r nes: ul OdC soe ndi 
suL v^Ii niu i«& t:uuiaamljT uebackod fo tke 



imL UL ^x« fiise prtuBOUui to the mt^s 
zut €miat wsvxKC zn Ifr. Robins does 
Sf tvo Tcrr BB^ile and beaatifal 
& In t^ cofc be moJt a light wooden ^obe^ and 
tby.d«bie«rine of c«n«i»t length. The 

r then twisted in a given directiony and tha globe 
ilaie like a pendnlnou its oMiliations continued 
vertical plane till the string, by untwisting, b«- 
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Velocity In Krendi (ivt per serotid. A ngle ^nnp the gmtest 

' 300 42° 1 0* 

600 36 30 

1000 33 — 

1200 31 *0 

1500 ....■-.. 30 10 

1800 28 50 

aooo ........ 28 10. 



I 



The investigation of tbis formula, and Euler's method of 
calculating the path of a projectile in a medium of which the 
resistance is as the stjuare of the velocity, with a demonstra- 
tion of some things above stated in relation to the curtea thus 
described, we shail give in an Appendix. 

498, There is another effect of the air's resistance disco- 
vered by Mr. Robins, wliich very much embarrasses the 
practice of the arlillerist. A bullet is not only deflected ver- 
tically from the line of projection, and from the parabolic 
path due to the action of gravity, but it is also fraqocaitly 
deflected to the right or left of the vertical plane of pr«jec- 
tion. If much windage is allowed, the ball may strike oblique- 
ly against the side of the barrel, or the bore of the cannon, 
in diSerent parts, rebounding from side to side, and tlte last 
rebound from some point v«ry near to the muzzle may occa- 
sion the projection to be in a vertical plane making an angle 
with the axis of the piece. This may and probably does of- 
ten occasion a very considerable deviation from the expected 
course. But the motion, so far as we yet perceive, would 
still be in a vertical plane, and if two shot were discharged 
from the same point, through parallel screens, and affected 
only in this way, the horizontal distances of the perforations 
would be as the distances of the screens from the station where 
the shot were discharged. The irregularity, however, dis- 
covered by Mr. Robins, though perhaps blended with this* 
was of a different kind. He found a curviiinear d^ectiOD t(» 
the right or lef^ of the vertical plane of projection, which of 
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iourae indicated the continued action of a disturbing forc& 
This was iacontestably proved in the following way. 

M, N, P {Fig. 185.) being three parallel screens of fine jA^ 
paper, which could present no sensible resistance, and still 
less inequality of resistance to the ball, were set up at known 
distances from each other, and from the point A where the 
bullet was discharged. If the motions of the balls then were 
confined to the same vertical planes, whose projections on 
the plane of the horizon may be represented by AF, AG, It 
is obvious that the distances of the perforations, reduced also 
(o the horizontal plane, and represented by BC, DE, FG, 
would be as their distances from A ; or if the point of dis- 
charge A were supposed to be a little different, still 
take BC from each of the other distances DE, FG, the re- 
mainders DH and FIC would be to each other as the known- 
distances BD, BF. But if the distances as Bb, DE, Fg 
were not according to this law, then the path AbEg was 
curvilinear. This was uniformly found to be more or less 
the case. Mr. Robins accounts for it ingeniously by a m(V 
tioD of rotation, that, he supposes, will generally be c 
miinicated to the ball by rubbing on the side of the barrd. 
On one side of the ball the velocity of rotation will conspire 
•itb the progj'essive velocity, and the actual velocity will be 
their sum; on the opposite side it will be their difference. 
The side of the ball on which the velocity happens to be 
^atest will meet with most resistance. It will be deflected 
as if moving all with equal velocity it met on that side with 
K denser fluid, and will thus be continually deflected to the 
(^posite side. A similar effect must result from irregularity 
in the curvature of the ball on the side presented to the air's 
resistance. That the cause assigned by Mr. Robins does 
operate, he demonstrated by two very simple and beautiful 
experiments. In the one he took a light wooden globe, and 
suspended it by a double string of convenient length. The 
string being then twisted in a given direction, and the globe 
made to oscillate like a pendulum, its oscillations continued 
in the same veriical plane till the string, by untwisting, be- 
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giiii to prcxlucc in it a considerable velocity of rotation, it 
tlicii lir^nn to deflect to that side of the original Tertical 
plant*, which according to the theory could be predicted from 
ihr known direction of the motion ; and that this could not 
l>e owing to the untwisting of the string, operating otherwise 
in honiu unknown way, was proved by the continuance of the 
drlh'Ction towards the same side during the whole time of 
rapid rotation, though in the latter half of that time the string, 
having nntwisteil itself, was by the motion acquired twisted 
ill II t'ontrnry direction. In the second experiment he took 
n gun barrel, iiiul bent three or four inches of it towards the 
uiu/xIk* to the one side, which we shall call the left; as in 
Fig. IHti. This he charged with a ball of considerable wind- 
age-, and, foreseeing that the tendency to continue its motion 
through the barrel in the right line determined by the straight 
pal ( AC would iKCAsion it to rub against the concave interior 
^uiface at i\ and thus« rettirding by friction that side <^ the 
ball, gtxc it a motion fn^ni left to right about a vertical axis, 
he pirdicteil that» though thrown at first to the left of the 
luio o( aiui bv (he curvature from BC to D. it would be 
I'kiiallx dctlecud to the right of that line; and his expectation 
VI a ^ \riitie\l. 

iM. V\> «ihieh!h%.>ever oi the causes assigned this deflection, 
ivhuh make^ the (>aih a line of double curvature, be chiefly 
iUie, a ieiue\iy, iu the case of musketry, is found in the use 
i»f ys\\M u K'cilic\t ii iideil barnfL The inside of a common 
kiaiivl k^ A !«iiuH.>cli hor.k>w cvL:nder« buc the rifled barrel has 
i(« inu-iu»i suiucc cue bv ^i t!'jL::bt:r of spiral channels or 
t;u>^»w>, ptvvcexiui^ uviu :h«r br^^irch to the muzzle, and 
u(:ftkiii^ citK^uc oitc lucii ill the whole lengch. If they made 
vniS Sa1[\aiuiu vU ^vcii itfvs ic would occasion less resist- 
ciiKv ko Lbc Liii^»u'.)vs ctiKi :Qcr stfusible edecc would probably 
ttw khc 'kdbutc. I'tic b<*il IS maue a licde larger than what 
%kouM h^vc ducU ihc \sM\: 'o%:tor\: die spiral chaxmels were 
cui, jLiid i« vlii\cii hoiiKj i\> the powder by a mallet and 
lAKUi L<iiuiuci', \M ihe uiusk^c may be charged at the 
U\ ixii^K'K^vnn^ chc baicel. Upon che disKrbargei^ the bal 



direction of tlie spiral threads, and thus acquires a 
rapid motion of rotation round an axis coinciding with the 
line of projection. In tliis case, there can be no inequality 
of resistance from rotation so long as the axis of rotation 
sensibly coincides with the direction of the progressive mo- 
tion, and the effect of small irregularities in the surface will 
be equally distributed. The motion cannot deviate far to 
(«ie side till it will be corrected by an equal deviation to the 
other, in consequence of the part which occasions the irregu- 
larity having made half a revolution. This is illustrated by 
the similar effect of the feathers of an arrow, when put on 
with a slight obliquity lo the axis, or direction of its length. 
The strong relative current of air produced by the rapid 
flight of the arrow, meeting the feathers obliquely, will give 
by resolution a force tending to turn the arrow about its axis, 
and prevent it, when truly aimed, from ever deviating more 
from the right course than what corresponds to the time of 
half a revolution. 

Dr. Charles Hutlon, late professor of mathematicii in the 
Royal Military Academy at Woolwich, has very ably prose- 
cuted and extended the plan begun by Mr. Kobins. His 
Tracts, containing the detail of his experiments on gunnery, 
and many deductions from them, may be studied with great 
advantage by the young artillerist, as containing much im- 
portant information ; and by those who wish to improve their 
habits of philosophical induction, as containing an excellent 
specimen of experimental research. The second volume of 
bis Course of Mathematics, may also be perused with advan- 
ti^;e by such as wish for ampler details concerning the prao- 
of gunnery than would be suitable in a general cou 
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the Central Forces of Bodies Revolving in Circwlar Orbits^tm 

494>. When by a constant acceleration a body describt 
2iC (Fig. 167.) in a certain time, and when by a constant r 
tardation the motion BJD is changed into BC in that time, 1 
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force is equally indicated, wlikh, being opposed, would oeeP^ 
sion pressure equivalent to a weight that may, by principles 
already explained, be inferred from the change of motion. 
Tlie same thing is true when the motion DC generated or 
prevented, is a deflection, (Fig. 188.) AC being an element 
of a curve, AD its tangent, and DC perpendicular to the 
curve, if at the end of the element of time dt after the body 
has been at A it be found not at D but at C, a force may be 
inferred which, operating as a pressure, would be the same 
with the weight that would cause the same body to fitll 
through a space equal to DC in the same time. If, in the 
time in which a body falls from D to C, a body of the same 
inertia and void of gravity were drawn by an interposed spring 
through the same space, so as to have always the same velocity 
at any given point, the spring would be dilated to the same 
degree as it would be when simply supporting the body's 
weight. In like manner, were tliis same body, projected in 
the opposite direction, to be suddenly caught by a spring 
when it is at C, and were the motion CD, by this spring act- 
ing with constant energy, prevented in the same time, the 
spring would be still dilated or compressetl to the same de- 
gree as it would be by the weight above defined. Now such 
a motion is prevented in a body virtually possessing it when 
it describes the curve AC, and the indefinitely small motion 
AD is changed into AC. If a body is whirled round at the 
extremity of a spring, the spring is always stretched ; and, 
when the other extremity is fixed, the tension may be consi- 
dered as a central force, and is denominated centripetal or cen- 
trifugal just as we happen to view it. As dilating the spring it 
is centrifugal ; considered as a contractile force it is centripetal. 
The centrifugal tendency arising from a motion of rotation, 
may be further familiarly illustrated by fixing a spherical 
liodjr of soft consistence, as wax, putty, or clay, upon an axis, 
which, on our thereby whirling it round, will change its shape 
and become oblate j by agitating water with a circular mo- 
tion in a vcHHel, when that which is towards the side will be 
Mad* 10 tttttnl above the level of the central portion ; M- by 
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8«ttiiig a vessel filLed with water upon the mside of the rim 
of a wheelt and turning it round, with such rapidity that the 
flwd shall not be spilled, even when at the highest poinu 

4fd5. In ciircular orbits the co-existent centripetal and cen- 
trifugal forces are always equal ; for were either to prevail, the 
body would approach nearer to the centre or recede from it. 

49B. In such orbits also the tangential velocity is uniform ; 
for the centripetal force, being always at right angles to the 
direction of the motion, can neither accelerate nor retard it. 

1 497. Theorem. If a particle of matter describe the circum- 
ference of a circle in consequence of continual deflection by 
a oentr^tal force, the measure of that force is the square of 
the velocity divided by the radius. 

When the body is at J (Fig. 189.) its motion is in the 
direction of the tangent AF^ and its velocity in the direction 
AC is nothing ; and when it is at B^ its motion is in the di- 
rection FBf parallel to -4C, and its velocity parallel to AF is 
extinguished. The tangential velocity then at B, and which 
is constant, (496.) may be considered as generated by a force 
acting from H towards X, while the line UL is carried from 
the position AC to the position FB, Now if the centripetal 
force at A be denoted by ACy being constant it will at G be 
denoted by GC, and this may be resolved into GK and GL, 
v^hereof the latter alone accelerates the motion in the direc- 
tion ffLy or perpendicular to AF* The motion of G then,. 
in this direction, is produced by a force which is always as 
the body's distance from jL, and if v be the velocity produced 
when it reaches that point or comes by the curvilinear mo- 
tion to By r the radius, and/^the measure of the accelerative 
centripetal force at A, v^ =/ry (849,) and ^ 

It will easily ^pear more particularly by (349, 350.) that if 
the final or tangential velocity be represented by a line equal 
to the radius, the velocity generated at 6, in the direction 
GLj will be represented in magnitude by GKs and of the 
velocity at A that which remains at 6, tdfter the retardation 
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occasioned by the force always represented by GK^ will be 
denoted by GL ; also that the velocities GK and GLy in the 
respective directions GL and GM^ are equivalent to a velo- 
city represented in magnitude by the radius, and in direction 
by the tangent at 6. As GK and KC are equivalent to GC, 
the last conclusion will be obvious if we suppose the lines 
GKy GC and GL to revolve, each through a right angle, and 
so that GL may be in the position GM. 

498. To illustrate to the student the method of using the 
fluxionary calculus in such investigations, we shall apply it 
to this easy case, already analysed and understood. 

Let A X and Ay he taken for axes of co-ordinates, AH be- 
ing denoted by x and HG by y ; and let the central force be 
denoted by/*; then, (339.) dt being supposed constant. 



{A.) 



ddx 






d^ GC r 

IRS ddy_f.GL_f 



by (^.) 



dt^ " GC r 
dxddx fxdx 

~~d¥~~ r ' 

da? fa? f . 



dm 

becautie y- represents the velocity in the direction parallel 

lu A a;, and is = 0, when a; = r. 

byW ^-y^^^L^r-y)dy, 

or v*=y*r, as before, 
-J- bfting ihe velocity in the curve. 
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• '4M. Cbr. I. If ^ be the periodic time, or the time of a com- 

2 ir f* At i^T 

plete revolatioD> i; = '-j—j and f=z — 5-j (497.) 

or/= ^. 

500. Cor. 2. If u be the angular velocity, the velocity in 
the curve will be r w, and, by (497.) 

501. Car. 3. If the periodic times are equal, the centripe- 
tal forces are as the radii, (499.) 

If the velocities are equal, the forces are reciprocally as the 
radii, (497.) 

If the radii are equal, the forces are in the duplicate ratio 
of the velocities, (497.) 

If the forces are equal, the velocities and the periodic times 
are in the subduplicate ratio of the radii, (497, 499.) or the 
angular velocities in the inverse subduplicate ratio of the 
same, (500.) 

If the squares of the periodic times be as the cubes of the 
radii, the forces are inversely as the squares of the radii or 
distances, (499.) 

602. Cor. 4. Since v*=/r^ r* = 2/.i r, which compared with 
the equation v^=2<psy (317.) proves that the velocity in a cir- 
cular orbit is that which would be acquired by falling from 
rest through half the radius of that circle, in consequence of 
the action of the centripetal force continued constant. 

508. Cor. 5. Smce/=: -^(499.) — = ~; or, iff de- 

if 2f 

note the central force as a multiple of gravity, v 

/= 1.2268^, 

where r is to be expressed in feet and t in seconds. 

Thus if a ball of one ounce be whirled round in a sling 
which, when doubled, is two feet long, so as to make two re- 
volutions in a second, the centrifugal force by which the string 

1 
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k.strelcM will bQ.«31M oaaceft: or il.i»i3&c^ «ipff«lh« 
ball's weight, whatever that may be* . ;. :^ , < 

N» B. — The ball is here coiisidered m a .poinl^.qr ai liairiiigf 
in every part the same velcH^ty of rotation* Also /, w .the 
preceding formula is of thd-ijiatare of an- accelemtive fiNMe^ 
ai^d is sta|;e4 8# hairing a r^tip.tjpt^.gr.i^ divlspbWby.^wbM^ 
is the measure of the accelerative, power pfiprf^vft^Lv ^iyt^ttiift 
will occasion no difficulty, when it is recollected that the ae- 
celeration is as the weight or pressure when the mass aded 
on is given. /^ is an abstract number. 

The fpUowing conclusion, important in aOAeftttore. parCS 
of the course, may be derived from the alK>ire fhrmnla, • . 

If the earth be a sphere, whose radius is S965 miles^ ifo- 
volving in 28^ 56' 4", the portion of a body's natural weight, 
which, at the equator, is lost, or balanced by the c e ntrif ugal 
force, is g|g part, or ^\j of the apparent weight 

50i. Or. e. Since /=r -^, I =: ^^Jy^ « the tiaae rf 

an entire revolution is to the time of fallin^^ by the.centrip^ 
tal force remaining constant, through half t^.e ra^usw u. 
twice the circumference of a circle to the dianj^pter, or ^t^^is 
twice the time of the cycloidal oscillation of a pen^iiiliw whose 
length IS equal to the radius. 

505. Cor. 7. Ifabw suspended by a string Q6|c|^te 

a whole semicircle, the suing will h^ stretched a(^tbe,,tow({4t 
point with three times the ball's weight. ]l^or% if 9 t)e the v^, 

locity at the lowest point, nhzUgfj and jfss — s=— =r^ ;s fc^. 

So that the centrifugal pressure will be that which would pro* 
duce in the mass of the ball twice the natural acceleralioB of 
gravity; it is therefore twice the baU^a weight; and to ifaSa 
roust be ad^ed its actual weight. 

506. Cor. 8. If a ball attached to a string retplte id A v^' 
tical circle, the string must be aUe to, sustain lit leaist six 
times the ball's weight 

507. Cbr. 9. BVom what has been deoimiittrtitad above^ W4 



may find the time in n^ich a conical pendulum will make a 

rerohltioii. 

Let AD (Fig. 190.) represent this pendulum, D being con- 
ridelred as a single particle at the extremity of a line ¥oid of 
mrigbt and inertia AD^ and describing a circle DEBFj while 
the point A to which the line is attached remains fixed. Let 
AC^=ftij CD= r, and let the acceleration of gravity be de» 
noted by unity. While D revolves, it is under the influence 
of three balanced forces, its weight acting parallel to AC^ the 
centrifugal force acting in the direction CD, and the tension 
of the string in the direction DA, The balanced forces are 
therefore as the sides of this triangle which denote their di- 
rections, 

1 •• 7F = ^ ^ ^* 

or ^ = 2 r /— , 
^ 9 

and the time of a semicircular oscillation is equal to that in 
which a simple pendulum whose length is AC would make a 
complete vibration through a cycloidal arch. 

508. Cor. 10. It being assumed that when a perfect fluid 
is in equilibrio the resultant of the pressures applied to any 
particle in the surface must be perpendicular to that surface, 
we may determine, by this proposition, the velocity of circu- 
lation in difi*erent parts of a vortex that the surface of revolu- 
tion which it assumes may be given ; and conversely. 

Let AHD (Fig. 191.) be a section of the surface by a plane 
containing the axis KH^ AC a tangent to the section at any 
point A^ whose co-ordinates are x and ^, AB and BC parallel 
to the axes of the co-ordinates ; a particle at A is under the 
influence of three balanced forces, its gravity, its centrifugal 
tendency, and the reaction of the rest of the fluid, to which 
BC^ AB and AC are perpendicular, respectively. Now 

ABi BC=2dxidy. 
Therefore dx i dy=^ — i g. 
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If AC be a straight line as in fig. 192. that is, if the siuw 
face be conical, dx : dy is a constant ratio, and, g being coiw 

stant, — or y M* is also constant, and the sqoare of the angu- 

lar velocity in different parts proportional inyeraely, or the 
square of the periodic time proportional directly to their dis- 
tances from the axis. 

Since dx I dpz=yo^ zg^ 

if w be constant, or the whole fluid circulate in the same time^ 
^ = — a;, and the surface is a paraboloid. 
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to it; also let SP meet Dd in H, then PfTs AC, •=: the 
mean distance, = D, and supposing R = the actual distance 
or radius vector, and P = the periodic time, we have 

SY" : SP^-PM^ : PSP = PM^ : JC«= BC^ : CZ>% 

SF^.BC^ 



orSY» = 



CD 



2 



2.CZ>2 
also PV = — -jjp - (by Conies.) 

1 AC 



" SY^.PV'^ SP^.BC^' 
•But if ^ be the area described in the unit of time 

_ xAC.BC 
" P 
r« . A^ A'. AC AC^ D 



F== 



PV ' SY^.PV~ SP'.BC^'^ P'.SP'^ P^'.R^' 
Now in the same ellipse D and P are both constant, and 

^=«=^ / also in the different ellipses, though neither Z>nor 
^ may be the same, /)' === P^, and -p^ is constant by hypoth. 

therefore JFis still = -^, 

and PjK* = —^7- a constant quantity. 

^ow jKB* is the value or measure of the centripetal force at 
^*^e unit of distance. 

Prop* V. If two bodies in free space be connected by mu- 
••^al attraction, and an impulse be communicated to either of 
••^^cia while they- are subjected to no other extrinsic influence, 
^^cy will both revolve about^ their common centre of gravity 
^^•cribing similar curves, the radius vector in each of which 
^ill describe equal areas in equal times, while the centre will 
**^ove uniformly > forward in a straight line. 

The demonstration .will be easy after perusing §§ 392, 397, 
^^s from which also it is obvious that if equal and opposite 
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<> Jenoietl by the ares BXb : or as die trian^es 
•'le same may be also proportioiially represented ^^^^-^f 
US- respectively. Also if yD^\AS^ and ^ ^*^i 
L) aiiJ C will be the centres of these two sets of pan^ 
Li:.d we aiay regard the point Cas the fulcrum ^^ ^ 
wnich the perpendicular forces at D and Bh^X^^ 
other. If the force* at C and Z> be caUed C and t^^ ^^^ 
lively, Q = Z> — C, and Q will be represented, on ^^ ^^^ 
adopted, by J.V= — B^T'. Hence as CD = I (^>" + ^^"^ 

or 2 AB.SO.CH = | AN^.ABy 
and XO.CH=iAN^; 

z= i (JO^+A-OCS-^O— CO— JO— yo)),=^M^' 
= ,', AB'; for 3 (^O— CO) = 8 5C = J?.V, = JO— ^^^ 

• VO--^*^ 
••^^" 12.jyO* 

Dr. T. Young's Xai. PhU. vol. ii. J 320. 

2. Let AEHF (Fig. 194.) represent a vertical section of •^ 

I las tic beam from the neutral line upwards, while it is infleC^' 

(. J downwards by an appended weight Let AD be a very 

>iiia11 arch of the exterior curve, conceived as coincident with 

ts circle oF curvature at A^ or rather at the middle point, and 

V'L AC, DC be radii of this circle ; draw GB parallel XoFA ; 

:iicii BU is the distension of JD, bd of ad^ and so cm. Now 

The olai>tic force of the fibre or physical line ABD will be as 

iio illsteiisLon of the immediately consecutive partides, or as 

u' w hole distension divided by the number of equal intervals, 

lis J »k — AT^'^ "AC ^^^ ^^ same beam or lamina, and as 

:,. u liolc force of the section while BG is constant must, for 
ii'ci\-iu degrees of flexure, be in a constant ratio to that of 
u: .-vtivuic fibre, and the position of the centre of action is 
(. ..• o»ii>i:iiit| being always fOjff from G, the momentum of 
.1 .tic'ity \%I11 vary as the force of the extreme fibre, or as 
,.1. of any other whose situation is given, and will be 
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1 -B 

^-gr or s ^, 22 being the radius of curvature and E a quan- 
tity constant while the beam is the same, but varying with a 
change of elasticity, or of the dimensions of the section. 

8. If f£i be a weight equivalent to the force by which a beam 
is stretched or compressed, and A / denote the distension or 
compression for the length /, w will for the same beam be 

.propprUonal to -E-;.or w^m.-y. 

In this case m is the vmght of wliat has been named by Dr. 
Young the modulus of elasticity. 

The weight w is proportional to that length of the same 
beam of which it is the weight, and if it be put for this length 
in the above equation, m will be the height of the modulus. 
The weight of the modulus we shall in what follows denote by 
M. 

If m be the height of the modulus, b the breadth, and d the 

depth of a transverse section of a rectangular beam, all in 

feet, and s the specific gravity, water being the standard ; then, 

•a 62^406 tbs. is the weight of a cubic foot of water, the weight 

€f the modulus will hembds x 62.406, and the weight re- 

1 . 

quired to stretch or compress a beam — part of its length 

•111. 62*406«fft&(f9 1, . % 

will be lbs. avoird. 

n 

A table of the modtdi for different substances, with a colla- 
teral one of specific gravities, will be found in Dr. Young's 
^-Tol. p. 509. 

4. Referring again to Fig. 19S, let us denote by/* the con- 
tractUe force of an unit of surface throughout which the dis- 
tension is nniform and equal to that of the fibre at J. /may 
denote the force of that single fibre if we take its thickness 
for the linear unit. Then i/b.AN= the contractile force; 
and ^/b.AN x i JB = ifbd.AN^ the momentum of this 
foree in reference to thB centre of repulsion as a fulcrum, 



- - ' ( 



is denoted by the urea //A o , r .:. . , • . ^, 

the same may be also jmoj.. 

7?.V- respectively. A1m> il -• - 

/) and C will be the e*-... ^^ ^^^ 

and we may regard ihc ].... i-. : ■• . - \2^i^H0' 

which the peri)Lnir. "1 • 

other. If the loree< r '' '' '..ir . n i ♦ *i, 

. , ,^ ij ^, ,,„i .1 .. : - //F, not parallel to the 
tivelv, Q= JJ — (^ '' 1 . Tj 1 *u 

, • , , ,x- />• -• * .' i^^d at -n, and there re^ 
adopted, by W A -— '^ . • . 

' ., :ue axis, and one in the 

- . be perpendicular to HF, 

:hen if HK represent F^ 

. :/ • .1^— HL.OHj each being = 

,\ SO.IIO-.: -^^ ■■•' ^ IIKi in other words Fa = 

\i.F\a' 

UF makes with the axis increase 

. .., ii'ht angle, OJ? becomes con tinu- 

V .i>i becomes OL the length of the 

^iic5, or the neutral point is in the 

.v>iitractile and repulsive forces are 

K. Jiing may, without the considera- 

11 us : When a weight P is applied 

\aiii as represented in the figure, 

.. .i> all angular lever, and the pres- 

.... be that which is compounded of 

u'ir proper directions. The resis- 

v,aal and opposite force, compound- 

. v»i' the particles opposing the force 

iic repulsion exerted by the com- 

icrcfore equal to that which reprc- 

. ;»oiMt of the axis is == -jj, — , a being 
*ai point to the direction of the force. 



1 . "»' 
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E 

and as -^ was assumed equal to the momentum of elasticity, 

or that of the external force which balances it, E :=R,Fa 
= , d being = AB the depth of the beam. 

8. Now let AB^ (Fig. 195.) be an elastic beam or lamina, 
of given dunensions and elasticity, slightly bent by a weight 
suspended from it at B^ and let it be required to find a near 
approximation to the figure which it will assume when in 
equilibrio. 

Let BF be assumed as the axis of abscissae, and B for the 
origin. The momentum with which P tends to turn any part 
of die lamina <x>mmencing at B round a point jE7, and which is 
opposed' by the sum of the momenta of elasticity belonging to 
the transverse section at that point, is P.E G^Py, Therefore 

The radius of curvature is inversely as y, and consequently 
climinishes as the ordinate increases, and is least at the vertex 
'jL Supposing ds constant, we have two expressions for the 

radius of curvature, — tV-^ an d ,' , of which we take the 

adx day 

former with the negative sign, because while the ordinates in- 
crease and dx^dy^ds are positive -^ — diminishes. Hence 

d s 

Eddx D 

ds.dy 

But, as we suppose the flexure very small, we may consider 

dy 9A ^dsy and therefore as also constant, or 

Eddx D J J 

= — Pydy sua 



dy 
E.dx 



= C-iPy«. 



dy 
The horizontal position of the beam at A being a tangent 

to the curve, -j — there vanishes, or = C — i P6^ AF be- 
efy 

T 



I 
I 
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iiig denoted by b, and 

E.dx „ 

-jj^=lP(4<-ff'), 

nmltiplyiiig by dy and integrating again, we liave 

'■'■■ " "P . 

or * 3 J.-p'(3i'^ — y) wiiich, aE y vanlslies witli X, re 

, ^^ 
quires no correction. ^^^H 

9. Ifa be the abscissa for tile point A, we shall have ^^^^ 

fb' 

'' = ire- 

Note. — a taken of this value will also be the depth of flexure=^ 
for an elastic bar whose length l~2b, loaded at the middles^ 
with a weight = 2P,- or if P be the load in the middle^— > 
which will produce a pressure =^P upwards at each eiid^_ 

Pfis PP I PP 

«=6£=rMrf^=4^/ft^ SeeTredgold'sC«^.580. 

' 10. Had the force P been in the direction of the ordinatCi^iB 
or parallel to the axia, and applied as before at the origin o^^T 
the co-ordinates, we should have bad 

-^= Pa, or -^^ = _P«i nearly; 



dr 
that this, since we regard rfy* as constant, 

-f- bemg = when y = 6 or when x = a, the correct inte- 
gration gives here 



t 



^9* 



«*» = 



at* 

The 






the I «»k^^'*^*'^^ ^^ «rre if thu bumit i^r InimiM Ik%*o 

. / oppoBife taa a or b« inlltfvUAi l>v g^utU .«iU v^^h^ 
«^- forces PappiuHitn the ^lis. 

• As wica Jr :s o^ ^ s Ai^ w<f ttavi^ by thv limi b«i. t»i»v s4 

*■* Holes /exceed this qaantttj* th«k «» «iJiw , vAvvvi* 

^^'^p there can be no iniaUMi. 

1& UABD {Fig. 196.) be an clastic Imt-mmi l*«»^»i ^.y i^vv vms*.*^ 
f^ opposite loDgitudinal forces /*» /*. m» Xh^i \\^^ v^•ik^ 'A 
^"*^exion is *C, and if we suppo^r /*/* awl t^ ♦*. H|w»*^ ***»'.^ 
P^'^el to each other and equidistant IVt^wi lt< '« 1^* «v|>M'«'.'»<^ 
'^id lines connected with the axiit. wt» may H*H*m«'« ^(^v* V«\<« 
^OQgitadinal forces as acting upon thr vrtiMiHtl t«l S\^\' >•■•*"« 
^ by the levers EF and iT-P in»l«Ml ol /^' J hm»I f ^' ^»« 
'•■^omentum applied to every section friMii /"■' !»• ^-' w^M ^'r- V^« 
'^eas before, and the curvature will ol mmimi* umv^'u ^*'* 
^ged. In this way we may learn thfHiH|<()i («l <uM'i'%l.^V 
AG produced by equal and oppoiiiN* l4Mi|flMf«llMNi l^u'. ' *\\* 
plied to the extremities of a nraicht ftilMnHHt' \*\\w "' " 
given distance from the axig. Hr#i Vihhui- V'^ <'A^ r^i *' 
tect324. 

LetJ?C = a', Er=GC=a, HO m U h u\n^ •' * » 

by the equation x^a^ »in. \ ¥ / .)* 

which ;pv« /f »-// <irt (4/' "V^/ 



w» 



and a = a* an. tAP^HLLx 



Hence tf'--a : a=sin.^^C.^^j—rin.^JF.^!L^^: mLfJf 



V8in.i».-™ / 



JC 
1 



But as sin. (aC.^\ = I, AC.'^- a ,, 

AC Je "J Mdt 

2CF /3P I /SP 

AG = «'- a = a (sec. (4^) - 1). 

13. If an elastic bar as AF^ (Fig. 195.) be slightly bei 
its own weight, this may be represented by Sy the arc as 
sured from the origin of the co-ordinates, or approlim 
by y^ and the lever by which it acts is ^ jr. Hence 

E m dctX 

E.ddx i' , 

— ^ — =: J (6^ — 1^\ as corrected on the prin 

d X 
that -— = when ^ s= b. 
dy 
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By integrating again, 

24 JSir = 4 65^—3^. 

_„ , - _ ^ b^ b^ b^ b ^ 

The depth of flexure a = g^ = } ^^, = i *-^-^ I» 

the numerator of the last factor b must according to the no- 
tation adopted denote a weight, viz. that of the beam, if 31 be 
the weight of the modulus, or it may be conveniently taken 
in its primary signification of the length of the beam if Jlf be 
the height of the modulus. 
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TO 



DYNAMICS. 



1. Let a spherical body descend from rest by its gravity 
considered as a constant force, the measure of whose accele- 
ration in vacuo is gj through a medium whose resistance varies 
as the square of the velocity, and the weight of a cubic unit 

of which is — of that of the same unit of the solid, and sup- 
pose it i*equired to determine the relations of the space de- 
scribed, the final velocity and the time of the descent. 

It is known, from the principles of Hydrostatics and Pneu- 
matics, that the body loses the — part of its weight by im- 

mersion in the fluid ; and therefore the force left to overcome 
its inertia, without taking into view the resistance of the fluid, 

is i 1 1 times its natural weight, or the accelerative 

force is not g, but g. This for heavy bodies, such as 

balls of iron or lead, descending through the air, we may 
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without sensible error consider as equal to g ; but wben n is 
not a large number we must in all applications of the for- 
mulfe about to be investigated assign to g Its corrected value 
as the measure of relative gravity. 

The resistance of the fluid being supposed proportional 
to »", its retarding force as applied to the same body will 
vary in the same ratio, and may be supposed =kv'', h being 
constant. The effective accelerating force will then be g — ftu*. 
The value of k is deduced from the Newtonian theory on the 
principle that a cylinder moving through a Suid in the di- 
rection of its axis is resisted by a force equal to the weight 
of a column of the fluid whose base is the end of the cyiin- 



city ; and that the resistance to a sphere of equal radius is 
the half of this. Now the area of the base of the cylinder is 

-2"- ,■ therefore taking the linear measures in feet, and 1 to 
denote the weight of a cubic foot of the fluid, —z — ■ = the re- 



sistance to the cylinder, —^ = the resistance to the sphere, 



and 5 — -■■- = - =: the force retarding the same, as a multiple 



of gravity. By reduction this becomes t-^w", or -r — ^ is 
''•'■' 6nd ' 8nd 

the theoretical value of k. It is better, however, in practice 

to take its value as derived from direct experiment. For 

motions not exceeding 200 feet per second, the resistuice of 

the air may be expressed by 0.00007015 d'u" in avoirdupois 

where v is in feet, d in inches, 



sd 

and s is the specific gravity of the ball, that of water being 
denoted by 1. 
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_ 1 — 2kvdv 

and, supposing v = when s = 0, 
C=i.^, and * = ^-7i. ^ 



2k ff—kv^' 

ff^Bce also — jTT = «***>« being the base of the Neperian 
^^ hyperbolic logarithms, 

— ^ / dvs/k — dvijk V 

^bich being integrated on the supposition that t;= 0, when 

t :r gives t = ^-^ (i . (^+ 1^^^^) " ^ ' Ug—^Jk)) 

or i^jL^.L.^S[+Vs/l 
2 J kg ^g—vjk 

Were V such a value of the velocity that k V^=z cr, the acce- 
leration would cease, and the descent become uniform. But 

as V ijk approaches to the value g the number —t= 7= 

s/g — V V* 

and its logarithm increase indefinitely ; which shows that in 
the case considered, or when the body descends from rest, V 
is a limiting value of the velocity, never actually attained. 
This also appears very clearly from the value of t? = 

fj hsj e^*' "■ V A s/ ^^' unless n be very great, 

the last term of the second factor soon becomes very small, 
and V = J'-:r nearly. This limiting value of v is called the 
terminal velocity. 



I 



2. Let the sphere be projected vertically upwards with tlk.* 
velocity ft, and let it be proposed to detenniue the height t^ 
which it will rise, and the time that will elapse before the v^^ 
locity be extinguished. 

Here the motion is retarded both by gravity and by ifcr» 
resistance of the air, or by the force g+kf", and 



C-L.{g+k 



nd as, when s = 0, « = w, 

_1_ . ^+A M; 



I, and i 



'g+kc 



Vi? 



C — arcftang.a 



and as when t=0,v = tt, 






C Is nianil'estly = arc f tang. = ——•), 
^ J 9' 

When the initial velocity is great, as in the case of military 
projectiles, a much more accurate solution is obtained b)' 
iiupposing the resistance to be expressed by the sum of two 
terms, of which the one varies as v ami the other as ?'-. In 
this case, the retarding force, when the body is projected 
upwards may be represented by y+Av+A«'. The student 
will find this case elegantly and perspicuously treated, as 
usual, by Mr. Whewell, Dya. p. 180, or he may consult 
Dr. Mutton's Tracts, vol. iii. p. 233, near to which he will 
find the data furnished by experiment for the determination 
of A and k, (§ 33.) 

3. Let us now investigate Borda's formula for the motioa 
of a ball projected obliquely through the air, as was promised 
in $ 401. In doing this we shall, for the student's easier refe- 
rence, adopt the author's notation : but, for the greater variety, 
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shall investigate a little differently the general formula, and 
then supply the investigation of the particular and approxi- 
mative on^ 

Xet R be the retarding force directly opposed to the ball, 
ind let the horizontal and vertical co-ordinates be x and y re- 
spectively, ds the element of the curve, and 6? rr constant. 
Then (339.) 

,j. dsf^ddt ndx 

,DN ddy dy.ddt ^ dy 

^4ultiply the two members of Eq, (-4.) by -r^ and subtract 

^lie resulting equation from (£.), then 

(C.) ddy = —gdi?. 

(D.) d''y^—2g.dt.ddt, by Eq. (C.) 

Substitute for ddt and then for dt*^ their values from {A.) 
aod (C.) 

(JE.) _ 2 R.ddftizg. ds.d^ y. 
Now suppose jB === v* or 2aR=:v\ if 2 a^ = F*, F will be 
what is called the terminal velocity and a is the height due to 
it 

d^ d^ 

Since 2aR = t?* = -^^, or 2 i2 = — ^^, by substitution in 

Eq. {E.)fTom this Eq. and from (C.) we find, 

(-F.) ds.ddy^ud^y. 

Let V be the velocity of the projection, h the height due to it, 
e tbe angle of elevation, n its secant, c the base of the hyp. log. 
At the beginning of the motion d8=:^ndx, and for a tolerable 
Al^nroximation we may suppose this to hold throughout for 
elevations below 45% or 

(G.) ndx .ddy^ad^y, 

d^ y ndx 

L.d'yzz ~+L.Bdx% 
^ a 



nx 



L,d^y =^ L.ca + L.Bdar, 
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na 



£r.) or<f^y = Aca da?^ that is. 



rf*y=r — jBc« — dx.dx. 
» a 

(iC) ^f Jf = -^ B c a dx + D.dXj that is, 

fi 

rfy =-5^ Bc^ — dx + D.dXy 



and y being = when re = 0, 

y= ^Sc* +Dx—'^BjOr 

dx^ 

hut - .v =: t?" COS.* e when a? = ; hence 

J- ^ = ^ , 

"" t?« COS.* 6 2 A cos.'c* 

By Eq. (JT.) ^= ~ Bd^+D; but ^= tang.eatthe 
commencement of the motion, or when a? = 0, and consequent- 
ly c « =1. Therefore D = tang, e + Qnhcos.*^ ^^ ^^^ 



sec. e = , we have finally 

COS. e "^ 

Tlus is the equation employed by Borda to find the eleva- 
lion for the greatest range. 

For this purpose suppose y = without x vanishing : then, 

tang. ^+ oT s®^* ^ 




J^ f 



I • 

I 



I 

i 
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Thus find the lengths of the curve in small portions be- 
tureen the limits of depression ^ and ff whose tangents are p 
and ff corresponding to P and P', and let the limits be always 
taken with so near an approximation that to the extent of 
ir — s the ratios A « : A a: and a « : Ay may be sensibly con- 
stant: then 

of — 0? = (^^ — 9) COS. ^ ; 
t/ — y = (^ — ■ *) sin. 6 ; 
or, for the greater accuracy, instead of cos. 6 we may take 
4 (cos. 9 + cos. ^) = COS. 4 (^ + ^). COS. i (^ — 6)\ and, in like 
ix^anner, for sin. d, sin. i (^ + ^).cos. ^ {ff — 6). 

Let t? be the velocity of the projectile when the angle of de- 
pression is d;t?*=(-^)* sector by (C.)= ^eJ, '(l+JP^) 

_ ^n(l+f«) _ X V ^+^- 
"" n + P 2k n + P' 

In like manner t/^ = —^ X ^, 

2k n + P^ 

and if ff be the mean of these two values f — t z= 



s^ — s 
u 



very nearly. 

The above investigation is easily accommodated to the as- 
cending branch by conceiving the motion at the vertex to be 
reversed, and the retarding force of the air converted into an 
accelerating force. All the terms of Eq. {A.) and {B.) will 

4en be positive; Eq.(C.) will become-^ = — -z — ^,andfinally, 
dP-^—^ or — rfP= ^-|^e--2*' X —2kd8, 

p_££__ 

n ~ ' 

1 , n— P 
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To find when v or v" is a minimam, put the fluxion o 
-^■^ = 0, or 2pdp (n +P) = dP (1 +p'}; that L », 

2/»(»-}-P) = (l +p'')^l + p*- Asp is very small near to iMne 
vertex, if we substitute for P its v.ilue, before given, and ■::— e- 
duce, we shall find P = p+ Jp' very nearly, and 2pji. = 
1 — 4p*+j'i/'S ^m 



or p = 



1 



= ^^~T6V'^^"y"^"^y= 



and if n be considerable we may suppose p — ^. 

The expression for the radius of curvature when rfic is as- 

sumed constant is r — rr~ = *"- ^ov as ay =pcMx, 

— dxddy " '^ 

ddy-=dpdie, and rfs^ = da:*(l +f»'), we shall have 



vS^+p'r^ 



J' 



-. (1 + pT, 



1 (i+p *)^ 

2A n+ /• 



To find the minimum value of this radius we have, reject- 
ing dp and (1 +p') ', as common to both sides of the equa- 
tion, 3p(n+P)=(l +p«}«. 

whence Zpn= 1 — jp" nearly, 

or p^=-= j-^^, that is, when wis considerable, ^=:r-. 

The point corresponding to this value of p is therefor^^ 
nearer to the vertex than that where the velocity is least 

The number n in the application of the preceding formuli^^ 
may be found from the velocity of projection and the angle o ^ 
elevation being given. Let the tangent of elevation be q"^ 

and let Q be what P becomes when p = o, v*—-^- ^ 

' 2 a n — ti 

We take Q with the negative sign because q refers to a poic^* 

in the ascending branch of the curve. 
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g i 4- 9^ 

Hence «=^X-^ + Q, 

end — u— = -^ — = -^r-T t- if * be the impetus. 

t7« t;2 COS.* e 2gh cos.* e 

If (p be the angle whose tangent is jp, the quantity P will be 
most easily found by this equation. 

2 P = tang. 9 sec. ^ + i . tang. (45 + ^ f ), 
iirhich may be thus derived. In the value of P formerly ex- 
pressed, p = tang, p, ^\ + p2 = sec. p, andp + s/\ + p^ = 
tang, p + sec ^ =t 

sin. p 1 1 + sin. p 

+ 



cos. p COS. p cos. p 

sin. 90 + s in, p 2 sin. (45 + i p) cos. (45 — i p) _ 
sin. (90+ p) "".2 sin. (46 + 1 p) cos. (45 + \<p) "" 

tang. (45 + k p), because ^^^'g^^^^ j = 1. 

If the common logarithmic tangent be employed- in this cal- 
culation, it must be taken to the radius 1, and multiplied by 
the hyperbolic logarithm of 10. 



u 
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Frap^L LmtFZ'Ti^ 197, bescTwe demib g d by • body 
pnog^cted inuier die indaence ot 2 centripetal Cbvee always 
dbnected U> tbe point jL PIT the tazitsenc :o dbe curve and to 
.^Tfl ita circle cf curratare ac P. dzanr ^1* perpendiadmr to 
the taniprBty let 5P meet che circie oT cnrfaoire in F, and, 
^ff being tlie diameter orf that circle draim tfaroogii Py join 
JEfF/ tben if F be the centripetal force, and F die tangential 

-F= 



^^■■^^^ 



PV 

. . __ F^T F,pr 



891 

F. PV F* 

--^~d" = "»"(4®^0^fcciiefi=tlienrfiosrfcurnrta^ Hence 

- PF • pr 

Prop. H. Let the force be a fimctkm of tlie distance, and 
and therefore always the same when the distance is the same ; 
if^ in describing different trajectories, the velocity be the 
same at a given distance from the centre, it shall be the same 
at any other given distance. 

Let 5P = e> ^ flnxioQ ^ the curve = -f tf J^ .^SPY= i, 
V the tangential velocity at P. Then v4vzzfcos,i.ds 
=:/'.i/^co6.^=r— /*€lf ; •'• the increment of the square of 
the veloci^ is a function of the distance, and the same be- 
tween the same limits of distance, independent of the species 
of the curve. 

Prop. 2Z7. If the data be as in propositions /• and iZ the 
radius vector, a straight line joining the projectile, consider- 
ed as a point, and the centre of force, describes equal areas 
in any equal times. 

Let 5Y=p, iSC=c, CP= r, and £P=:( as before. 

^«=:c«+r^+2rii, 

andf.rff sr«rfp, 

f being r^arded as constant, because the body may be con- 
sidered as momentarily describing' the drde of curvature. 

But ^^=? — (Prop, /.) or /:;= -^ m\ P€ 

^^-i — 2 = — ., ^=: ^, andjpdr+vd^ssO, 

pr pr /> ' ^ • ^^ ' 

or pv =s constant, 

and p V is the fluxion of the area. 

Othenoise Au8^ 

See Maclaurin's FhueUm^ § 467. t . 

Let PF (Fig. 19&) represent the flmion of Ae ciinrt at 
V let S be a fixed point, and iiRK iiie HMsnne oC ih^ doAto* 

ft direotran la aqppoMd to 
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TO 



DYNAMICS. 



Containing some Elementary Proposi- 
nomyj to assist the Student in fui' 
ofKeplei's I/ms^ and his conseqmwt 
Universal Gravitation. 



•. 



Prop. I. Let PZ (Fig. 197.) h-. .». i* ^ -ctk 

projected under the influent'* 

directed to the point 5, PY rb vi ullijise ai)oiii anothi 
PVH its circle of curvature at L^clleclivc force is invei 
the tangent, let SP meet th x'.id if among any nun 
PH being the diameter of tiiaros of the periodic time 
HV ; then if F be the centrjct's the force that connec 
velocity at P, ^ -ure is the same at a giv< 

'\' whole extent of the sysl 

.1, 

. H the diameter conjogatel 
For, F being the force i^\ -^i u the major axis, and i. 

«. atiM^tit at /*« and SY per|keB 




■J in H, then Pffs.lC=:tt»^ 

'^sing R = the actual distance 

■''ulic time, we have 

AC'=BC' : CD^. 



I unit of time 



AC^ ly 



:iiul P are both constant, and 

.ni ellipses, though neither Z>nor 

D' 
P\ and -p7 is constant by hypoth, 

J t y^'is still = -^, 

' = ~~d7' ^ constant quantity. 

ilue or measure of the centripetal force at 

, ir two bodies in free space be connected by niu* 

:i. and an impulse be communicated to eitlier of 

= M lilt V are subjected to no otter extrinsic influence^ 

i)<)th revolve about: their common centre of gravity 

l: similar curves, the radius vector in each of which 

i ihc equal areas in equal times, while the centre will 

iiilbrmly forward in a straight line. 

. ;,; tlemonstration.will be easy after perusing J§ 392,397, 

>H. iVom which also it is obvious that if equal and opposite 



!^9d APPENDIX.'. 

be PO at the instant for which the fluxions are i 
supposing the construction to be obvious from th< 
will be the fluxion of AC^ 

or PG = d.AC = — d.PD, 

PE=id.GP, 

CG-d.axeaJCPy 

DEzrd.SireaAPDSy 

PH = d.PG, 

PL = d, PEf and negative as here 

2 area ASP n ACP+APDSy and 

d.{ACP+APDS) =CG+DE. 

)But d.CG =L PC d.PG+PG d.PC-CH+GE, ^ 

And d. DEzz PDd. PE+PE d. PD=DL+ GE, 

Hence the second fluxion of the area or d.(( 
^DL=zCK—DK=:0, when PK coincir 
with PS, and consequently the first fluxion o- 

constant 

■ * « » . ■ 

Cor. When PK is on the side of SP, \ 
body is moving^ CK-^-DK is positive, aiK: 
area is increasmg; when it is on the ot! 
is negative, and the description of tb- 
whence the converse of the proposition 
areas described in any equal times ah 
or the fluxion of the area be constr 
directed to that centre." 

Prop. IV, If a body describe an oh 
situated in one of the foci, the defies 
the square of the distance; and ii 
bodies thus revolving the squares < 
the cubes of the mean distances, tl 
of them with the common centre i 
tance, and varies through the who- 
cording to the same law. 

Let DCd (Fig. 199.) be the .•; 
which passes through P, Art \^ 
the minpr axis, PY the tangent 
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